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We consider the following rigidity problem: given two smooth diffeomorphisms f, g
which are topologically conjugated by some homeomorphism h, namely,

1) hof=goh,

when is it possible to show that f and g are actually smoothly conjugated?

One basic obstruction for this to hold comes from periodic points, more pre-
cisely, from their multipliers. Indeed, assuming the conjugacy map h can be chosen
C1, differentiating (1) at any periodic point p = f"(p), n > 1, yields

Dg"(h(p)) = Dh(p)D f™(p)Dh(p)~",

hence D f™(p), Dg"(h(p)) have the same multipliers.

For minimal systems, we may thus expect that a topological conjugacy can
always be promoted to a smooth conjugacy. Yet, the example of circle diffeomor-
phisms shows that even “almost periodic” points can be problematic to keep the
conjugacy as smooth as the systems themselves. Indeed, given two conjugated cir-
cle diffeomorphisms f and g whose orbits are “far from being periodic”, namely,
if their (common) rotation number p satisfies a Diophantine condition, results of
Arnold, Herman, Yoccoz, Khanin-Sinai etc. [1, 10, 15, 11] show that if f, g are C¥,
resp. C'°°, then f and g are also C“, resp. C'°°-conjugated, while if p is Liouville,
then the conjugacy may not be very regular.

For hyperbolic systems, the picture is quite different. Indeed, assume that
f: TF — TF is an Anosov diffeomorphism of the torus T* := R¥/Z* k > 2, i.e.,
there exists a D f-invariant splitting 7TF = E° @ E*, where the stable bundle E*,
resp. unstable bundle E* is uniformly contracted, resp. expanded by Df. On
the one hand, by structural stability, any diffeomorphism ¢ sufficiently C*'-close
to f is Anosov, and topologically conjugated to f. On the other hand, periodic
points of f and g are dense in T*, and in fact, for any p = f"(p), it is easy to
choose the perturbation g such that the multipliers of g at the continuation of p are
distinct from those of f at p. In other words, for topologically conjugated Anosov
diffeomorphisms, there are plenty of obstructions to lift for the conjugacy to be
even differentiable. Yet, once it is differentiable, by some boostrap phenomenon, it
can sometimes be improved to be more regular. Moreover, in the spirit of Livshits
Theorem [12], the hope is that periodic points carry all the obstructions for the
smoothness of the conjugacy between two such systems. This was indeed shown for
Anosov diffeomorphisms on T?, and also for 3-dimensional transitive Anosov flows,
by De la Llave-Marco-Moriy6n and Pollicott in a series of papers (see e.g. [3, 13]).

Let us now consider an Anosov flow X*: M — M on some closed Riemannian
manifold M, with generator X := 4|,_oX*. If Y* is generated by Y that is
a Cl-small perturbation of X, then by Anosov’s structural stability, these two
flows are orbit-equivalent, that is, there exists a homeomorphism ®: M — M
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which sends X‘-orbits to Yt-orbits. In general, such orbit equivalence usually
cannot be improved to a conjugacy since the mismatch of periods of corresponding
periodic orbits provide obstructions. It is a well-known corollary of the Livshits
Theorem [12] that matching of all periods for a pair of transitive Anosov flows
is a necessary and sufficient condition for the existence of a (time preserving)
topological conjugacy.

Given two transitive Anosov flows X! and Y on 3-manifolds which are topo-
logically conjugated by a homeomorphism ®,

(2) PoX'=Y"09,

we can wonder whether ® can (most of the time) be promoted to a smooth con-
jugacy. In other words, does the existence of a C%-conjugacy lift the obstructions
coming from periodic multipliers? In a joint work with A. Gogolev and F.R. Hertz,
we show that it is locally true in general, more precisely:

Theorem 1 (Gogolev-L.-Rodriguez Hertz [9]). Let M be a 3-manifold such that
the space A of C'*° wvector fields on M which generate transitive Anosov flows is
non-empty. Then, there exists a C'-open and C*°-dense subset U C A such that
for any X € U, the Anosov flow Xt generated by X is locally rigid, i.e., if Y is
an Anosov flow whose generator Y is sufficiently C'-close to X, we have:

Xt and Y are C%-conjugate < X' and Y are C*°-conjugate.
This result follows from the following result:

Theorem 2 (Gogolev-L.-Rodriguez Hertz [9]). Let X', Y be two 3-dimensional
transitive C™ Anosov flows which are C°-conjugate by a homeomorphism ® as
in (2). Then, at least one of the following statements holds:
(1) @ swaps SRB measures of the two flows, i.e., <I>*m}L( =my and ®.my =
m{?, where mf is the positive/negative SRB measure of the flow t = X,Y;
(2) at least one of the stable/unstable distributions E%, E%, EY., EY is of
class C11%, o > 0;
(3) the flows X and Y are C*®-conjugate.

This result has a counterpart in finite regularity, although it requires a technical
pinching condition. Moreover, the second case of the above list where one of the
distributions is C'* is highly non-generic. The previous statement generalizes a
previous work by Gogolev-Rodriguez Hertz when the two flows are volume pre-
serving, in which case, the conjugacy is smooth unless both flows are constant roof
suspension flows.

The basic scheme of the proof is to show that periodic multipliers can be ex-
tracted from periodic expansions unless the stable/unstable distributions exhibit
anomalous regularity. One key tool for that is the so-called templates introduced
in the work of Tsujii-Zhang [14] on exponential mixing of 3-dimensional Anosov
flows. Another important ingredient is the recent positive proportion Livshits
Theorem of Dilsavor-Marshall Reber [4] which allows to globalize the argument,
namely, it is sufficient to match multipliers for a positive set of periodic points to
fall either in the first case or the third case of the above list.
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Going back to Anosov diffeomorphisms, we can wonder whether a higher-
dimensional version of the aforementioned rigidity results of De la Llave-Marco-
Moriyén and Pollicott can be obtained. In other words, if f and g are two topo-
logically conjugated Anosov diffeomorphisms with matchings multipliers, are they
smoothly conjugated? For the 2-torus, the one-dimensionality of the stable and
unstable foliations and the affine structures along their leaves plays an important
role.

It turns out De la Llave [2] produced a family of counterexamples on the torus
T* as follows, see also [5, 6] for later expositions. Specifically, let A and B be
automorphisms of T? induced by hyperbolic matrices in SL(2,Z). We will assume
that the smaller eigenvalues A and p of A and B, respectively, satisfy the following
inequalities: 0 < A < p < 1. Define o = log 1/ log A and notice that o € (0, 1). Let
$o: T? — T? be a smooth function. A De la Llave diffeomorphism Lg,: T* — T*
is defined as a skew-product

Lgy: (z,y) v (Az, By + ¢o(2)), (w,y) € T? x T2

Such diffeomorphism is Anosov and, if ¢g is homotopic to a constant, is conjugate
to the linear product automorphism Ly. More generally, if ¢, is homotopic to ¢g
then the corresponding De la Llave diffeomorphism L, is conjugate to Ly, with
conjugacy h given by
h: (z,y) = (2,y + ¥(2)),

where 1: T2 — T? is null-homotopic. Then we can explicitly solve for 1) in terms
of ¢1 — ¢o and check that v € C%(T?). However, for some simple choices of
¢1— ¢o (one Fourier mode) the function % is not in the C** regularity class. Con-
sequently, the conjugacy h is merely C'* regular despite the fact that all multipliers
at corresponding periodic points of Ly, and Ly, are the same.

In an ongoing project with A. Gogolev, we show that this phenomenon is not
typical near such examples. Before stating the result, let us give some definitions.
Consider a one-parameter family of Anosov diffeomorphisms {Fi}s¢o,1), associated
with a continuous family of conjugacies {hs}se0,1], such that hs o Fy = Fy o hs
and hg = id. Such family is called isospectral if for every periodic point p = EFJ'(p)
the linearized return maps DF! (h(p)) all have the same collection of eigenvalues
for all s € [0,1]. An Anosov diffeomorphism Fy is called deformation rigid if
for any isospectral one-parameter family based at F{y the corresponding family of
conjugacies hy is, in fact, a family of C' diffeomorphisms. OQur result is then:

Theorem 3 (Gogolev-L. [7]). Let Ly be a De la Llave diffeomorphism. Then there
exists a C'-small neighborhood U of Ly and a C?*-open C*°-dense subset V. C U
such that each Anosov diffeomorphism F € V is deformation rigid.

Note that Ly and its perturbations have 2-dimensional stable and unstable
distributions. We consider perturbations F' with a partially hyperbolic splitting,
namely the (un)stable bundle splits into the sum of a strong (un)stable and a weak
(un)stable bundles. One key step in our proof is to show that for any isospectral
family {Fs}s based at a typical perturbation F, the conjugacies {hs}s have to
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preserve strong (un)stable foliations. For that, we consider leaves of these foliations
at periodic points and use periodic expansions similar to those considered in [9].
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