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Some notions of smooth ergodic theory

Let M be a C* Riemannian compact connected manifold, with oM = &
Let f: M — M be of class Ck k>1, preserving orientation, such that

D
VxeM. mDfx) = inf LM,
veTM\{0}  ||V||

~ flocal diffeomorphism of degree d > 1

Goal: describe the statistical behavior of orbits

OF(x) = {x. (). f2(6) = fo f(x). ...

1 n—1

~ Do empirical measures — Z 5fk(x) converge to a measure . = i, ?

n
k=0

1 n—l
.= D 9o f ) = ie J pdu, Vo € CAM.R)
=0 M

Temporal averages Spatial
(Birkhoff averages) averages



e if so, which properties does the measure y have?
. ergodicity: VA € B, f1(A)=A = u(A)=00r1?
e mixing:VA,B € B, y(ANf"(B)) =, 10 HAUB)?

. conversely, given i € M ;= {v Borel probability measure | f.r = v} (M # @), which x € M do follow the statistics of y?
1 n—1
in other words, x € 93 (u), i.e., ; Z 5fk(x) — U
k=0

Theorem: (Birkhoff, 32) Vo € L'(n), Ap* € L' (u) such that

1 n—1
— Y peoff = ¢*p-ae.
n k=0

with ¢ o f = @™ u-a.e., and [ Q*du = [ @ du
m M

~ if (f, u) ergodic, p* = J @ du p-a.e., and then p-a.e. x € M follows the statistics of y (u(H(u)) = 1)
M

Question: does there exist U D supp(u) such that
m(AB(p) N U)=m(U) > 0, m = Riemannian volume? (physical measure)

Examples:
— when u is ergodic a.c. wrt to m with density > 0 on an open set U (Birkhoff)
— when p = 0, for a sink x / u = 0, for the figure-eight attractor




A brief history, conservative/dissipative systems

 1930s: Hadamard and Hopf ~ progress on ergodic properties of smooth systems (geodesic flow on negatively curved surfaces)

 1950s: Kolmogorov, Arnold and Moser ~= obstructions to ergodicity for Hamiltonian systems (KAM theory)

* 1960s: work of Anosov and Sinai on hyperbolic systems

* 1970s: study of broader classes of systems with some hyperbolicity initiated by Brin, Pesin, Hirsch, Pugh, Shub...
~ partially hyperbolic systems / non-uniformly hyperbolic systems

Conservative/dissipative systems

Each map f as above preserves the class of the measure m induced by the Riemannian metric:

df.m
dm

(x)= ). det D(y)dm(y)
yef~'(x)

e conservative systems: if f has an invariant measure a.c. with respect to m

* dissipative systems: each f-invariant measure with full support has a part which is singular with respect to m



Example of conservative systems

Hamiltonian dynamics
(examples: billiards, geodesic flows, n-body problem...)

n
M = RZH — {(xlv e X Vi ---,yn)}, endowed with @ = Z dxi N\ dyi
=1

Let H: U — R smooth, for an open set U C M,
~ (X", flow induced by the vector field F' such that w(F, - ) = dH

0Xx; - OH 0y; oH

o dy. o ox

n
The flow (X"), preserves the levels H ~1(¢) and w, hence the volume m = del-dyi (Liouville measure)
i=1



Example of dissipative system

I S! — S! with North pole - South pole dynamics between two fixed points N, S,
N repelling (f'(N) > 1) and § attracting (0 < £(S) < 1) N

~ fis dissipative (and O¢ is a physical measure)

Proof: let 11 be an f-invariant measure with u({S}) = 0,
and let I C S'\{S} open neighborhood of N, with (1) > 0

ﬂ]j:‘xl’ 1) = {N} butforalln > 1,

u(N_ f75D) = p(FA)) = ud)

= u({N}) = ("2 MD)=pud)>0N S



Dominated splittings and cone-fields

Ey(z)
Definition: an f-invariant set A C M has a dominated splitting if (@)
TAM — El @ oo @ Ek’ with
¢lx)
e dim(E:(x)) independent of x, fori € {1,---,k
(E(x)) indep (1K) .
") i :

e (invariance) Vx € A, Df(x)E(x) = E(f(x)), fori € {1,---, k}
e (domination) ¢ > 0,4 € (0,1)suchthat Vx e A, Vie {1,---,k— 1},
IDF" ()|, || < cA"mDF"Co) |, )
Definition: a cone-field € on an invariant set A C Misamap A 2 x = €(x) where €(x) = {ve T.M: Q. (v) > 0} is acone,
such that in local charts, the quadratic form { Q. }, - defining them can be chosen continuously and have the same signature (d,, d_)
~r a cone-field € on A is contracted if there exists N > 1 s.t. for any x € nf.V: 0 F8(A), we have DY (x)€(x) C int(E(fN(x)))

Theorem: (cone-field criterion) let f € Diff>(M), A C M an invariant compact set, and fix d . = 1; then A has a contracted cone-field
€ of dimension d,_if and only if there exists a dominated splitting 7\M = E_ @ E, withdim(E,) = d,



Foliations, absolute continuity

Let M be a smooth manifold of dimension n > 1

Definition: for 1 < k < n, a continuous k-dimensional foliation % with C' leaves of M is a partition of M
into C! submanifolds 7(x) © x which locally depend continuously on x in the C! topology

Let m be the Riemannian volume in M
For any submanifold N C M, let my, be the induced Riemannian volume in N

Definition: let 7" be a foliation, let (U, h) be a foliation coordinate chart,
et L = h({y} X B"*) be a C' local transversal
We say that 7 is absolutely continuous if for any such L and U,

4 measurable family of positive measurable function #x)
i W (x)NU=: W (x) = R (conditional densities) s.t. V meas. A C U,

m(A) =J [ 1,Ce, L) dmigy o (y)dny (x) L
LYW y(x)

~= |n particular, conditional densities are automatically integrable



Hyperbolic Systems

¢ Let M be a smooth compact Riemannian manifold

. letf: M — M be a C¥ (local) diffeomorphism, k > 1 (k > 2 in most of the following)
or (X': M - M), g (semi-)flow C*, k > 1, with generator X

Definition: A compact f-invariant set is hyperbolic if it has a dominated Wt
splitting TM | , = E* @ E", where stable/unstable bundle E*/E" are (%

uniformly contracted/expanded, i.e., 4 C > 0,0 < A < 1 < u such that

Vxe A,n > 0:
1D || < cd”||v?], v € E(x) C
IDf" vl = ¢ v, vt e EY(x) W'
~1 TM\A = FE° P RX P E"in the case of a flow W (=)

« E°, E" integrate uniquely into f-invariant foliations 7/ (stable), 77" (unstable),
Holder continuous, absolutely continuous (a.c.) when k > 2

o diffeomorphism/flow with A = M: Anosov system



Partially Hyperbolic Systems

o M compact Riemannian manifold
. f: M — M C* diffeomorphism, k > 1

Definition: f is partially hyperbolic if there exists a dominated splitting TM = E° @ E° @ E" s.t.
forc > 0,4, <pu.<A. <p,wthid <1<pu,wehave Vx € A,n > 0:

D" Cov?]] < cAdliviyl, V' € £ (x)
eIVl < D Covell < eAlllvell. ve € E5(x)
ey vell < IIDF vl vi e E%(x)

« E°, E" integrate uniquely to f-invariant foliations 7/ (stable), 77" (unstable), not necessarily E¢
W, W are Holder continuous, absolutely continuous when k > 2



Some (partially) hyperbolic systems

 Anosov flows: geodesic flow on negatively curved * hyperbolic set: Smale’s horseshoe
surfaces _
2 SRR
" Eu RQ E
/ N R3 E
» Anosov diffeomorphisms: Arnold’s cat map on T? o partially hyperbolic diffeomorphisms:

« time-one map X I'of an Anosov flow (Xt)t

« A X 1Id, where A is hyperbolic

\APV7




Basic sets, attractors

 a hyperbolic set A is called basic if it is transitive and locally maximal:

A=n,, f"(%),for aneighborhood % of A

« A is an attractor if there exists a neighborhood % of A such that

f(U) C U and A = N,en | (U)

N

(Plykin attractor)

Basic properties:
— local product structure

— A = UXEA WM(X)
— U CU_, W)



Basic properties of hyperbolic systems

* sensitivity to initial conditions (« chaotic » systems)

* «good » understanding of statistical properties:

— ergodicity for C? conservative systems
— existence of SRB measures for hyperbolic attractors

» structural stability (Anosov '67) :

If A is hyperbolic for f € Diff! (M), then there exists a neighborhood % C Diff!(M) of f and
h: % — CYA, M) suchthatforallg € %,

A, = h,(\) is hyperbolic for g,

hg of |, =g° hg |, (topological conjugacy)
In the case of a hyperbolic flow (X7) , if (Y7), is C'-close to (X?),, there exists an orbit equivalence

» density of periodic orbits for basic sets



Use of foliations in smooth ergodic theory

1. Statistical properties 2. Properties of invariant foliations 75"

. stable ergodicity for C2 conservative * absolute continuity/Holder regularity of the
" " _ ] . S l/t
diffeomorphisms foliations 7 and W'
* SRB measures: capture the e transitivity of the pair (%, W)

statistical behavior of « many » orbits



Stable Manifold Theorem

Let f € Dift' (M), r > 1
Let A C M compact f-invariant set with a partially hyperbolic splitting T7\M = E° @ E“, dim(E£”) > 1, E° uniformly contracted

Definition: given € > 0 small, for each x € A, define the strong stable set:

W(x):={y€M:3Ic>0s.t.Yn>0,d(f"(x),f"(y) < ce™"min{m(Df"| .., )1} }

Theorem: (Stable Manifold Theorem, Hirsch-Pugh-Shub)

. forany x € A, the strong stable set 7°°(x) is an injectively immersed C”-submanifold diffeomorphic to RI™EY)
tangent to E°(x) at x

e the strong stable set does not depend on € as long as it is small enough
 forany x,y € A, the strong stable sets 7 °(x), 7 °(y) are either disjoint or coincide

« forn > 0 small, the ball 7Z"°(x, n) in 7 °(x) of center x and radius # depends continuously on x and f for the C’-topology



Proof of Stable Manifold Theorem:
1) Plaque families

Theorem: (Plague Families, Hirsch-Pugh-Shub)

Let f € Ditt"(M), r > 1, let A C M compact f-invariant set with a dominated splitting 7\M = E @ F. Then, for every x € A, there exists a C!
embedding 15(x): E(x) D B(0,1) — M such that:

« (tangency) for any x € A, 1:(x)(0) = x, and 1(x)(B(0,1)) is tangent to E(x) at x
e (continuity) the embeddings {iz(x)}, depend continuously on x € A in the C'-topology

e (local invariance) there exists &, € (0,1) such that for x € A, it holds f(lE(x)(B(O,éo))) C 1(f(x)(B(O,1))

1e(2)(B(0,1)) ve(f(2))(B(0,1))
ve() (B(0, do)) f
///—// >
Proof: E(X) f(a:)

a. Lift ftoa C" local diffeomorphism f, := expf_(;) o f o exp, from B(O,aA/Z) C T, M to a neighborhood of 0 in T;,M and glue it with Df(x) on the
complement of B(0,a) by a bump function to get a diffeomorphism f.: T.M — TioM

Lemma: for any € > 0, there exists @ > 0 such that d( fx, Df(x)) < €



1) Plaque families

b. Let € be a cone-field along F that is contracted by f

Let €', be a cone-field along E that is contracted by o
~1 on each tangent space 7, M, one obtains a constant cone field which coincides with € ;(x)

~1 fA;l contracts € (f(x)) into € g(x)

Let L, be the family of Lipschitz graphs tangent to & (x) containing 0, i.e., the graphs of Lipschitz
functions : E(x) — F(x) such that w(0) = 0 and (u, w(un)) — (v,w(v)) € €r(x),Vu,v € E(x)

d(u, (), w,(u
~ [ is complete for the distance d(y, y,) := max (1 (), yr ()
i lul

(distance is bounded because graphs are uniformly Lipschitz)

Lemma: f;l(Lf(x)) C Lx

(projection on E(x) is injective on the image of the graph)



1) Plaque families

c. Lemma: (contraction) for n € N large enough, F;’ = (]/C}”—l(x) 0 .e ofx)_l: Lgny = L, is a contraction

Proof: let i, ; be the images by F v+ Of Wi, ¥h € Ly, and fix u € E(x)

F
~ (u, (W) = Fy(v, (V) & (u, yr(u)) = Fi(w, yr(w)), for v, w € E(f"(x))
Let us assume that v = w for simplicity, i.e., (u, /(1)) = ﬁﬁ(v, wi(v)), i = 1,2 )

YN

. (1,0) € Gx(f"(x)) and (4,0) € Bx(x), where B (f"(x)) contracted by F”,
and ﬁ;’ close to (Df"(x))~!, hence

VIl < [DFCo | lle™ | ull

« Oy (V) —yr(v) = (v, (V) — (Vv yn(v)) € Cr(f(x)), A
O,p1(u) — yr(w) = (u, wi(n)) — (u, yy,(u)) € €p(x), where € (x) contracted by (F )’;’)_1, hence

d(y,(v), yr(v)) = m(Df"(x) | o )e™"d(y(u), wr(u))
thus

Ay, y3) _ o IDF* O Il dlyry (v), o (v))
[|ue]] — m(Df"(x) | ) IvI|

~ d(y1, W,) < C/I”ezmd(l/fl, ), by domination, hence uniform contraction for n large enough




1) Plaque families

d. Let £, = HLfk(x), endowed with the distance given by supremum distance on each Lfk(x)
keZ .
~ product map ( f]:k(lx))kez: Wporez = (f ]?k(lx)(l//fk+1(x)))kez acts on £,
and (after iteration) it is a contraction
~ there exists a fixed point (W) rez

~ |let then define the embedding 1.(x): E(x) = M, u — exp, (u,y (1))
As fx B0y = = eijj(;) o foeXpylpqn) @Nd fx sends Y, to Yy, for 9, > 0 small enough,
f1e(B0,6)))) = €XPyi) J. «(graph(y,) ‘3(0,50)) C expf(x)(graph(l/{f(x)) ‘3(0,1))’ €.,

F1e()(B(0,8,)) C 1x(f(x))(B(O0,1))



1) Plaque families

e. By the cone-field criterion for the maps fx, at each u € T, M there exists a splitting Ew) & F(u) st

E(u) = vectors (V). tgt at u whose iterates under ( ffk(x))keZ remain in the cones (6 x( fk(x)))kez
F(u) := vectors (V)7 tat at u whose iterates under ( ffk(x))kez remain in the cones (6 ( fk(x)))kez

Since y, is Lipschitz, it is differentiable at almost every u € 1, M, hence has a tangent space whose
iterates remain in the cones (6 x( fk(x)))kez

— tangent space in E(u)
~7 Since E(u) depends continuously on u, v, is C'! and tangent to E(u) everywhere
~ 1.(x)(B(0,1)) is tangent to E(x) at O

f. By construction, y, is close to F"(y/) fory’ € & n(y) arbitrary, where F' = ( ffn_l(x) 0 e of D

Fixing n and considering Y’ = Y, for x’ close to x, it implies that y, and y,. are close on B(0,1) B



Proof of Stable Manifold Theorem:
2) Coherence argument

Corollary: let f € Dift"(M), r > 1, let A C M compact f-invariant set with a partially hyperbolic splitting 7\M = E° @ E°
Let 1(x) be the embedding of E°(x) given by the Plaque families Theorem. Fix N € N large, ¢, 8, > 0 small, and let

W\ . (x) = 15(x)(B(0,0))

[n/N]
A. Forany x € A, n > 0, diam(f"(7 .(x))) < e™ H IDfN () | 4|
k=0

B. Foranyxe A, n > N, f"(W; (x)) CW, (f"(x))

loc loc

C. Foranyx € A, W°(x) = Upso f W ()

loc

Proof: for 6, > 0 small enough, the disc 7| .(x) is almost linear, and the action of /" is close to that of Df"

A. is proved inductively, checking by the local invariance that /(77 .(x)) C 15(f"(x))(B(0,1))
B. follows from A.
C. by A. and the domination, we deduce that 77°(x) D U FXW3 (fX(x))). Let us show the other inclusion:

loc

‘ ES(X)



Proof of Stable Manifold Theorem:
2) Coherence argument

Coherence argument: let z € 7/ °(x); up to iteration, assume that their forward iterates remain at distance < 9,

S
loc

~ forward iterates of & remain tangent to € .

Let & be a small disk containing zand y € 7, (x) and tangent to a contracted cone field € .

For e > O small, and n € N large, let us estimate v, . (x) Y (x) Vo (f(X)) W(f"(x))
the distance between the points f"(x), f"*(v), "(2): v 2 (y)
; /" 1)
« d(f"(), f1(0) < e |DF" | :
J"(x)

e d(f"(@), [1(2)) < e~ m(Df" | )
. d(f"5). f1(2) > cze”Em(Df" | )

By the domination, and the triangle inequality, we get a contradiction il



Absolute continuity of %>, %"

Let M be a smooth manifold of dimension n > 1
Let 7" be a foliation of M, let (U, h) be a foliation coordinate chart, and let L, = h({y;} X B"™*) be two C' local transversals, i = 1,2

Definition: the holonomy map H = H; , : L; — L, is the homeomorphism A(y,,z) - h(y,, 2), for z € Bk

/4 h(y27 O)
h(y1,0) H(p)
p
Ly
Ly

Definition: the foliation 7 is transversely absolutely continuous if the holonomy map H is absolutely continuous for any foliation chart
and any transversals L, L,, i.e., there exists a positive measurable function J: L; — R (the Jacobian of H) such that for any

measurable subset A C L,

m(HA) = | 1,J() dmy,(2)
JL,




Transverse absolute continuity

Proposition: if a foliation 7 is transversely absolutely continuous, then it is absolutely continuous

Proof: let (U, h) be a foliation coordinate chart on M, and let L = h({y} X B"™%) be a C! Iocal transversal
Let € be an n — k dimensional C'-foliation such that L = Gyx):=fx)NUand U = Usear, (x) G (y)

~ & is absolutely continuous and transversally absolutely continuous
Denote by {gy( : )}y the densities for & (continuous, hence measurable)

Z=7

For any measurable set A C U, by Fubini, - .

m(A) = 1,(y,2)8,(2) dmg,\(2)dMigy(¥)

Sy 2 ‘

L—9(x) )

Let H, be the holonomy map along the leaves of W from & (x) = Lto G (y)

Let J,( - ) be the Jacobian of H,

~ | 100 08,@) dmg() = | LH()8,(H(s)) dmy(s)

Guy) JL




Transverse absolute continuity

zZ=7T
Change order of integration in s
H, "
m(A) = 1,(y, 2)8,(2) dm?(y)(Z)dm%(x)(Y) \ T\ —
YW y(x) Y Gy(y)
Gy
L =%,(x) (Y)

~ m(A) = J 1, (H,(5)J,(5)g,(H,(5)) dmay () (s)
LYW (x)

Let H, be the holonomy map along the leaves of & from % ,(x) to # (s), s € L, and let J ( - ) be the Jacobian of H,

Using a change of variables r = H,(s),y = I:IS_I(r), transform integral over 7/ ,(x) into integral over 7 ;(s):

J 1,(H ()], ()8, (H,(5)) dmey,,(y) = 1,(J,()g, (TS (1) dimagy (1)
W /(x) YW (s)

~ m(A) = J 1 A(r)Jy(S)gy(r)f;I(r) dmegyo(r)dmy(s) B
YLIW (s)




Proof of absolute continuity of %>, %'

For subspaces A, B C RY, let ®(A, B) ;= min{|[v—w| :veEA,|v=1|,weB,|w| =1} (A, B are O-transverse if (A, B) > 0 > 0)
Lemma: let E be a smooth k-dimensional distribution on a compact subset of RY \
VE>0,e > 0, there exists § > 0 s.t.if Q;, @, C RY are two N — k-dim. C! submanifolds A H(x)
. < : Bw) g
with a smooth holonomy map H: Q; — (), along E s.t. for allx € O, X |
OT0LEW) =& O(Ty,0xEX) > &
dis(T,0, Ty@) <5, IHG) x| <5, n E() H(y)
then the Jacobian of H is smaller than 1 + ¢
Proof: only the first derivatives of Q,, O, affect the Jacobian of H 0, 0
2

~ it is equal to the Jacobian of the holonomy map H: T.Q, — Tﬁ(x)Qz along E

After linear change of coordinates (depending only on &), we may assume that in the new coordinates (i, v) € RN :
x=(0,0), TnQ ={v=0}, A® = O, vl = A —xll, T,0 = {v = vy+ Bu)
for some k X (N — k) matrix B whose norm depends only on 9,
E0,0) = {u=0}, EW,0)={u=w+AWw)y)

for some (N — k) X k matrix A(w) which is C' in w, A(0) =0



Proof of absolute continuity of %>, %'

x = (0,0), T((),o)Q1 = {v =0}, I‘AI(X) = (0,vp), l[vpll = HI_AI(X) — x|l T((),VO)Qz = {v=vy+ Buj

E0,00={u=0}, EW0) ={u=w+AWw)Vw)

~ Image of (w,0) under His {u = w + A(w)v} N {v = vy + Bu}

ou
Norm of B bounded from above in terms of & ~= enough to estimate — at w = 0

ow
u=w+Aw)vy+ Aw)Bu

ou 0A(W) 0A(w) ou
— =1+ Vo Bu + A(w)B—
ow ow ow ow

and then for w = 0, (recall u(0) = 0, A(0) = 0)




Proof of absolute continuity of %>, %'

Theorem: the stable and unstable foliations 7%, %" of a C 2 Anosov diffeomorphism are transversely absolutely continuous

Proof:letf: M — M be a C? Anosov diffeomorphism with stable and unstable distributions E*, E*, ¢ > 0,0 < 1< 1 < ust.Vxe A,n > 0:

DVl < cA™[]V°I, V' e E(x)
IDf" vl = el vilL v E BN

We will focus on 7 ~ idea: uniformly approximate holonomy maps by continuous maps with uniformly bounded Jacobians
~ let E® be a smooth distribution that approximate the continuous distribution £°

We assume that M C R". By compactness, for some 0, > 0, O(E°(x), E"(x)) > 0, forallx € M,
and there exist foliation charts (U, hl-)f:1 of #° ~ de,0 >0st. Vy €& U;, VL C U; compact submanifold of U; s.t.

« L intersects transversely each local stable leaf of U]
O

. O(T,L,E") > 3 forallz € L

e dist(y,L) <o

60
then for any subspace E C R with dist(E, E°(y)) < €, y+ EM L = {zn(y)}, with ||y — z(y)|| < —
0



AN

Proof of absolute continuity of %>, %'

Let (U, h) be a foliation coordinate chart, L, L, local transversals in U with holonomy map H: L; — L, (along the leaves of 7#),
let H: f"(L;) = f"(L,)and H,: L; — L, be the maps given by

H: f'(x) = (f'(x) + E(f(x))) N fY(Ly), H,: x = f(H(f"(x)))
Forx; € Ly, x, = H (x), y; = f(x)), i = 1,2; it holds d(f*(x,), f*(x,)) < cA*d(x;,x,), Vk >0

If 5 is close enough to E, it is uniformly transverse to f"(L,), f*(L,), hence d(ﬁ(f”(xl)),f”(H(xl))) < cd(f"(xy, [M(H(x)))) < ciedd(xy, H(x;))

ﬂ n
The angle £(x, — x;, H(x{) —x{) S <—> , hence
U

/1 n
d(H, (x,),H(x;)) < ¢, <—> d(x(, H(x,)), i.e. H converges uniformly to Has n — + oo
H



Proof of absolute continuity of %>, %'

Lemma: the Jacobians of H, are uniformly bounded

Proof: by previous estimates, d( fk(xl), fk(xz)) < c3/1k, fork > 0

et J(fk(xl-)) be the Jacobian of fin the direction of Y}k(xi)fk(Ll-), fori=1,2,k>0
_et J,, be the Jacobian of H,

et J the Jacobian of H (it is uniformly bounded by the previous lemma)

n—1 n—1
~ 1) = [ O e | 1054
k=0 k=0

1 J(FG))

~ it remains to bound from above:

o J(fM(x)
follows from dist(Y}k(xl) fk(Ll), Ly fk(Lz)) < 64/1“]‘, and Lipschitz continuity of J I

End of the proof of a.c.: by the previous lemma, 3J > 0 s.t. for any measurable set A C L;, m; (H,(A)) < Jm; (A)
Enough to work with balls: let B(x, r) C L, be aballin L;; for 6 > 0 small, n > 0O large, H(B(x,r — 0)) C H (B(x, r)),

—> mLz(H(B(x, r—2o0))) < mLz(Hn(B(x, r))) < Jle(B(x, r))

— mLZ(H(B(x, r))) = }Si_{% mLZ(H(B(x, r—2o0))) < Jle(B(x, r))



Ergodicity of conservative Anosov
diffeomorphisms

Theorem: (Anosov, Sinai ’67) if f M — M is a C* conservative Anosov diffeomorphism (i = m, m volume) on a
compact connected Riemannian manifold M, then f is ergodic

Proof: (Hopf argument) V @ € L*(M,R), let

) . 1 n—1
@y :=lim supzz @ o f*

n——+oo0 k=0

Birkhoff’s Theorem = @, = m/(¢), where 7;is the projection

7o LM, R) — sz(M, R) :={y € L*M,R) : wof=uw)

Claim: to show that fis ergodic, enough to show that V ¢ € C°(M, R), @y = cstae. (= J @ dm)

M
Proof: since zis continuous, and CYUM,R) is dense in L*(M, R), we thus have

n(L*(M,R)) = L]?(M, R) = {cst fcts} B



Ergodicity of conservative Anosov
diffeomorphisms

1. Local ergodicity: fix ¢ € C°(M, R); then @yis locally constant
Key remarks:

. (yis constant along the leaves of 7/° ( « lim d( FA(x), f'(y)) = 0if y € W*(x) + Cesaro)

k— 400

. @y=@r1a.¢€. (f-invariance @f‘l-invariance)

iii. @41 is constant along the leaves of 7™

~ letA = {@pr= @1} CM(~ m(A°) =0)
~ let 6 > 0 be small s.t. U = U(0) := Uyeqpur5) #°(y,0) is the
homeomorphic image of [—8, 8]9™EY x [=8, §]9™ED (jocal product structure)

Absolute continuity of 7 = for a.e. x € M, mgyu, 5(A° N W (x,06)) = 0
Transverse absolute continuity of 77 — m( Uyeacnaris) (Y 5)) =0, i.e, m( Uyeanzruxs) 2 (Vs 5)) = m(U)
(see below for more details)




Ergodicity of conservative Anosov
diffeomorphisms

Indeed, consider an absolutely continuous foliation & on U transverse to 7 (e.g. # " or a smooth non-dynamical foliation)
with #(x) = #*(x, 0), and for y € U, consider the holonomy map H,: 7/°(x,5) — F(y) along the leaves of 7/
~ for m-a.e.y € U, mg,(y)( Uyeacnarixs) (Vs 5)) = Mg, (H (AN W "(x,0))) = 0, and then

m( U,cacnue sy 2 °(y,0)) = 0, by absolute continuity of &
( YEANH U(x,0) ) P(2.5) P52, 6)

W' (x,0) = F(x)

]

Let now z2 € Uyepngpurs) Z (¥, 0), 1.6, 2 € W7(y,0),y € AN W™ (x,0):

~ P(2) L P4(y) =4 Pp-1(y) L @-1(x), i.e., ¢, cst m-a.e. on U (local ergodicity)

2. Global ergodicity: we have seen that for any x € M, there exists a neighborhood U, C M of x where ¢is m-a.e. constant

By connectedness, we conclude that gbfis constant m-a.e. i



Sinai-Ruelle-Bowen (SRB) measures

What about the dissipative case? Still a way to describe the statistics of a « large » (for Lebesgue) set of orbits

Definition: (SRB measure) let u be an f-invariant Borel probability measure. We say it is SRB if for every measurable partition & subordinate to
W™, the conditional measures {4¢} are a.c. wrt Mayuy fOr p-a.e. x € M

Proposition: any ergodic SRB measure y is physical (Birkhoff + a.c. of 7, W'™")

Proof: fix a measurable partition £ subordinate to %, with conditional measures {p:} .
u ergodic ~ u(AB(u)) = 1 (by Birkhoff), hence for p-a.e. x, ,uf(%’(,u)) =1

as jt is SRB, for such x we have mgy ., 5 (B (1)) = Mopu 5 (W (x,0)) (K )

Let U := U copu(r ) W (y,0); note that forany z € #>(y,0),y € W"(x,0) N B(u),

we have 7 € B (u); by transverse absolute continuity of 7™ and ( % ) we conclude that
(as in proof of local ergodicity for conservative Anosov diffeos.) m-a.e. z € Uisin 9B (u) B

Theorem (Sinai-Ruelle-Bowen): let A C U be a transitive attractor of a C 2 diffeomorphism f; then there exists a unigue f-invariant Borel
probability measure i on A such that for any f € Co%U, R), for m-a.e. x € U, it holds

1 n—1
im — 3 g0 = | g
=0

An equivalent characterization of u is that it is SRB. Moreover, ( f, 1) is ergodic



Proof of Sinai-Ruelle-Bowen result

a. Construction of i + SRB property U
Let 2 := #°(x, 0) be a stable disk, 6 > 0 small,
let U=U(X,0) := Useans W (s, ) (topological product for o small enough) ~r canonical neighborhood S 9(0.5) T
We write U = U, 9, the partition of U into local unstable disks ’
Fixxy € A, let L := W .(xy), and let yi) := i
my (L)

For k > 0, let y1, be the measure (%), living on f*(L)
For any canonical neighborhood U, let U, be the union of J s in U completely contained infk(L)
Let fiy = fiy = 1y py then py (U) — 1,(U) — Oas k = + o0

(indeed, if f(x) € D, with x € L not too close to 0L, then D, C f*(L)) /\
- L fAL)

Let /2 be an accumulation point of the averages (— E ,uk) ~ 1 is f-invariant fk
n n
k=0

1 ¢
Moreover, for any canonical neighborhood U, (— Z 79 U) also converges to u
n ’ n
k=0
f|Wu is uniformly expanding, and has uniformly bounded C? derivatives

~ by a distortion argument, da,f > 0st. Vk>0,VD A C U,

L U[//

- dWl@a

1 n—1
This bound also works for (— 2 P U) , thus for the accumulation point y ~ 1 is SRB B
n on
k=0



Proof of Sinai-Ruelle-Bowen result

Definition: given v € /4 we say that a point x € M is future generic wrt v if it is in the basin ABv), i.e.

n—1

Vo e COM,R), lim lzgo( F(x)) = | @ dv

+oo N

we say it is past generic if it is future generic for f_l, generic if it is future + past generic

Proposition: (ergodic decomposition of invariant measures) let %f be the set of ergodic f-invariant Borel probability measures of f

Then for any f-invariant Borel probability v € ./, there is a Borel probability measure 7, on %f such that v = V' dr (V)
y %f

~ v-a.e. x € M is generic wrt some ergodic measure 1, € %f (by Birkhoff); denote this set by G(v)

b. Local ergodicity of (f, ): (genericity wrt same measure locally)

For any density point x of ¢, 3 V neighborhood of x, v = v(x) € %f s.t.

i. p-a.e.z € Vis future generic wrt to v

ii. m-a.e. z € Vis future generic wrt v



Proof of Sinai-Ruelle-Bowen result
|

Proof: let U = U, &, be a canonical neighborhood centered at x
Disintegrate u wrt to {ug, }, wrt disks in U, and let 7/, be one of these disks s.t.

e X € Vi=Upeqy, W>(y,0)

. Mgy -a.e.y € W is generic wrt to some 4y,

(follows from SRB property and the previous fact that u(G(u)) = 1,
.e., p-a.e. y € M is generic wrt to some f/,) v

But Vy,y'€ #yn G(u), lim d(f~*(y), f4(y")) = 0 = past generic wrt same measure, i.e., Hiyy = Hiyny =1V

n——+oo

Similarly, any z € V(v) := Usewr nGu) W>(y, 0) is future generic wrt v
Moreover, as m%)(%o N G(u)) = 1 and % transversally a.c. = VI, C U, m@a(@a NVw)) =1
+ SRB property = for p-a.e. D, u;, (9,N V(v)) = 1, hence u(V(v)) = u(V), and m(V(v)) = m(V) i

c. Global ergodicity: local ergodicity + topological transitivity of the attractor
ndeed, any density point x has a neighborhood V. where p-a.e. point is future generic wrt some v(x)

For any x, x', there exists n > 0s.t. V. N f7"(V.) # & open set where a.e. point is future generic to both v(x), v(x') ~ v(x) = v(x') =: v
Density points have full measure: p-a.e. point is generic wrt v, i.e., (f, i) ergodic

d. The measure u is physical: follows from previous result for ergodic SRB |




