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Tome ronds on Lisia Kerry
M compact methi Space , f : M → M continuons map .

Observable q : M → R →neasmemenb_@efkCxDkezalongttenbitofxEM.nsnth
Birkhoff average ? f. , vite Sn : = Ëqofk

k=o

Potentiel function q : M → R used to assign night to diffus trajectoires
in onder to Select an invariant mesme ninth specific dynamical/geometric properties.

(bit segment ×
,

. . .

, f-
" "

(x ) ms night given by e
" C )

ms equilibrium neume pq for@ , f , q ) : invariant probability measures naximizùg

[ hp(f)
+ fqdp (spp hp + fqdp = Ple) prenne)

fratrie entropy
Demain : µ c- Mf4 ) @ of invariant moins fr f- : fa p =p)
If q , tu c- (

°

@ , A) taffer by a

Gbomday (i. e. ce - t' = h - h .f )
for some h EG@ ,

A)



then f ce lap - ftrdp = / hdp - | h . fdp =
°
,

¥ p E Mf41
lance @ f , q ) and ( M , f , f) have the same equilibrium miasmes

.

Question : if fqdp = /fdp , Hp c-Mf41, do they diffa by a abm.by?

Remonte : in general NO
. . .

( f- = n
,
aide nothin nith ✗ ¢ 0k :

M ff42) = { kb } ,
but there are

many functions h : Rfg → K of O
average

which are not cabindais)
- . . But for hyperbole Systems :

Theorem ( Lisia) : les M be a compact mtni Space , f : M → M homomorphisme

Satisfy .mg the closing projuly + transitoire G- danse orbit) ,

q E (
° MC , IR) with the Walters Ropert , ten q is a abomday

iff periodic point ✗ = f-%) C- M , q » l
, Sq ce ④ =D



Definition : ( Walters prgohj )
QE CLM , IR) has the Walters popnhjiflf 3>0,7 s >o s

. t.fr × , y
c- M and

a 70 s. t
.

d (fh , f-
"
(y)) < s , Y 0 C- kcn

,
then ✗ ce -

S
. ce (g) | <3 .

Demonte : if f is a C
'

difféomorphisme and MCM is a htpdogialg transitée

locally maximal hypnb.li set , Au f- tas the closing prgahj and any Hilda contenions

Q : M → IR tes the Walters pwprty

Foot of Livio Theorem
:

clean : y = h - h of ⇒ / ce dp = 0 , V-p-cdbf.CM ) ,
in particular for µ = { ¢ + - - - t ff9 -

*) ,
K x periodic point of period q

» )

( just note : Sqy (x) = h @) - ho f941 = O)



Et Grady , assume Sqq ④ = O
,

K ✗ = f9 (x) E M ms J ? h

Phmk y = h - h of determines ln aby the entire found orbito :

(*) h G-
"

(y )) =
h (g) + Su ce , ty En

Transitionty : lit ¢
"

(g)IntenseatÉÈ his determined
any

where on
M by Continuity .

ne suffira to Show Hat (*) define a unifomty continuons fretin on (f
"

n
.

Gien Z > ° , lot s = E(3) 70 be given by Walters

ProjuJ.andhtf__f@2opbes.t-ifnEMadq7oaes.t.

d¢94), x) Cf , Au 7 p = f9(p ) s.

t.de#H,fhpDcs,

F0 Eh <
q

.

closing projets
Assume w

,
2- c- ¢

"

nez
and d4 , z) cf .

we have w = f9 (e) n 2- = f9 (n) , 970-

n -

l
. .

.

g.
assume Hart → d §, f9 A) < f ⇒ 7 p

= f9 (p) sit - dftp.fkzDGV-oc-kcq.



⇒ | ha - heh = /kff9 @1) - h 1¥ /{ ce @ |

= lsqqH-sgeq.it + IÏÎP))
« 3

Walters

prguty

⇒ h is nnifomly C° on "

nez
and extend niufomly continuons b- M
+ ce = h - h . f on M •

Application : synchronisation of hyperbole flows with the same periode lengihs
Proposition : les ☒ f) c. ,¢.at/ebeh-wCkfhms on manifolds M

, ,
Me respectiez .

Assume that for i -1,2 ,
Ni C Mi is a hyperbole setfor #E)← where parodie orbit are done ,

and that Here exist an orbit Equivalence Io : A
,
→ Ne dffuntoiblealong@I.t) - orbit s. t .

4) Pu (a) =
Pu
§,# (xD , H x E Per¥)

,
n ^

,
.

Then ☒ F) t Me are conjugale ,
i. e
,
J I : n

,
→ ne sit .

I . Ein ) = OI! .IQ) , tt fait) E A
,

✗ R
.



Prof : for i = 1,2 , lit Xi be the flow vector field of ☒E)+ : Xi : =¥ /+⇒ Iit .

We at (
×

,

I. be the lie duiratùe of I. ahg #Me : ↳¥. : --¥/← =.ËË)
As I. snob ☒f) i. - orbite to ☒E) + - orbit , we have

↳
,
I. Et = f- (a) XII.CH) , tt se

c- ^
.
.

-

mornes how Io strettes time ahmfnbib
(. ) ⇒ y a C- Pu ☒i) n ^ , ,

f!
"Ê" dt

=
Pu
#
E) = Pu

#¥.cm) = /
"É"

f- (Ei⇐Ddt
0

hna

patin /
"
*"

(ffIoi@p-Ydt--q-VaEPafoT.Ynn .

.

0

By Kisii Ituren (for flows ) , ne dedna That f- I is a Gbomday , i.e-,
f - l = Lyn , for some function u : A

,

- R
.



Now set I : A
,

⇒ a ↳ F-[
④
• I. En / (stik an nbit Equivalence) .

Lt
g :

A
,

- R be s- t.ly#--g.XjI on A
,
.

→ tu c- ^
, , g @

×
,

⇐D= 4
, #j
"

. I.④

= - Lx
,

u@ . X2 (Ià I.À
+ XIIÈ".#XD . ↳

,
I. Et

= ¢ - ↳il @ ×
.#⇐D= k¥1

i. e-
, g

= |
,
tenu I preuves time abng the orbite .

Ba



thigidity of expanding endomorphisme of the aide

Lt $
'

= Rk be the aide
.

Definition : lit de Nez .

A contusions map f- :
À
- $

' tas degree d if it

lifts to F : R → R sit
.

F@ + 1) = F4) + d
,
Ku E R

.

.

Proposition : lit f be an expanding endomoyhim of the aide of degree d 72
.

Then it is b-pdogàlly Giyyated to Ite map Ea : x re de mod I
.

Stretch of proof : lit 9 be the set of niaeasing maps H E C
°

@ , R) s. t .
H ( ti ) = H (x) + I

,
ti x E R

.

R - R
F : R - R lifts fFor all H E E lit F- (A) :{

y , f.
.

. µ . E, @ ,
(Êa : R - R lifts Ea)

ms L is stable unde I , and I :L - E is a contactai (d@ ,
,
H
,) =

pop
/ Ha - Hip

⇒ I has a unique fixed pins H
,
which projects to h

,

:$- $ ' syùtui et .

f. h ,
= h

,

° Ed .



H
,
is injective : ottemise 3- non trivial open intial I C R sit . H

,
) = { pt}

vs th
, {pt } = F4 H

,
= Hi ET (I)
-

contains two points y , y+1fr k large
bus H

, (yn) = H
, (g) +1 =/ H , (g) !

ms h
,
is a honeemyhim of $

'

. Be

Lt f , g be two endomorphismes of the aide À sit
. then exists a Bad marasmeble

bijection defined a. e. , such that f-oh = hag a. e
.

We
soy Has his an absolutly

continuons Gyigay if beside it is non - Singular with respect
to Lebesgue name J .

J (x) =
0 ⇐ 7 ( h =

O
,

H X E B

Theorem ( Shub - Sullivan
'

84) : lit n c- Nyu {a} u u . If two orientation

pnsnving expanding C
'

endomorphisme f- and g of the aide $
'
are conjugale

by an absolutly continuons anjgay , then they are conjugale by a C
'

difféomorphisme



Stotch of proof of Stmb - Sullivan

The proof me the following result :

Theorem : (Krzyzewski - Sackstades) Any C
'

expanding nep f :
À
→ $

'

tas

a C
"

smooth f -
in romain moine fif = ff

↳

Remonte : Cf > o since if effet =
O for some × C- À ton ff nanites

on

the backwant orbit of x , which is done in $
"

.

Golay : lit f : $
'

→ $
'
be a C

"

expanding endomyhim.bknfiscoyig.ie ↳ au

expanding endomorphismes g of
$
'

which priseurs Lebesgue measure .

Pwof : lit h : n m |? qf da = ff40, I) ms C
"

difféomorphismes of f
'

h.tt④H = tf { y a t
- ff4,je fais } = b - a - hop --1f

⇒ h . f. h
"

preuves hbosgm masure ④ f- h
"

/• a = h.tk
- '

la hopf = hafaff-h.ly;D
ma



femme ( banded distortion) :

Lit f be a C
'*

expanding endomyhim.fr $
'

.

Thn 3- c >° st . if I C À

is an Interval sit
. f

"

/
±
is injective , then

c-
'

< ftp.f?-?fCc , V-x.ge I -

Proof : lit a > l sit . igf Kf1 > a > I
.

For ×
, y

C- I
,
lit d &, y , I) be the distance between x and

y
measured within I

.

v-jc-fo.it , dffx.tiq.fi#D=dGfn-ij'fkD(fnY-'fIgD.fKID
⇐ a-
"J d (f

"

,ftp.fYID.dfisx-ltibhtbddawyfrmo⇒ by Idf I is a- Hôbh

vs / hgldfj-IHI-hgldflf.cm/EK(a-n+id(fYnhfYy).fYID)t
E K

'

@4-
" +j

.



tous / ZIYI/ c- È / hey ,'¥¥¥ |Idf
"

| Î je
choisi nule

C- K
' È ?⃝

" I
ç k

'

j
⇒ ⇒

.

Be

Golay : lit ✗
n

= f
"

④ , yn
= f

"

④ and Du = Idf
"

| .

If d (my ) E EDD
"

,
ton

c-
'

Dn d ( x , y )
E dGu , yn)

E c Dn d ( × , y ) .

Prof : d (× , y) E ( Dn )
"

⇒ f
"

/
[×,,]

injectée .

Then apply the banded distortion lama ☒

Gallery : if f is a C
' "

expanding endmyhim of $
'

tla f is egodic .

Prof : lit A be invariant (f-(A) CA) , with pif (A) >
0

.

lit ✗ £ A be a density point and lit (E)a be a collection of smaller and smells



internats ammd ns.t.fi" En) ahnost fille tte aide
. (In ÷, {

× } )print in A x
In

ahnost → \
in I+*

+•

fin up In points in A↳ "

E)[ ahostf.ee up € brmled ditrtin + invariance of A)fin f- in in )

⇒

pif (A) = I
.

Be

Back to Shub
- Sullivan :

if ln homéomorphisme and f- h = hg , by egodïty hopg.
= fif .

( ↳ pg and µf are a. c. and invariant unda f)
n -

l
-

o
-

g.
h =

o - If =p#xD = pg (EI) -- tige, h = IGH)
n

If/¥ = f. qfygtéd is C
'

⇒ hui C
'

. •
implicite

function Karen
Ottuwise :

w.l.io
. g. , by the previous Corday , fond g prene Lebesgue maire d

.

his an a. c. Gyigay
⇒ hard and hé 7 au a.c. invasions nonnes fnf , resp . g.



By agility , had = 7
,
i.e. h pxerrskbe.ge .

Combatte - to - one loally non - snigbn snaps have Jacobien duivatiœs

and I dhl =L → Kf1 oh = 1dg / . G)

Idf / slt ⇐ 1dg ) sit and in that case
,
3- n > 1

, xp c- ¢ KKIPI -- t

¢ )
5.
t.GG/--xz

"

, f-⑦ = fz
"

.

Les
y c- a best . J

" "

= § vs h : 2- 1- g- conjugales f- and

gifwith Idf / moi 1dg ) sit :

Proposition : f. g C
'

expanding endomorphisme of À st . fat --gad =3 and s- t -

df , dg mot constant and f4 -_ hy with had = d. Then I Raining of F
'

sit
.

h = R a. e
.



Cooky : ( of Shb - Sullivan)
Lt Ed : n ↳ dx mod 1

.

Lt f- : À- $
'

be a degree d expanding
endomorphisme of degree d

@ 7h homéomorphisme of $
'

s. t.hr/---Ea.h by what me here seen) .

Lt If be the Lyapunov export of f with respect to pif
=Cfdt (a. c. i. m .)

If If = log d Hen f à Snooky conjugale
b- Ed .

E-a)Prof : 1f = htf = hh.pt } haff = a = name of maximal entropy
"

↳
g
t = hop Ea) = h

, (Ea) (by unipares)
ne h is an a. c. arjyay butan fond Ed ⇒ his Smooth . B

Shb - Sullivan



Rigidity of Anosov difféomorphismes of I
'

Thm : (de la llave - Marco - Mrüyon ,
'

90s)
Lt f. g :

À- T
"

be two C
"

Anosov dffomyhim (Î is a hyperbole
.

set)
sit . hof = geh , for some honeomophim h .

Assume periode obstructions hanish
,
i. e.

④ Hp = f94) , J-csrt.df9Cpl-_C.dg9@h.C
- '

Then H is C
"

Smooth
,
ke > 0

.

Sketch of the prof :

① Equilibrium stats :

Gien au Anosov diffa . f- , and a Hôbh potentiel q ,
I ! f - invasions mesme

pif , y (equilibrium
state) nhih maximis

↳G) + fqdp .



By uniques , if y , Y are cohomologie I then ff , , = t'f. + .

The equilibrium State for - by Tac
"

(f) is the SRB make
my

:

ms it has a. c. Conditionnel nonnes on the unstable tears
.

② Tnnihriatty :

Tf f- = h
"

. geh then hipGÎËÏ tfifoh
⇐ p.ua, *www.m/.-③ Smoothies, almy foliations :

(F) ⇒ the potential y =
. by Tac

"

f is cohomologie to to oh

where f = - by Tac
"

g

- mf-tipf.ie -

-

typ.in#.pgpY:n.mgi.e.hisabsohtly
Continuons .



④ If } is a mamable partition abndinek b- Wtf (atoms : saisir

4- wf.ua:)
}@
✗
• ← WF

v7
IT
'

: ff.1 → k¢4)) is a. c. =D Smooth
,

then for mf - a. e. ×, h | } wqywn.gr@µ,
Shub - Sullivan

i. e. h C- Ci (Ti) G- smooth abghif - tears)
By the same agent apple.it f-

'

adj
'

, ( h . f-
'

- j'eh)
we also have h C- C } ¢? smooth aby Wsf - tears)
⑤ a > . :c

"

E) c ci nciIY.gg(Jonni Lemna)



thigidity of Anosov flows in dimension 3

9f ☒F) y , ☒ E) z one C
'
-chose transitive Anosov flows on M

,
,
M
, ,

then by
structural Twitty, 7 orbit Equivalence ¥. : M

,
- Mz Quik sado

☒f) f- orbite to ☒E) - orbit puniriez trie direction bus not time apàoi) .

1f
( •) Pag

,

(a) =
Pu
§,# (xD , tt x E Per€!)

,
n ^

, ,

we have seen that I, can be
upget to a flou ayigay I .

Beside
, (similar to the previous result tour for continuons - time dynamical system)

theorem : (de la Llave - Marco - Moign , Pdlicdt )
Assume that ☒F) £ , £) f are conjugale transitive Anosov flows -on 3D manifolds .

Assume fr-14 Has the differentiel of Poincaré ntm maps for all periodic abib
au Gyiydi .

Then the flows ☒f) + and ☒E)+ are Smoky conjugale .


