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Introduction

Dynamics : discute ( diffamation/endomorphisme f- : M - M) nitrations f
"

,
NEZ

(NEN)
continuons (flows) : 1. parameter gump of dffomghi.ms tn It , te R

( Io
"!#E)

One instance of njühty in dynamics is :

Given two Smooth systems f. g/☒% ,# E) e which one lôpdogiolhg conjugale ,

G- h homéomorphisme sit .
ho f- = g.tn/s.t.hoIt--Itoh )

when can we show that they are smoothly conjugale
?

In particular , if there exist models to which the dynamics is Co - conjugale,

¢ aide difféomorphisme nos rotations/3D Anosov flows → algebraic models/Symbolic systems . .)with irrational rotation number

when is it smoottly conjugale to such a system ?



general obstructions : periodic orbito f-
"

(x ) = ✗ ,
n > 1 IOTA = ✗

,
T> 0(Smellst sich n : period/smelkt snch T : period)

obstruction to C anjgay for flows : pivots
assume ☒ and % one orbit equivalent : 7h which snob #-)- nbïbto

#-)- orbit
then for h to be a cmjyay , necessary

to have :

f x periodic of period T >0 fr #-), , h (n) should be T - periodic for¥?
obstruction to C

'

cmjgey : Lyapunov exposants

assume 7h C
'

diffamyhims.tn hot - go h

tu periodic for f of period ist → différentie ho f
"

=

g
"

oh :

dh f) df
"

( HH)
-
'

= dg
"

(HH)
⇒ df

"

and dog
"

(A) have the same eignvahe (Lyapunov exposants)
evan when then are no periodic points (minimal dynamics .

. . ) )
related obstructions coming from

"

ahmet periodic
"

points moy pensât (
Liouville rotation)number . . .



G-de difféomorphismes (renormalisation techniques . . .) : assume that the rotation number

is badly oppoximetd by national number no Diophantien condition

(avoid problemo coming from
"

about faide
"

point)
local (

"

- linéarisation (anjgatim ta rotation ) obtained by Arnold (
'
61)

global result in the C category : results by Herman f79) , Yoccoz (
'

84f

on pmpose : hyperbole Systems

structural slâbïhty ms (
°

coyigag fr 2 hypub.li systems which one dose

abondance of periodic orbito ms

many
obstructions ! Sufficient conditions ?

(when periodic obstructions vamih
,
are the Systems smodtty conjugale ?)

specific tab : me of invariant foliations to sturdy the regbiuty . . .

periodic information my be redondant ( periodes , Lyapunov exposant , Birkhoff invariants .)



Prignitz of Geometric flows (godesic flow in ngetie anvakne
,
billiards

. . . )
Hour much information on the geometry is given by periodic date ?

(Length Yqeotum : set of length of periodic orbit
. . .)

celebrated results by Œil and Gabe ( 'go) for negatif arved surfaces

for dis
puimg

billiards with analytic bmn.by : De Simin - Katalin - L
. (

'

19)



Some notin of hyperbate dynamics
%amples : ① A bien inventéble map aching on R

"

with

eginvahsofmdnhi-tl.ES
: = ⑦ Ez
µ, ,

,
E
"

: = ⑦ Ey ( Ex : uguispau of some egènvahe 7)
" "

→ O is fixed
tu C- Est { 0 } , A

"

. v → O and A
"
- u scopes to x in the post

h → +a

Vu C- Est { 0 } , A
"

. v → O and A
"
- u scopes to x in the future

h → - x

any
other orbit scape in the future and in the past

Es
+ pùtne is stable by

En
<

perturbation<

r
l

u
v (some is the for briar maps

0

^ " O >
B chose b- A)

1

}
→ A à celhdhypnb.li



② ftypubohi tord automorphisme
A = (ÇI ) E SL@ ,

R) indice a difféomorphisme of IT? RYU ,

vs fa :
Î- Î

, (× , y ) m @✗ +

y
mod I
,

✗ +

y
mod 1)

enginvalves 0 < a < | ( x
-
'

= 3+215
uginvu-w.vn . . =(¥5, 1) , va = (¥5, 1)

¥

& " .?⃝n§ Mois)
✓

✓

LO r Go)



periodic points for fa = { points with national cardinales } ( done in I)
stable /unstable foliation :

VG ) WE )
line in IF parallel to va projet -6 afamihg Wsof parallel linsonÀ

va , projet -6 afamiy W
"

of parade line on IT
↳ !
]

> 2- 7 /

* :
L r i

US (z) = stable manifdd of ZEIT
"

. - - - - -
-f- -
IUTG) = instable manifdd of 2- ET

"

fa contract/ expomob stable/instable manifolds by I / À
'

( WH (a) = { a-
'
et
'

: d (fake ) , fa
"

→
° as n → + a })-

x

+ each stable /unstable manifdd is deine in IT
"

.

W
"

/Ws stable /unstable foliation : collection of all stable/ unstable manifolds
invariance : fa @

*(4) = W* (fa @1) , fz ET
'

,
* = stu



③ frtrseshoe (finale)
R

,
Re Rs

f-④In the 2- sptm À,

bit R be a rectangle difféomorphe b- § ;]
" ?⃝

R = R
,
U R

,
U R
}

R
,
-

- § !) ✗ foi] ,
R2 = [§ , Ç] ✗ [91]

<

✓

>

horizontal dis
. expanded

Rz = [ } , 1) ✗ [ on] a
rentrée dis

.
contactai

Lt f :
À- À be a difféomorphisme t . ftp. :(g) ↳ § / È g) + ci

with it
, ¢ @D) > f. D ?⃝ tag) -- ×)

f- ( re) n R = ¢

flrç : Eg) - ( . Eg ) + c

,

nithî
, (f43 ) ) > loi]



Maximal m'varians set A _ A f- KR) is the product of 2 Contrats
KEZ

It is invariant and louay maximal : I open set U o N sit .
any f- invariant

subset of U containing M is quat to A .

Moreau
,
A is hypnbdie : Y × EN ,

E! = vertical Space is contractuel mif . bydfa
EÎ = horizontal Space is expanded uûfbydfj

A can be add synbdiully : t word ou = ¢ jjez C- { lis}
&

,

J ! point z C- A sit
. f-

"

⑦ C- Ran ,

tu EZ

and if h
: z - w ⑦ conjugales f- In to the full 2- siiii shift

r : (j )
jea-

(wjtijezh . f- =
T.tn

on A



Definition : (hyperbole set) M momifie with a Rimannian metric
.

f- : M - M C
'

diffamation on M
.

A St MCM is a hyperbole set for of if it is a f- invariant compact set it .

T M /
n

=
Es ⑦ E

"

,
nith

Es
,
En invariant : t ✗ c- A

, df✗ f- %) = E
%

1-☒
Est" is niufomly contracté/expanded : J C>°

,
✗ c- (q ) s

.t.tn c- A
,
for"EEE

Huso
, µ df

"

(n ) . vs µ E Ch
"

µ v41 & is possible to find a metric such that C =)
Idf

"

(x) . un µ 7 C-
'

a-
"

µ v41
(→ adapted nom

Pemarks : × Eh
,

the stable/unstable Space is unique

n =/ °, dis hypubhifnf ⇐ A ùhypubhifnf
"

the definition is independent of the choice of a Riemannien neti



Endomorphismes
A G- endomorphisme of a momifie M is a différentiable map of class C

"

on M

which is not necessary injective un surjective .

A compact set M C M is invariant for on uohmophism f of M if f
'

'

(a) = A
.

A compact set MCM à stable for on uohmophism f- of M if f (a) = A
.

Definition : (expanding map)
Lt f be a C

'

endomorphisme of a manifH M
. An invariant stable compact

set M C M is expanded by f if In H sit
. fx EA

,
d
✗ f

"

is invention

and with contractuel inverse
.

Wten A = M we soy that f- à expanding .



The one field criterion

Lit f : M → M be a C
'

difféomorphisme .

A set U cm satisfis the Cone field Criterion if
J tangent spliting TM /

u
=
ÊS ① Ê " into (not sec .

invariant) subbundle Ë, Ë
a continuons family of noms µ - A defined on TM tu

Gndtmb A
, q E (al) , C >

o sit
. H x E U

,
the Gros

CI = {v.- vs + ni c- Tam | e Il v41 > Hill}
C ! = { v = vs ti E Tam I e push » Hill}

y: e :
Satisfy : tu > 1

,
t z c- À f- tu ) ,k = 0

df : f. mile !) C C "f
K v E Cn

z , Hdf! - v11 > CT
"

Mvp
Kv E GS

f41 '
"¥# - v11 > ca

- "

pp



4-
g-*Et M'¥:o)

4f CI

Proposition : If Acm satisfy the are - field interroi Has it is hypnb.li .

Convenez , if ACM is hyperbole and II. µ
.

is an adapted metric
,
then

the one field criterion is satisfied by the splittiy TM /
a
=
Es ⑦ E

"

and the metric

Null =FÉE
In this ease

,
we have : Fx EA

,

E ? = A df
" L "

*

f.☒ f-
"

☒
h = O

d
some din

. as ÊÎ
and same Hring for E! tatung f-

'

instead off .



Cookery : lit M be a hyperbate set of a difféomorphismes f.
then I U > A neighborhad of A and JU of neighborhad of fin Aff

'

(M) at .

any
invariant compact set n'c U for any dffeo .

g
E U is also hyperbole for g.

Example :

a periodic orbit K = { × , ff1 , . . .

, f9
-

À
, f941 -- ×} is hyperbole

if and my if the differentiel dfk) is hypubhi
(non-Han tt le EZ

,

df9 ff41) au conjugal)
a) sink if Ên = { a} b) source if EE = { e} c) saddle otherwir

the inhale tous À is hyperbate in the case of the hsien automorphisme fa in

example 2 above .

the horseshoe A in example 3 is a hypnbhi set



Jfomodinic intersections and horseshoe

f :
S
-
S diffus . with a hypnbhi fixed point p

w" = { q es | d ¢
"

(g) if
"

- 0}± -

W
2- ES print of transverse intersection

between Ws(p) and W
"

(p )

> 0 ( o

p ! wsqy
et



%
"
"-

"

i

;l ms horseshoe

i i

÷
. - ËÏÏ;! !Ï

.

-

| . - - - - - - -
y←

-

'

f i l

•
, |

W

ËËËËÏËËEËÏÏÏ!ËÏ÷÷÷ .

_

Ï
Pv! !fŒ ; ; | f41 " WH

til :

i :
I I

ii. Ii : .

l
'

l ! i -

_
,

i,



Liparisirenes)
Lemna :

evey hyperbate compact set A for a difféomorphisme f is expansive :

JE > o sit
. if (✗ n = f

"

A)
nez

and (yn = f
"

(D) nez æ E- dose
,
tu ×

.

=

yo .

✗
n

Prof :

•

- • e.→
a.-

• "
i.→

.yn - •
-

. .

Wnbc

Fr E» officially Small, Waff ) and Wz! (yn ) intersect at a unique point

zn : =
Ws (xn) n W

"

(yn)Le 2e

But W" ¥,) =
W" #D=f@stncxnDandsimibnlgforynmftnlnezisanf-oibit.Bntzu E

N
"

2s (yn)
and f)un is expanding

⇒
yn = Zn

,
h 70

.

Jane
argument fort

"

/zn , ✗
n
⇒ ✗

n
= zn , tu

C- 0
.

Conclusion
:

×
.
=

yo . Ba



Structural stability

Definition : bt f : M - M be a ci dffwmrphim of some maifbl M , il -

Lit NCM be an imùuans sur for f. We soy that ftp.bstmctmalhg stable if
H G perturbation g of f which is affinity close -6 f , 7 h = ig : A - M

continuons injection such that igo f- la = go ig /
n

.

Theorem : (Anosov '67, Moses
'
69)

A hypnotic compact set A fn a C
'

difféomorphisme is stmctmelhg stable
.

Pro of : we want to she the eqatin

go
h . f-

'

=
h

for g C
'
- dose to f- and h C° - dose to the canonical inclusion i : A ↳ M

.



→ We with me the implicite function theorem for the map
Io : CQ, m) ✗ C

'

@ , m) D- & , g) → g. ho f-
'
E CH ,

M)

We see that I is a C
'
-différentiable map of Basuki manifolds .

Beside

I (i , f) = i .

To apply the inverse function Ituren
, it is enrgh to verify that id - 2# (i , f)

is an isomorphisme .

The tangent Space of the Banania manifold C°@ ,
M) at the inclusion I is the

Banach que
t'

= { y c- C° & ,
TM) : f x e n

, y@
c- T
.

M } .

the partial deniatie of Io at (i ,f) ù :

I : = ahi (i , f) :
M ⇒ r - Dfor of

' '
E P

.

Is @ - ☒ invention ?



We Split P into two I- m'ramais subspace P = Mots with

P
"

= {y E C° & ,
TM) :

f x C-^
, y@ E EI }

Ps
= {y c- C° & , TM) : tu c- ^

, y@ E E! } -

The nom of I/ ps is less than I
,
here the

map @ - E) | ps is m'rutile
,
with mine

to

Lid -Il ps )
- '

= E.☒ pdt .

Yimibnhg , I / puis inruhble with Contracting inverse
,
then @ - E) / puis inutile, with inverse

- EH .la#lr.H=-+-i(IlrI !t =L

Thufir , by the implicite function Huron
, tg c

'

- chose b- f, 3- a continuons map
h Harris G- dose to i that semi - conjugales tte dynamics :

g.
h - h . f- .



Mince i is injective and dose to h
, if hit -- hip , then x and g are done

.

By semi - cmjngag , he f-
"

(x ) =

g
"

oh
=

g
"
oh (g) = h . f-

"

(g) , tu EZ

⇒ f
"

④ is dose to f
"

(g) , fn evey
ne Z

.

By expansions , ne cmdnde that x -

-

y ,
i -e

.

his injective .
Ba



lfhadouing
f- :

M → M C
'

diffamation .

Definition : given E > °
, (xn) nez is a E - pseudo - n bit if

Ku c- Z
,

d ( ✗nn , fin )) < E -

For hyperbole sehr
, pseudo

- orbito can be appointed by orbite of the system .

Theorem : (Shaking lemme)
lit f : M - M be a C

'

diffo .

and ACM be a hyperbole set for f.
Then I U > A neighbourhood of A and ho {f } C

'
- neighbrhvd off , O , E. > o sit .

kg en , ts - pseudo - orbit (xn ); f g contained in U
,

with E EG,%),
3- point ✗ E M sit

.

d ( g
"

@ ) , ✗n) < Os
,
tu C- Z

.

Moreau
, (g

" À , is the unique g- orbit which E
.

- shadows (xn), ( tag"A, in )
Un EZ



Definition : x is chain - vanneur for f if a > 0
,
7h71 and (a)nez

E - pseudo - orbit sit . ×
.
= xp = ✗

.

Gallay : (closing Amma )
with the same assomptions as aboie

, if ✗ C- A is Chain - narrent fr f) n ,
Hen ✗ is acamnheted by periodic points whose orbito are contained in abihénf small

nèghbnhvob of ^ .

Proof : ✗ Chain - vannent → E > o : lit (n) n be an E - pseudo - orbit in A

and T I I be such that ×
.

= ✗ and ✗
↳+

= Xn ,
tu C- Z

.

We dedna that 3-
y ,

whose orbit §
"

⑨ nez approximée the pseudo - orbit
.

Since (xn)
n

is T - periodic , the orbit
" "

(ya))
n

also approximée (in) n .

By uniques> , ft(ya) -

-

ya
-

when e - O
,

Ite obit of ya
is contaient in an abituinly Smell neighbourhood of A

and
y a
→ ✗ as claimed

.

Ba
{→ 0


