DEFORMATIONAL AND PERTURBATIVE RIGIDITY NEAR DE LA
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ABSTRACT. De la Llave’s examples are Anosov diffeomorphisms on the four-torus T* with
constant Lyapunov spectrum, yet they are not C'-conjugate to the linear model or to each
other. Nevertheless, we show that such examples are “locally exceptional”: we prove defor-
mation and local rigidity for generic diffeomorphisms in proximity of de la Llave’s examples.

1. INTRODUCTION

This paper is devoted to deformational and perturbative rigidity of Anosov diffeomorphisms
in dimension four. Consider an Anosov diffeomorphism Fy on a compact Riemannian manifold
M. In other words, there exists a D Fy-invariant splitting TM = E*@®EY of the tangent bundle
into stable and unstable spaces E*, E*, such that vectors in E*® (resp. E") get exponentially
contracted under forward (resp. backward) iteration of DFy. By structural stability, for any
diffeomorphism G which is sufficiently C'-close to Fy, there exists a homeomorphism h, called
a (topological) conjugacy, such that ho Fy = G o h. Yet, there exist plenty of obstructions to
the existence of a C! conjugacy; indeed, if the conjugacy map h above can be chosen to be
C!, then for any periodic point p = F{(p), we can differentiate the conjugacy equation and
obtain

Dh(p)DFg (p)(Dh(p))~" = DG"(h(p)),

that is, the differentials DF{(p) and DG™(h(p)) must be conjugate. In fact, for any periodic
point p, it is easy to arrange the perturbation G such that the above condition fails (and this
is typical). Therefore, there are countably many obstructions to lift to hope for the existence
of a C' conjugacy, which are associated to the periodic points.

We say that Fy and G are isospectral if for every periodic point p = Fj'(p) the linearized
return maps DF{ (p) and DG™(h(p)) have the same collection of eigenvalues. In particular,
given a one-parameter family' of Anosov diffeomorphisms {Fs}se[o,l}, there exists a unique
continuous family of conjugacies {hs}sc(o,1) such that hs o Fy = Fs o hs and hg = id. Accord-
ingly, such family is called isospectral if for every periodic point p = F§'(p), all the linearized
return maps DF.'(hs(p)), s € [0, 1], have the same collection of eigenvalues.

It is a classical result that for 2-dimensional Anosov diffeomorphisms, the collection of
eigenvalues of periodic points is actually a complete set of moduli of smooth conjugacy classes:

Theorem 1.1 (Marco-Moriy6n, de la Llave [MM87a, DIL87, MM8&7b, DIL92]). Let Fy, G be
two C", r € (1,00] U {w}, Anosov diffeomorphisms on T? which are topologically conjugated,
and whose eigenvalues at corresponding periodic points match. Then the conjugacy is C™
regular, with

re« =1, ifr ¢ N, and r, = (r — 1) + Lip, ifr € N.

In particular, in this low-dimensional situation, once the conjugacy is C*, due to the boot-
strap phenomenon, it is actually as regular as the Anosov diffeomorphisms themselves. In
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higher dimension, it is not always possible to bootstrap the regularity of a C' conjugacy be-
tween Anosov diffeomorphisms. The lack of bootstrap phenomenon is typically related to the
lack of regularity of the leaves of intermediate (weak stable/unstable) foliations, when they
exist.

Definition 1.2. A C" Anosov diffeomorphism Fj is called C"-locally rigid, r > 2, if there
exists a neighborhood U of Fj in the C” topology such that for any diffeomorphism G € U that
is isospectral to Fy, the corresponding conjugacy h is, in fact, a C'*H diffeomorphism.? Simi-
larly, Fp is called C"-deformation rigid if for any isospectral one-parameter family {F\}sc(o,1)
based at Fy such that the map s — Fjs is continuous in the C” topology, the corresponding
family of conjugacies hy is, in fact, a family of C'*H diffeomorphisms.

In higher dimension, there exist counterexamples to the deformation and local rigidity of
Anosov diffeomorphisms constructed by de la Llave [DIL92], which we now proceed to recall.

1.1. de la Llave examples. Let A and B be automorphisms of the 2-torus T? induced by
hyperbolic matrices in SL(2,Z). We will assume that the smaller eigenvalues A\ and p of A
and B, respectively, satisfy the following inequalities: 0 < A < p < 1. Define o = log i/ log A
and notice that a € (0, 1).

Definition 1.3. A de la Llave diffeomorphism Ly, : T4 — T* is defined as a skew-product
Lyo(z,y) = (Az, By + @o(x)), V(z,y) € T> x T,
where ¢g: T? — T? is a smooth function.

Such diffeomorphism is Anosov and, if g is homotopic to a constant, is conjugate to
the linear product automorphism Lg. More generally, if ¢; is homotopic to g then the
corresponding de la Llave diffeomorphism L, is conjugate to L, with conjugacy h given by

(1.1) Wz, y) = (z,y +¥(z)), V(z,y)eT?xT?

where v: T? — T? is null-homotopic. Indeed, a solution of the form in (1.1) to the conjugacy
equation h o Ly, = Ly, o h can be obtained explicitly by solving the cohomological equation

for 1 — o:

(1.2) (o1 — @o)(z) =1 o A(x) — Bot(z), VaeT2

We can check that this equation has a unique solution ¢ € C®(T?), and then, the associated
map h is the unique conjugacy between L., and L., in the homotopy class of the identity,
and it is also C'* regular. However, for some simple choices of ¢1 — g, and even for a generic
choice, the function v is not C**¢ regular, for any € > 0. Let us, for example, consider the
case where @1 — g is a single Fourier mode z + e, cos(27 (ko, x)), ko € Z*\ {(0,0)}, where
(-,-) is the function on T? x T? induced by the Euclidean inner product on R?, and e, is an
unstable eigenvector for B, Be, = 1~ e,. The solution ¢ to (1.2) is of the form Yey, for some
function ¢ : T2 — R. Considering the Fourier series D oheze J}keizﬂkm of 1, we find that

by (aTynry =~ ¥ >0, Yp =0, Vk& {+(AT)ko}n>1 U{(0,0)}.

For some constant K > 0, we have |(A")"kg| > KA, hence the decay of the Fourier co-
efficients ensures that ¢ € C® but 1 ¢ Co*¢ for any ¢ > 0. Consequently, the conjugacy
h is merely C“ regular despite the fact that all eigenvalues at corresponding periodic points
(and Lyapunov exponents of all corresponding measures) of L., and L, are the same. This
very interesting phenomenon was discovered and explained by de la Llave in [DIL92], see
also [Gog08, GRH23| for later expositions. De la Llave diffeomorphisms also demonstrate
several other interesting dynamical features. For example, they are non-linear Anosov diffeo-
morphisms for which the invariant volume measure has maximal entropy; they could be used
to exhibit insufficient regularity of weak foliations (when a > 1), etc.

2Here, C'™ means C' with Holder continuous differential.
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Furthermore, by linearly extrapolating into a family of diffeomorphisms { Ly, }sc(o,1], ¢s =
o + s(¢1 — ¢o), s € [0,1], we obtain an isospectral family, yet the conjugacy between any
two diffeomorphisms in the family is merely C'*.

The first author studied local C'*H-conjugacy classes of de la Llave diffeomorphisms
in [Gog08]. In particular, it was established that a C'* isospectral perturbation of a de
la Llave diffeomorphism L, is C1*tH_conjugate to a de la Llave diffeomorphism L, , where
©1 is C'-close to . Hence, de la Llave examples completely absorb the failure of periodic
eigenvalue rigidity for the product automorphism Lg. This naturally raises the question of
description of local C'tH-conjugacy classes for perturbations of Ly and, more generally, of
L

®o-
1.2. Deformation and perturbative rigidity. The following theorems constitute progress
on a smooth classification in proximity of de la Llave diffeomorphisms. Recently, Rafael de
la Llave communicated to the authors that he and others considered the possibility of such
rigidity in proximity of the examples at the time when examples were discovered.

Theorem A. Let L, be a de la Llave diffeomorphism. Then there exist a C' small neighbor-
hood U of L, and a C?-open C*-dense subset V C U such that each Anosov diffeomorphism
F €V is C%-deformation rigid.

Theorem B. Let L, be a de la Llave diffeomorphism. Then there exist a C' small neighbor-
hood U of L, and a C?-open C™-dense subset V C U such that each Anosov diffeomorphism
F €V is C%locally rigid.

Remark 1.4. We note that there is no obvious way to deduce Theorem A from Theorem B. The
issue is that an isospectral deformation is not required to be local and stay in a neighborhood
of F' (moreover, can leave the neighborhood of L) and, hence, one cannot apply Theorem B
to the path, but only to the beginning of the path. One then could attempt covering the
path by a finite number of small neighborhoods and gradually conjugate the whole path to F'.
However, this approach is problematic since the conjugacy we obtain is only C'*H regular,
and it seems hard to make our proof work in this low regularity predicament.

Remark 1.5. To keep the exposition clean, we work with C°° diffeomorphisms. But by care-
fully inspecting the proof, one can check that the same results are true for C* diffeomorphisms.

The latter result suggests the following open questions.

(Q1) Global rigidity. Show that for F' € V, any Anosov diffeomorphism G which is isospec-
tral to F' is C''-conjugate to F.

(Q2) Volume-preserving version. Show that there exists a C* small neighborhood U¥®! of L.,
in the space of volume-preserving Anosov diffeomorphisms and a C%-open C'*°-dense
subset V¥l € UY°! such that each F' € V! is (C2-locally) rigid.

(Q3) Jacobian rigidity. Show that one can weaken the isospectrality assumption in Theo-
rems A and B to mere matching of Jacobians at corresponding periodic points.

Remark 1.6. Let us make some observations on these questions:

e our strategy relies on certain period expansions near periodic points with dissipative
behavior along the center (see e.g. Proposition 3.1); in the volume-preserving case, as
suggested in Question (Q2), such expansions look different (see [GLH25, Proposition
4.17]), and the leading exponential term mixes data coming from the (weak-)stable
and unstable directions, which would make harder the identification of bifurcations
such as those we research, e.g., in Proposition 3.15; also, considering suspensions via
logarithmic full Jacobian is not useful in the volume-preserving setting;

e regarding Question (Q3), while the expansions we consider here do assume matching
of eigenvalues along the different directions, we may be able to derive such informa-
tion from matching of the full Jacobian, similarly to what was achieved in [GLH25,
Theorem A-Corollary BJ.
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In fact, some years ago the first author gave a conjectural description of all possible “gener-
alized de la Llave” examples. While our results give a definitive progress on rigidity near de la
Llave examples, they still fall short of such an explicit description. We record this conjecture
here.

Conjecture 1.7. Let L, be a de la Llave diffeomorphism and let U be a small C'-neighborhood
of it where the 4-way dominated splitting survives. Let ' € U and assume that the center
foliation WE by 2-tori, which is the integral foliation of the weak stable and weak unstable
distributions of F, is not C' reqular as a foliation.® Then F is C'-locally rigid.

Remark 1.8. The condition “W§ is not C! regular” can be fully understood in terms of
periodic data of F'. Namely, W§ is C ! yegular if and only if for any periodic point p and any
other periodic point ¢ € W (p) the strong stable and strong unstable Lyapunov exponents of
p and g are equal. This fact can be derived via a similar argument to the characterization of
C' weak unstable foliations on T? given in [Gog12].

Let us briefly summarize the main steps of the proof of Theorem B. Fix a diffeomorphism
F €V, and a diffeomorphism G which is sufficiently C?-close to F' and isospectral to F.

(1) We consider the suspension flows X! and Y over F and G, respectively, with roof
functions given by the logarithmic full Jacobian (4const); by the isospectrality con-
dition, the resulting flows are conjugate, i.e., for some homeomorphism H, we have
HoX!=Y'oH, forallt € R. i i

(2) We fix two periodic points p = X7 (p),p = X7 (p), such that DX (p), DXT(p) ex-
pands, resp. contracts volume along the “center”; given homoclinic points ¢ and ¢
to p and p, respectively, we consider sequences (p,), (pn) of periodic points in the
associated horseshoe and study the asymptotics of their periods as n — +o0o (see
Proposition 3.1).

(3) For suitable choice of ¢, G, we show that matching of the periods of p, and H (p,),
resp. P, and H(p,) for the flows X!, Y forces the conjugacy H to send the strong
stable manifold of p to the strong stable manifold of H(p), resp. the strong unsta-
ble manifold of p to the strong unstable manifold of H(p) (see Propositions 2.4-2.6).
More specifically, the asymptotic formulae for the periods allow us to recover the coef-
ficients (one coefficient for each choice of ¢, ¢) by the leading exponential terms. This
countable collection of coefficients “have full knowledge” of (completely determine)
the position of the strong unstable manifold of p (resp. p) inside the 2-dimensional
unstable manifold. And matching of the coefficients forces matching of strong stable
manifolds under H. This step constitutes the main novel technique of this paper.

(4) We show that the above condition implies that H preserves strong stable and strong
unstable foliations.

(5) From the preservation of invariant foliations and the isospectrality condition, we con-
clude that the conjugacy H is C'*H regular, and similarly for the conjugacy between
the diffeomorphisms F' and G.

In Appendix A, we present a rigidity theorem at the level of 5-dimensional Anosov flows to
elucidate key mechanisms and offer additional insight into the proofs of Theorems A and B.
Indeed, as outlined in the proof sketch for Theorems A-B, our approach centers on analyzing
the conjugacy of 5-dimensional Anosov flows that are suspensions over diffeomorphisms near
de la Llave’s examples. Some properties demonstrated in this specific context actually extend
to a broader class of 5-dimensional Anosov flows; the purpose of Theorem C is to formalize
this generalization. However, the proofs of Theorems A and B remain formally independent
of Theorem C.

3See also Remark 1.9 for additional insights about why anomalous regularity of invariant foliations can be
an issue in the study of rigidity questions.
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Remark 1.9. Complementing Remark 1.8, the regularity of invariant foliations also appeared
as a possible issue for rigidity in the context of 3-dimensional Anosov flows, see [GLH25,
Theorem EJ. In fact, it is directly related to one of the “genericity” conditions we impose in
the definition of the set V in Theorems A-B. Indeed, we require the non-vanishing of a quantity
related to certain “templates” of the suspension flows X* and Y, which can be thought of as
the temporal coordinate of some invariant distributions (see Section 2 for the precise definition
of these objects, and Proposition 3.10 for the associated genericity condition). By following
the approach developed in [GLH25|, we claim that for those F' € V which are non-rigid, the
aforementioned templates of the suspension flow X* exhibit anomalous regularity, which itself
reflects anomalous regularity of the associated distributions, as described in items (1)-(2) of
Theorem C. In particular, the genericity condition we need to impose on F' € V is related to
their Jacobian, to avoid falling into cases (1)-(2) in Theorem C.

Acknowledgements. The first author was supported by the Simons Fellowship during the
2024-25 academic year. The first author is grateful for excellent working conditions provided
by IHES and by the Mathematics Department at Université Paris-Saclay and especially to
Sylvain Crovisier for his hospitality. This paper was greatly influenced by the authors’ joint
work with Federico Rodriguez Hertz [GLH25] who we thank for many inspiring discussions
as well as comments on the first draft. We also thank Jonathan DeWitt for his insightful
feedback on the first draft of this paper.

2. PREPARATIONS AND STRUCTURE OF THE PROOF

Let us fix an automorphism Lo = (A, B), and a de la Llave diffeomorphism L, as in
Subsection 1.1. We first explain how the neighborhood U is chosen. The automorphism
Lo admits constant dominated splitting 7T* = E3* ® EY® @ EY" @& EY* according to the
eigendirections corresponding to A, p, p~' and A~!, respectively. It is a standard exercise on
the cone technique to check that a de la Llave diffeomorphism L, also admits a dominated
splitting EZ° & E5° & ES" @ EZ" with the same exponential rates as Lo. In fact EZ® = Ey®
and EZ" = Ef", but the strong subbundles become different. The domination condition is
C'-open, so we can choose an open set U 3 L, such that each F' € U is Anosov and admits a
dominated splitting £ @ E¢®° @ Fp* © EE* which is partially hyperbolic, with 2-dimensional
center ER® & ER". Let EY, := E3¥ & ER® and Ef. := E¥ @ ER be the full (2-dimensional)
stable and unstable bundles. Since the decomposition E% @ E¥% is hyperbolic, F7 and Ef
integrate uniquely to stable and unstable foliations Wi and W}, respectively. From partially
hyperbolic theory (see [HPS77]) we have that the strong distributions E%’ and E#* uniquely
integrate to strong foliations W3* and W, respectively. Furthermore, a standard argument
on the universal cover ensures that the weak distributions F}»* and ER" integrate uniquely to
weak foliations W}Y* and Wi, respectively [GGO08]. Moreover, E® and E¥" integrate jointly
to a “center” foliation by tori, which we denote by W, whose leaves are subfoliated by the
leaves of W* and Wi "; this fact can be established by comparison of divergence rates on
the universal cover.*

We will need the above foliations to persist through an isospectral deformation which
could, a priori, leave the neighborhood U. First, by choosing U even smaller if needed, we can
guarantee that F' € U has narrow periodic data (that is, the Lyapunov exponents at periodic
points of F' are sufficiently close to the Lyapunov exponents of L,). If a diffeomorphism G is
conjugate to F' and has the same periodic data (such as a diffeomorphism from an isospectral
deformation of F') then G also admits a dominated splitting by the main result of [DG24].

An fact, if o is sufficiently C'-small, we can also appeal to the general Hirsch-Pugh-Shub machinery: since
the center distribution Ey’® @ Eg™ of Lo is smooth, by plaque-expansiveness, [HPS77] guarantees that L, as
well as its perturbations are dynamically coherent; in particular, Ez® @& E“ is uniquely integrable, and by
intersecting the leaves of the resulting foliation with the leaves of Wi and W respectively, we obtain foliations
integrating Fz°® and Ep".
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Lemma 2.1. Let F' and G be as above. Then the weak stable distribution E&° and weak
unstable distribution E&" are uniquely integrable.

Lemma 2.2. Let F' and G be as above and let h be the conjugacy, ho FF = G o h. Then
h(Wg?) = WE® and h(Wg") = WE™.

The proofs of these lemmata are quite standard and we only briefly indicate the argument.
For more details the reader could consult [GGO08], where similar arguments are carried out in
detail. In the following, we abbreviate as W7 := WL*W * € {s, 88, ws, wu, uu, u}, the invariant
foliations of the de la Llave diffeomorphism L.

By the main result of [DG24] the diffeomorphism G also admits an invariant dominated
splitting B3’ © E&° © E&Y ® E{. Moreover, the exponential contraction and expansion
rates along these subbundles are confined to small intervals (A — e, A +¢), (u — &, + &),
(p ' —e,u P +e)and (A — e, A7 +¢), respectively.

Denote by hq the conjugacy to Ly, hg o L, = G o hg. If E&* does not integrate uniquely
it still has one-dimensional integral curves v*“* with 4% € EZ&" inside the leaves W because
E{" is a one-dimensional distribution. For any such curve 4** through a point x we have
ha(y*") C W (hg(z)). This fact follows easily from the following observations:

(1) length(G™(v*")) < (u~' +¢€)"length(y"");
(2) the lift of the conjugacy hg to R* is a bounded distance away from idpga;
(3) if pe W(q) and p ¢ WZ*(q) then dwg(Lg(p), Lg(q) <A™ n — oo.

If EA" is not uniquely integrable then it admits branching integral curves v** through a
point z all of which must collapse to the same leaf of WJ*: hg(y**) C WJ*(z), contradicting
the fact that hg is a homeomorphism. This proves Lemma 2.1 (an analogous argument by
iterating backward proves the unique integrability of E&%).

To establish Lemma 2.2 notice that we proved that hg(Wg") = Wg*. The same argument
also gives hp(Wg") = W2, where h is the conjugacy between F' and L,. Hence, h(Wg) =

hg' o hp(WEY) = he' (WEv) = Wyv.

2.1. Geometric mechanism of de la Llave examples. Observe that if two Anosov diffeo-
morphisms are C'! conjugate then the differential of the conjugacy maps the fine dominated
splitting of the first diffeomorphism to a fine dominated splitting of the second diffeomorphism.
Consequently, the conjugacy maps the “web” of invariant foliations of the first diffeomorphisms
to that of the second.

Accordingly, if one would like to establish C! regularity of the conjugacy it is natural to
establish matching of the “webs” of foliations first. In fact, in the context of de la Llave
examples, matching of the strong foliations is the main step to obtain rigidity.

Lemma 2.3. Let L, be a de la Llave diffeomorphism. Then there ewists a C'-neighborhood
U > L, such that if F' € U and G is conjugate to F' via h with the same periodic data and
such that h(Wg*) = W, h(WH) = WY, then h is C1TH regular.

For a detailed proof we refer to [Gog08, Theorem D]. The setting in [Gog08] is more
restrictive (only a neighborhood of the linear automorphism is considered), however, given
Lemma 2.2 the same proof as in [Gog08] gives Lemma 2.3. Let us simply recall the main steps
in the proof of such result:

o for x € {ss,ws, wu,uu}, there exist affine structures on the foliation Wy, and ac-
cordingly for the diffeomorphism G; more precisely, there exists a continuous family
{¥% . }zem of one-dimensional normal forms which linearize the dynamics along the
leaves of W, i.e., for each x € M, Uyt Wi(z) - Risa C'H diffeomorphism® such
that

%
Fa©F =[DF ()|l - ¥ p);

5In fact, UF , is smooth for x € {ss,uu}; the lack of smoothness of U, , for x € {ws, wu} is due to the lack
of regularity of the leaves of W;, which are only C'*" regular in general.
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in fact, for * € {wu,uu}, ¥}, is defined as (the expression for * € {ss,ws} is similar,
reversing future and past)

Yy
Vialy) = [ o2 dmwn (@), Yy € Wila),
where the above integral is taken over the piece of W} (z) from z to y, de;(x) being

the induced volume on the leaf WI";(Q:) and where

ZNDF(FF ()| |
H IDE(F=*(2)|gsll’

VzeWp(x);

o if )G are isospectral, then by Livshits theorem, the functions ||DF|g: || and ||DG o
h|g: || are cohomologous, i.e., for some Holder continuous function v*: M — R, we
have

IDG(h(x))|g; || = e FE O DF(2) g ||, Vo€ M;
if, moreover, the conjugacy h sends Wj to Wp (it is always true for x € {ws, wu}),
then for any x € M, z € Wj(z), we have

pa(h(z),h(z)) = &7 i, 2);

then, using the affine structures on Wi, it is possible to show that the restriction of
h to the leaves of W is uniformly Lipschitz continuous;

e following the construction of Pesin-Sinai [PS82], [GGO08]-[Gog08] construct an F-
invariant measure p whose conditionals along the leaves of W are absolutely con-
tinuous with respect to the induced volume, where for py-a.e. x € M, the density
along Wi(x) is proportional to p}.(z,-); although it is not clear that such measure p
is ergodic, it is shown in [GGO8]-[Gog08] that the set of transitive points has full u-
measure, from which it is possible to upgrade the regularity of h\W; (z) from Lipschitz

to Cl+H;

e for x € {s,u}, the conjugacy h is C'*H along the leaves of the two transverse sub-
foliations of W£*, hence by Journé’s regularity lemma, h is C1tH along the leaves of
W since the two foliations W and W are transverse, again by Journé’s lemma, we
conclude that h is C1HH,

Let p = F"(p) be a periodic point of F € U and let 1, < pp < Ap < ;\p. We say that p
is center-expanding if ppA, > 1 and center-contracting if iy, < 1. We proceed to state our
main technical result which then would supply the hypothesis for Lemma 2.3, which would,
in turn, imply the main theorem.

Given a periodic point pg we denote by ps = FI'(ps) = hs(po) its continuation along the
family. Also pp admits a unique continuation to the neighborhood U and we will write pOG for
the corresponding periodic point of G € U.

Proposition 2.4. If F € U and po is a center-expanding periodic point thqn there exist an
arbitrarily C*>-small perturbation ' of F and a C%-open neighborhood W, ' € W C U such
that for all G € W and all isospectral deformations {Gs}scjo) of G we have hs(WEP,. (PG ) =

Wge (%) for all s € [0,1].

s,loc

Remark 2.5. By reversing the time we also have the symmetric statement for center-contracting
periodic point go with the conclusion hs(WgY . (pg &) = wge loc(ps ).

We have the following perturbative counterpart of Proposition 2.4:

Proposition 2.6. If F € U and pg is a center-expanding periodic point then there exist an
arbitrarily C°°-small perturbation F of F and a C?-open neighborhood W, FeWcU such
that for all G € W and any isospectral diﬁ‘eomorphism G which is sufficiently C?-close to G,
the conjugacy h between them satisfies h(Wg,.(p &) = We loe (1.
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Proof of Theorem A assuming Proposition 2.4. The following lemma is the starting point.

Lemma 2.7. Any F € U admits arbitrarily C™-small perturbation F such that F has a
center-expanding periodic point pg and a center-contracting periodic point, whose eigenvalues
satisfy non-resonant conditions (2.1).

The proof is very standard via a localized perturbation in the neighborhood of periodic
points and we omit it.

We can apply Proposition 2.4 to F' and pg given by the lemma to obtain a perturbation F
and a C%-open set W(pg) C U, F' € W(p), such that for all diﬁeomorphisms G € W(pp) and
all isospectral deformations G, s € [0, 1], we have hy(W¢,.(pg ) = WGMIOC(pS). Further,

by taking a smaller perturbation if necessary, we can also assume that F still has a center-
contracting periodic point which we denote by go. 6 We can now apply Proposition 2.4 again
to F' and ¢ to obtain a perturbation F and a C2-open set W(qo), F € W(qo) such that for all
G € W(qo) all isospectral deformations Gy, s € [0,1] we have hs(W¢gY,.(qp &) = ng“loc(qs )s
where qSG is the continuation of qg . Also, note that by choosing the second perturbation to be
sufficiently small we can make sure that F € W(po) so that W(F, F, F, F)) := W(po) N W(qo)
is a non-empty set. Note that for any G € W(F, F, F, F) and any isospectral deformation G
we have both hy (WG foc (a6 &) = VV““IOC((]S ) and hs(Wéfloc(pg)) = Wsss’loc(pg).

The open set W(F, F, F, F) is near F', but F' does not belong to its closure. To fix this
problem we do the fol}owing. For every k > 1 we can repeat the same construction while
ensuring that doe (F, Fy,) < 1/k, dgee (F), Fi) < 1/k and dgee (Fy, Fi) < 1/k. Then

W(F) = | ) W(F, Fy, Fy, Fy,)
k>1

is a C2-open set which contains F' in its C*°-closure. Finally, we let

v=JwF
Felu

This is the C?-open and C*-dense set posited in Theorem A. Indeed let G € V and let
Gs be an isospectral deformation. Since G € W(F, Fk,ﬁk,ﬁk) for some F' we have some
periodic points pg and qOG such that the local strong stable manifolds at pSG and local strong
unstable manifolds at ¢ match under the conjugacies. In fact, since we can iterate both
backward and forward and the base-points are periodic we immediately deduce matching of
global strong manifolds — hs(W (p§)) = W (p5) and hs(Wg"(qf)) = Wg(¢5). Now
by [GGO8, Section 4.4] we also have that hs(Wg(z)) = W (hs(z)) for all z € W3 (p§). Since
the full stable manifold W*(p§') is dense in T* we deduce that hs(Wg*) = W& and, similarly,
hs (W) = W |

Finally, we can apply Lemma 2.3 and conclude that hg is C1tH regular. O

We now have established Theorem A modulo the proof of Proposition 2.4. By a very similar
argument, we can show Theorem B modulo the proof of Proposition 2.6. We proceed with
some more preparations and then the proof of Propositions 2.4-2.6 in the next section.

2.2. Passing to suspension flows. Let F' € U and let F,, s € [0,1], be an isospectral
deformation of Fy = F. Denote by Js: T* — R the (full) Jacobian of F,. We pick a
sufficiently large constant K such that K + logJs; > 0 for all s € [0, 1], and consider the
suspension flows X!: M — M of Fs with the roof function K + log Js. The suspensions flow
inherit the dominated splitting structure. That is, for all s € [0,1], and X! = X! we have an
DX'-invariant splitting TM = E¥ @ EY ORX @ EY“@® EY, and we denote the corresponding
foliations by W%. We also denote by E% = EY & EY® (resp. EY% = EY" & EY') the full

61n fact, the construction of perturbation F is localized and the eigenvalues of the center-expanding periodic
point won’t change under the perturbation.
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2-dimensional stable (resp. unstable) distribution of the flow X*. In the following, we will
sometimes drop the index X and write E*, W* instead of E%, W%, * € {ss, ws, wu, uu}.

Since the deformation is isospectral, we have that the sum over the period of logJs is
independent of s for any periodic point of Fs. Hence, by the Livshits theorem, we have
that flows X! are conjugate to the initial flow X). We denote the conjugacy by Hs —
Hs;o X! = X!o Hs,t € R. (The conjugacies H are unique up to composition with the flow
and we can pick a continuous family of conjugacies Hg, s € [0, 1].)

2.3. Local coordinates and templates. We consider the deformation X!, s € [0,1], and
a periodic point pg = Xg(po) with its continuation ps. Note that the period T is shared by
all points ps. Denote by i < p <1 <A < \ the eigenvalues of D,.XT. Note that all these
numbers are independent of s € [0,1] since the deformation is assumed to be isospectral.
From now on, we will focus on various local considerations in the neighborhood of p,. All
constructions that will follow as well as the various choices that will be made can be made
continuous in s, since the hyperbolic structures depend on the on the dynamics continuously.
In order to make the notation lighter, we will omit the index s and simply write X* for X?,
p for ps, etc. Only in the last step of the proof will we reintroduce dependence on s into the
notation as the presence of a family becomes important.

Let ¥, be a smooth 4-dimensional local transversal to the flow which contains the lo-
cal stable manifold W (p) and the local unstable manifold W (p). Let us denote by

A= (N, = (ﬂ,u,k,j\) € R* the vector of eigenvalues; we can assume that there are
no resonances of the form
(2.1) N =A% Vie{l,---,4}, VYmulti-indices o € Z*, |a| < 3.

(Indeed, the resonances at a periodic point can be perturbed away and the absence of res-
onances is an open property.) Then, by Sternberg linearization theorem, there exists a C3
parametrization ®,: (—1,1)* — %, such that the Poincaré return map II, to X, is linearized,

(2:2) L=, o Tl o @y: (§,€,1m,7) = (B, p€, A, A)-

The parametrization ®, can be easily extended to an actual chart v,: (—1,1)> — M around
p = 1(0,0,0,0,0) such that ¥, = 1,((—1,1)% x {0} x (=1,1)?), and for any (£,&,t,n,7) €
(_L 1)57

(1) LP({? 57 07 7, rﬁ) = q)p(ga EZ m, ﬁ)a
(2) tp(& &t m, 1) = X (4p(&,€,0,m,7)).
Note that the local weak and strong stable/unstable manifolds through p are just the
coordinate axes in this parametrization.
Using this chart we define two functions, the weak stable template T, and the strong stable
template T,°, which represent the angular coordinates of (the image in normal coordinates
of) the 2-plane E% = E3¥ @ EY° as we move along the local unstable manifold W} (p):

DLP(Oa 07 07 7, ﬁ) (Span(oa 1a 7;7“8(777 77)7 *, *)) C E;{(q)l)(07 07 7, f’)))

23 A SS ~ S A
(2:3) Duy(0,0,0,n,9) (Span(1,0,T55(n,9), %, %)) C E%(2,(0,0,n,79)).

Remark 2.8. The subspace Dty (0,0,0,7,9) (Span(0, 1, T¥(n, 7)), x, %)) is close to EY*(®,(0,0,n,1))

14 p
and Dty (0,0,0,7,7) (Span(l,(),‘.]';s(n,ﬁ), *, *)) is close to E¥(®,(0,0,7,7)), hence the choice
of notation. In fact, 7, resp. T can be thought of as the temporal coordinate of the bun-
dle EY° ® EY, resp. E% @ EY", along W (p), resp. W (p), in connection with items (1)-(2)
in Theorem C.

We also denote by 7,: 3, — R the first return time of the flow X* on the transversal %,
specifically, for = € ¥, T, (z) = X™@)(z). In the following, we identify 7, with 7, 0 ®,. Note
that by construction

(2.4) 7(-+,0,0) = 7,(0,0,-,-) = T.
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4. Coarse local coordinates. While the local sections and charts we have described above
are very nice for performing calculations, they do have one drawback: since the linearization
procedure depends on higher jets at the fixed point, the sections vary continuously with respect
to the flow only in a sufficiently high topology. Meanwhile we have a family of suspension flows
which is continuous in C' topology. Since continuity in parameter s will play an important
role, we will also need to have another family of transversals and charts which would vary
continuously in C'! topology with s.

Specifically, we still consider transversals 3,, but impose less rigid conditions on the
parametrization é)p: (-1, 1)* — ¥,. Namely, we only require the following weaker condi-
tions.

1,1) x (=1,1) x {0} x {0}) = Wk 1. (p);
1,1) x {0} x {0} x {0}) = W, (p);
(76) () = E¥*(p);
{0} > {0} x (=1,1) x (=1,1)) = WX 1. (p);
p({0} x {0} x {0} x (=1,1)) = Wijo.(p);
6 D@p(a%)( ) = EX"(p)-
We denote by f[p the corresponding Poincaré return map, pr = @; loll, o <i>p. By the

)

(=
2) Bp((—
p

/\/\/-\a/—\/‘\
Sk BN
B g
S &

above conditions we have Dﬂp(O, 0,0,0) = £. We extend the parametrization <i)p to an actual
local chart 7, in exactly the same way as before and we will need the corresponding return

time 7, =T o <i>p. Finally we also define corresponding templates in the exact same way:
sz(oa 07 07 , 77) (Span(oa ]-7 (j-';)US(,’% 77)7 *, *)) - Eg((é)p(07 07 7, ﬁ))7
sz(oa 07 07 n, ﬁ) (Span(la 07 ‘jizso% ﬁ)? *, *)) - E;{(qsp((L 07 7, ﬁ))

Remark 2.9. Tt will be important that for the C! family of suspension flows X! (which comes
from the C? family of Anosov diffeomorphisms Fy) the coarse charts at pg, s € [0, 1], can be
chosen in a continuous manner. Indeed, this is clear because all local invariant manifolds at
through p, vary continuously in C' topology on the flows and all that is required of the coarse
charts @ps is that they align in certain way with these invariant manifolds.

In fact the proof simplifies quite a bit for smooth families, since then for the most part the
reader can pretend that coarse charts are the same as linearizing charts. Indeed, the main
point of coarse charts is that they depend continuously on the parameter and, if the family is
smooth, the linearizing charts do depend continuously on the parameter. Still coarse charts
are needed for Lemma 3.12.

2.5. Prescribed families of shadowing periodic orbits. As above, we consider a center-
expanding periodic point p € M, of period T > 0, with eigenvalues i < p <1 < A < A
We fix some homoclinic point ¢ € W (p). We fix a time 7" > 0 with the property that
= XT/(q) € W .(p). Without loss of generality, we can assume that ¢,¢’ € ¥,. The
following shadowing result is standard; see e.g. [GLH25, Lemma 4.1] for more details.

Lemma 2.10. There exist a constant Cy > 0 and an integer ng € N such that for n > nyg,
there exists a unique periodic point p, € ¥, of period

T, ~nT+T
such that

n T nT
d(X'(pn), X' (q)) < Copz, Vte [;L % +T’] ,

3. THE PROOF

This section is devoted to the proof of Proposition 2.4. Recall that we have reduced the
proof of the main theorem to Proposition 2.4.
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3.1. Asymptotic formula for full Jacobian along shadowing periodic orbits (uni-
form in the family). Let p = X7(p) be a center-expanding periodic point. Let ¢ =
©,,(0,0, 7o, oo) € Wit.(p) be a homoclinic point, and fix 7" > 0 such that ¢’ = XT'(q) =
i)p(éoo,§oo,0,0) e W (p). Let (p, = ®p(én,§n,nn,f7n))n be the sequence of shadowing peri-

odic points associated to ¢ given by Lemma 2.10, and let p), = X™(p,) = (&, &, 1, 1) €
¥, the point in the orbit of p, which is closest to ¢’. In particular, 7,, = T", p, ~ X"T(p},),
and by the shadowing lemma,

(3.1) (G &nr s i) = (00,10, Tloc) +O(12), (€1 €01y i) = (€sos €0, 0,0) + O(2).
Recall that we denote by T,, ~ nT + T’ the period of the point p,,.

Proposition 3.1. Given a center-ezpanding periodic point p = X (p), any homoclinic point
qge Wi.(p), ¢ = XT(q) € Wie.(p), and the corresponding sequence of shadowing periodic

points (p,) associated to q,q', their periods T,, obey the following asymptotic expansion:
Tn=nT+T + oo (j;us(nooa 7700) - Pp(nooa ﬁoo)),un + O(Gn)7

2log A

with 6 1= plesr-logn € (% 1), and

+oo
Pp(noo; 7700) - - Z /1’_6827_;)(07 07 A_677007 )\_gﬁoo%
/=1

where Oy is the partial derivative with respect to the second variable €.

In the following, we abuse notation and denote T,°(q) := T,* (o0, oo )s Fp(q) 1= Pp(7loc; flso)-
Remark 3.2. Since the conjugacy map ®, between II,, and its linearization is C3, after this
change of coordinates the first return time 7, is also C3. Moreover, 027,(0,0,0,0) = 0, hence
by Taylor expansion, we see that the terms Pp(g)(noo,ﬁoo) = M*EOQTP(O,O,)\*EUOO,X*%OO)

of the series defining Pp(1x0,7s0) decay at least like (uA\)~* (recall (uA\)~! < 1 since p is
center-expanding), S0 (Moo, o) + Pp(7oo, floo) is indeed a well-defined continuous function.

Moreover, for any ¢ € N, the function (9o, Noo) — PISE) (Noos oo ) is C (in fact, C?), and both
partial derivatives of PISZ) decay faster than (uA)~¢, which ensures that the function P, is, in
fact, C! regular.

Lemma 3.3. We have the following expansions
(émgnv N> M) — (0,0, Moo, oo ) = (ﬂnéoo +O(E" 1", 1" €oo + O(UQn)a O\™),0(\™)),
(€ € 1) = (€oor 600, 0,0) = (O(1"), O(W"), A" 11se + O(A™"), Ao + O(AT"A™™)).

Proof. By (3.1), and since in the chart ®, the dynamics is given by the linear map £ (2.2),
we have

(3:2) ) = (A0, A7) = (Ao + O(A"02), Ao + O(A ")),

3 AN E n ~né N ln n §n
(3.3) (Ens&n) = (A", 17E,) = (1600 + O(A"p2™), i oo + O(p2™)).
Let us denote by II = X7: Uy — Uy the Poincaré map from a neighborhood U, C %, of ¢
to a neighboorhod Uy C %, of ¢/, with 7 ~ T". Since le(ﬂflf)c(q’)) c (=1,1)%2 x {(0,0)}
and @1 (W (¢')) are transverse, estimate (3.2) shows that the unstable distance dy«(q’, p},)
between ¢’ and pl, is of order O(A™™). Applying the C?’_ diffeomorphism 1_:[_1, we see that
the unstable distance dy«(q, p,) between the points ¢ = [I-!(¢) and p,, = IT71(p],) is also of
order O(A™"). Since ®, 1 (Wi (¢)) € {(0,0)} x (=1,1)?, we deduce that

(M ) = (Moo o) + O(AT™).

Using estimate (3.3), analogous reasoning leads to

(g;w 5;) = (éom foo) + O(:un)
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Applying £ to the last two estimates as in (3.2)-(3.3) allows us to obtain upgraded estimates
(éns&n) = (06 + O(A" ™), ”Soo +0(u*)),
(s 1) = (A" o0 + O(AT2"), A" 1og + O(AT"AT")),

which concludes the proof. O

Again, since the dynamics in the charts is linear (2.2), the previous estimates at the en-
trance/exit points p), p, can be immediately propagated to the whole orbit:

Corollary 3.4. For any { € {0 <o ,n}, let
(=€) = @, (I (pn)) = (A &y 1 s X000, A1),
G(—0) == 0, (11, (q)) = (0,0, A e, A "0,
q'(e) = <I>p HIT(q') = (s, 1%, 0,0).
Then, we have
Pr(—=0) = G(—=0) = (i, 1™ s A 00, A5000) = (0,0, A o, A1)
('an éfoo‘i‘O( nAn é) nfégoo+O(Manﬁ)’O(Af(nJrZ))’O()\fnj\fé)%
(Mn Z‘Sm n— Zgn’)\n Enn’ ;\n—é N ) . (Ian—ﬁéoo’un—ﬁé-co’o’o)
= (O™ i" "), 0™ ™), A e + ON" ") A biie + O(AT"ATY)).

Pu(=0) =@ (n— ) =

Corollary 3.5. As n — 400, we have the asymptotic expansion

+00
S Oam(G(—0)

(=1

(3-4) Z Tp(Pn(=£)) = 0T + &oo p'+00"),

2log A

where ;= ploex—lozn € (% ).
Proof. For any n > 0, we define the integer

—log 11
by i= | ————
log A —log
Recall that the roof function 7, in normal coordinates is C3. By (2.4), we have 9537,(0,0, -, ) =
047p(0,0, -, -) = 0; similarly, 017,(-,-,0,0) = G27p(+,-,0,0) = 0. Then, by Corollary 3.4, and by
Taylor expansion, for n > 1 and for any ¢ € {1,---,¢,}, we have

Tp(Bu (1)) = 7p(G(=0) + 017 (@(—0)) (A"~ e + O(u" "))

(3.5) nJ . so that p"f ~ X0,

+8omp(G(—0)) (1" 6o + O(u*" 1)) + O sup D7, (Bu(—0) — d(—0))?

(30 Fn(~0)
=T+ [017 (0gs) + OO )] (2" + O(u" "))

+ 0omp(G(—0) " "o + [8QTP(OR4) + O(A—E)} O
+0[[P*5(04) + O] Gul—0) — d(~0))?]

= T+ Oy (A~ e + OO ") + OV 12
+ O( n— 2)\ (n-l—E)) + O()\ 4 2(n ())

In the above estimates we have used that:

o for £ € {1,---,4,}, the main discrepancy between the periodic point p,(—¢)) and the
homoclinic point G(—£) is along the second (£) coordinate, and it is of order p"~*;
o 017p(Og1) = Oo7p(ORs) = 0;
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e the Hessian D?7,(0Og4) has 937,(0gs) = 01097y(0ga) = 937,(0ga) = 0, and similarly,
027,(0pa) = 03047p(Ogs) = 027,(0ga) = 0; in other words, its only nonzero terms are
those involving a mixed derivative of the form stable direction (ws or ss) vs. unstable
direction (wu or uuw).

Recall that g\ > 1, i < p < 1, and that a7, (G(—£)) = O(A~%). We deduce that

L +00
D o (Bn(—0) = baT + oo | Y 02mp(@(—0))p™ | 1™ + O((uA) ™)™
(=1 (=1
Note that by (3.5), we have
_ _ 2log A
b AT a0 with oy = ——2—— € (1,2).
Moreover, for any ¢ € {{, +1,--- ,n}, we have
Tp(Pn (=) = 7p(7'(n — €)) + O sup 037p A+ o0 sup 84Tp] At
[q' (n—£),pn (—0)] [@ (n—€),pn(—0)]

=T+ 0" A7),

Gathering together the above estimates, we thus conclude that

n +00
N T Bn(—0) = 0T + e | Y 0oy (G(—0) | 1" + O(™). O
=1 =1

Let us now explain how to conclude the proof of Proposition 3.1. In Corollary 3.5, we have
computed the total discrepancy between the period T and the return times to the transverse
section ¥, = {t = 0} of the iterates H;e(pn), ¢ e {1,--- ,n}, which accounts for the term
€0 Pp (Moo, oo ) 4™ in the asymptotic expansion of the periods T5,. It thus remains to deal with
the time of the excursion from p,, to p/,, which itself shadows closely the homoclinic excursion
from ¢ to ¢’. In particular, this excursion time is of the form 7"+ 7(p,,), with 7(p,,) = o(1). In
fact, 7(pn) accounts for the term involving the weak stable template J,* in Proposition 3.1:

Lemma 3.6. As n — 400, we have the following asymptotic expansion:
(3.6) T(Pn) = £ T (Noos oo )™ + O(max (A", ")),

Proof. Let us sketch the proof of (3.6); for more details, we refer the reader to [GLH25,
Lemma 4.7-Claim 4.8]). The main steps are as follows:
e we claim that 7(p,) is equal to the time that the point p, needs to reach the sta-
ble manifold W)S(’loc(q) (which is a priori not contained in ¥,); indeed, the point
X %(p”)(pn) travels together with ¢, hence reaches ¥, exactly after time 7;
e near the homoclinic point ¢ (i.c., for [£],|¢| < 1 in normal coordinates), the stable
manifold W)"’(’loc(q) is well approximated by its tangent space E% (¢), which in normal
coordinates can be expressed as a graph

(37) {(éafaéT;s(nma 7700) + gr‘]-;yus(noovﬁoo)a *, *) : é’g € R}a

by the definition of the weak-stable and strong stable templates in (2.3);

e by Lemma 3.3, the leading term of the discrepancy between p, and ¢ is along the
weak-stable direction, i.e., the second coordinate in normal coordinates, and it is of
order &xop™ + O(N™™);

e since p, € ¥, = {t =0}, by (3.7), we deduce that

T(Pn) = €ooT} (1o oo )™ + O(max(A™", 1)),

where the error term ;> comes from the approximation of W)Smoc(q) by its tangent
space E%(q). O
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Since Tp, = >y Tp(Pn(—€))+7(prn) +T", combining the asymptotic expansion of the former
sum obtained in Corollary 3.5 with the estimate of 7(py,) derived in Lemma 3.6, this concludes
the proof of Proposition 3.1. g

3.2. Reinterpreting the leading term of the asymptotic formula in the coarse
charts. As explained in Subsection 2.4, the computations above are performed in linearizing
charts which vary continuously with respect to the flow only in a sufficiently high topology
(in fact, C* topology). Here, given a center-expanding point p € M, and homoclinic points
q,q as above, we explain how the coefficient by the leading exponentially small term in the
asymptotic formula in Proposition 3.1 can be reinterpreted in coarser charts which depend
continuously on the flow in C' topology. We let

Cp( )= (7700’7700) - Pp(noo,ﬁoo),
wp(Qa ) _goo Cp( )

so that wy(g,¢') is the coefficient by the leading exponentially small term in the asymptotic
formula derived in Proposition 3.1. We let @p, flp, Tp, and ﬁ’;;“s be the associated objects in
the coarse charts introduced in Subsection 2.4. For any ¢ > 0, we let fi, ,(—{) be the stable
Jacobian of Dﬂ;g at @;1(q), and let

(0,0,1%,1%) =0, (q),
(£2,€2,0,0) ==&, (¢,
(3.8) By(1%,13) - Zupq 0027, (I, (2, (q))),
CP( ) (770077700) _p (770077700)

wp(g,q) = 500 (9).
The following result is precisely the content of [GLH25, Lemma 7.16]:

Lemma 3.7. There exists a positive constant 0,(q) > 0 such that ,(q) = 9,(q) - (p(q)-

Remark 3.8. In fact, in the exact same way, we can define two functions (,, ép along W¥(p);
moreover, Lemma [GLH25, Lemma 7.16] guarantees that there exists a positive function

0,: Wi(p) — R, such that ¢, = 9, - .

Corollary 3.9. The quantity &p(q,q') is > 0, resp. =0, resp. < 0 if and only if the quantity
wp(q,q') is >0, resp. =0, resp. < 0.

Proof. 1t follows directly from Lemma 3.7; indeed, &, and &3, have the same sign, since they
encode the position of ¢’ € W .. (p) relative to W7y .(p) in the respective charts @), ®p,. [

3.3. Non-vanishing of the leading term after a C*° perturbation.

Proposition 3.10. Fiz an Anosov diffeomorphism F, a center-expanding periodic point p
for the suspension flow as above. Fix any (n,7) € (=1,1)? such that ¢ = ® »(0,0,m,7) is
homoclinic. For any € > 0, there exists a C'* dzﬁeomorphzsm F, doos (F, F) < g, and
r > 0, such that for any C* diffeomorphism G satisfying do2(G, F) <, denotmg by Y the

suspension flow of G, and by p© the continuation of p, the functions ;"5 and P G associated

to Yt (in the coarse chart o o) satisfy
T (i) — Bpa (i) 0, V(i) € B((n.), 7).

The notation for the diffeomorphisms F, F and G in Proposition 3.10 is consistent with
the notation in Proposition 2.4.
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Remark 3.11. In particular, for any diffeomorphism G which is sufficiently C?-close to F, for
any homoclinic point ¢ = @g(0,0,noo,ﬁoo) = CiJG(O 0,1%,1%,) with (n3,,1%) € B((n, 77),7“),
Proposition 3.10 ensures that ép(q) = ‘J’“’S(noo, nS) — Ppc (1%, M%) # 0, hence also, by
Lemma 3.7, {»(q) = ‘J'ws (Noos oo ) — P, G(T]OO, Noo) 7 0. Consequently, in the asymptotic expan-

sion obtained in Prop081t10n 3.1, the coefficient wy(g,q") = &oo (‘J’“’S(noo, floo) — Ppe (Moo flss))
by the leading exponential term is non-zero unless £, = 0.

We split the proof of this proposition into two lemmata, showing respectively the C°°-
density and C?-openness of the above property.

Lemma 3.12. There exists a C°°-small perturbation F of F' such that the functions ‘j';”;, and

Pp’ﬁ associated to the suspension flow ofﬁ' (in the coarse chart <i>p) satisfy

Tes(0,1) = B, 5(n.7) # 0.

Sketch of the proof. We only explain the basic mechanism of non-vanishing without carrying
out detailed computations. This is because the perturbative argument is rather standard, in
particular it is used to show that strong stable distribution of an Anosov flows is typically not
C! regular, see, e.g. [GLH25, Lemma 7.12].

The perturbation £ will be localized at a homoclinic point which corresponds to the preim-
age of the homoclinic point, i.e. ﬁ_l(O 0,m,7). Further, the perturbation can be arranged
so that the periodic point p and all invariant manifolds through p (and dynamics on them)
remain the same for . Then we can use exactly the same coarse chart <I> for both F and F
because it is only adapted with respect to these invariant manifolds.

The template ‘j';”s (n,7) is defined via the chart and the stable subspace E5 (q) = E3(®,(0,0,7,7)).

Hence, ‘j';;us(n, 7)) is completely determined by the future of ¢ and the chart @p. Since the for-
ward orbit of ¢ is asymptotic to p, it never intersects a small neighborhood of <i>p(1£[*1 (0,0,1m,1)),
the stable manifold for such localized perturbation at ¢ remains the same; and since we are
still using the same chart, we conclude that the template remains exactly the same for the
perturbation F": R X

T (0:71) = T 75 (0, 7).

Now recall that Pp is given by the series (3.8) which go into the past along the local
unstable manifold of p. The only term of these series which could change under such localized
perturbation is X

ﬂpyq(_l)GZ%(Hz:l(Ov 0,7, 77))
Indeed, the value of this first term can be easily changed by a C'°°-small localized perturbation.
For example, we can keep the first jet along the W§, .(p) the same, hence fi,,(—1) will

stay the same for F. At the same time we can perturb the second jet at f[;l(0,0,n,f])
changing the derivative of Jacobian at this point with respect to &, thus changing the value
of agf(flgl(0,0,n,ﬁ)) (indeed, what we are actually perturbing here is the Jacobian of the
diffeomorphism F', because the roof function is the logarithmic Jacobian + const). Il

Remark 3.13. Note that usage of coarse chart (and corresponding template and series Pp) is
really helpful for making the perturbation. Otherwise, if we use linearizing chart ®,, then
perturbing the Jacobian would necessarily result in perturbation of the chart (because it needs
to be linearizing for the perturbation), which makes the calculation very delicate.

Lemma 3.14. Assume that the diffeomorphism F' and its associated suspension ﬂow satisfy
‘J'ws( i) — P3(4) # 0. Then the same holds for any C*-small perturbation G of F, and for

all (0,7 sufficiently close to (n,1), namely, the functions ‘TPG and Ppc for the associated
suspension flow of G satisfy

A~

T ) = Pye (7)) #0.
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Proof. Recall that the coarser charts Ci)pc depend continuously on the flow in C' topology,
and, accordingly, on the diffeomorphism in C? topology. The template A;“C:? is just a particular
coordinate (relative to a continuously varying chart) of the stable distribution which depends
continuously on the flow in C! topology on the space of flows (hence, in C? topology on G);
and Ppc is given by an infinite series involving a first order derivative of the roof function
(as in Subsection 3.2) which is given by the logarithm of the Jacobian of G, hence also varies
continuously in C? topology with G. Thus, it is clear that the map (G, (7', 7)) fpc (n',n") =
‘j';“c‘?(n’, 0') — Ppc (', 7) is continuous in C? topology on G. O

3.4. Arriving at a contradiction via particular choices of a homoclinic point and
parameters. In this section, we conclude the proof of the main results, i.e., Theorem A and
Theorem B. We start with the proof of the deformation rigidity of typical perturbation of de
la Llave examples, and then explain how it can be adapted to show the perturbative rigidity
result.

According to the discussion in Section 2.1, all that is left to do is to prove Propositions 2.4-
2.6, that is, verifying that given “generic” isospectral diffeomorphisms near de la Llave’s
examples, the conjugacy between them preserves the strong stable/unstable manifolds at some
periodic point. This follows immediately from Proposition 3.10 and the following propositions.

Proposition 3.15. Consider an Anosov diffeomorphism G, a center-expanding periodic point
p¢ = YT (p) for its suspension flow Y, and (n,7) € (—=1,1), r > 0, as in Proposition 3.10,

such that the functions A;”é and Ppc associated to Y satisfy

Toe (i) = Bya (i) # 0. V(0 .)) € B((n,7), 7).
Then for any isospectral deformation {Gs}scp,1) based at Go = G, we have hS(WéfIOC(pG)) =

we? lOC(p?), where hg is the conjugacy map between G and G, and pS is the continuation of
pY for Gs.

Proof. In the following, we slightly abuse notation and identify periodic points pSG for the
diffeomorphisms G with the associated periodic points for the flows Y. For each s € [0, 1],
we abbreviate as ¥; = X,¢ a transversal for the suspension flow Y of G containing the

local manifolds Wiio (0%), Yt 1o (%), we abbreviate as ®, = ®,c a chart in which the

associated Poincaré map is linearized” as in (2.2), we abbreviate as P, = Cﬁpg; a coarse chart
as in Subsection 3.2, and we denote by Hy the conjugacy between the suspension flows Y{
and Y,
HyoYy =Y!oH, VteR.

Note that all these objects, except @4, can be chosen to vary continuously with respect to
the parameter s € [0, 1], c¢f. Remark 2.9. Moreover, by construction of the parametrizations
®,, and similarly for ®,, we have H, o ®o((—1,1)2 x {(0,0)}) € ®4((—=1,1)2 x {(0,0)}),
because the local stable manifold W}‘itJOC(pG) C ¥ is mapped to the local stable manifold

f‘,‘t’loc(psG) C Y5 by the conjugacy Hs.

Let us consider the set

G = {s € [0,1] : Hy(Wy% 10c(07)) = W% 1o () }-

We want to show that the set G is equal to the whole interval [0,1]. Given & € (—1,1), we
define Holder continuous functions [0,1] 5 s — £°(§o, s) and [0,1] 5 s — £°(&o, s) implicitly
by

(€°(€0,5),£°(€0,5),0,0) := 7 0 Hy 0 By(£n,0,0,0), Vs e [0,1].

"Note that the linear map £ does not depend on the parameter s due to the isospectrality condition.
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We argue by contradiction and assume that G # [0, 1], i.e
dsp € 10,1] and 3é € (=1,1) such that §°(€0,so) £ 0.

In the following, we fix such sg and & € (—1,1) and abbreviate £°(s) := £°(&p, s) and £°(s) :=
€°(éo, s), for s € [0,1]. Without loss of generality, we can assume that £ (sq) > 0. By
the continuity of strong stable manifolds, there exists a small strong stable segment Wy C
W;i’loc(pG) which contains the point ®g(&y,0,0,0) such that H,, (Wp) is disjoint with the

strong stable manifold Wf/"; loc (psGO) See Figure 1. By continuity, there exist &g < 0, and o > 0
such that for any (¢/,¢') € B((fg,fo), 0), letting (€'(s),&'(s),0,0) := &1 0 Hy 0 do(€,¢,0,0),
s € [0,1], we have ¢'(s) < 0 for s & 0 and &’(s) > 0 for s = sq.

By the density of homoclinic points, there exists a homoclinic point ¢© = D0(0,0, 700, Noo) =
©4(0,0,n%, N2 ) € Wit 1. (p ), with (n%,,72) € B((n,7),r), such that for some time 7" > 0,
the pOIDJD ( ) YT ( ) satisfies (q/>G = (pO(émygoov 07 0) (D0(€OO7€ooa 0 0) € W{q/t 10,3( G)7
with (foo,goo) € B((fo,fo), 0). For any s € [0, 1], let us consider the respective continuations
q% and (¢")$ of the points ¢ and (¢'):

g5 = @5(0,0,700(5), floo () = D5(0,0,73(5), 1% (5)) € Wikt 10 (PS),
(@) = @5(€ac(5),600(5),0,0) = D5(€5,(5),£3(5),0,0) € Wyt 10 (pT).-

In particular, since (n%,,7%) € B((n,7),7), b
épG( ) ‘J-q;é?( go Ago)_PpG(noovnoo) 7é07
and for s € (0, sp), we have
€(s) <0,s=0, &5(s)>0,s=~sp.

Since the map s — £ (s) is continuous (by the continuity of s — ®,), by the intermediate
value theorem, we deduce that £ (s') = 0, for some s’ € (0,5s0). This means that at the
parameter value s’ the homoclinic point (¢’ )g lies precisely on the strong stable manifold of
the point p$ as indicated on Figure 1 (recall item (2) from the definition of the coarse chart
in Section 2.4).

Let us now explain how to reach a contradiction. On the one hand, by the (time-preserving)
conjugacy between the flows Yot and Yst/, the periods of the shadowing periodic points p,, and
their continuations for Y} are equal to the same numbers T;,, which is independent of s (and
the same applies to the excursion time 7”). On the other hand, applying the asymptotic
expansion given by Proposition 3.1 to the flow Y, we obtain

T — T = T' = w6 (g%, (¢)%)u" + O(0™),

with 6 € (0, 1) and w,e(¢%, (¢)¢) == 500( 5 (Moos Nloo) — P6 (11ss Tl ) ) 7 0, while for the flow
Yo,

y Proposition 3.10, we have

To—nT —T' =w, G5, (™ + 0™,

with w,a (45, (¢)5) = &eo(8)(T2E (M0 (5"), 1o (")) — Py (Moo ('), 7o (")) . Comparing the
two expressions above, we thus have

wye (4%, (¢)%) = w6 (45, (4)5) # 0.
By Corollary 3.9, we deduce that the associated quantity d)pc, (qSG,, (¢ )g) in coarse charts also
satisfies )

~ G G o G

wpg (qs’a (q,)s’) = goo(sl)Cpg (QS/) 75 07
yielding a contradiction since s’ was chosen such that foo(s’ ) = 0. We conclude that § = [0, 1],
ie., for any s € [0,1], Hy(Wgi . .(p9)) = Vi lOC(pS ). Recall that for each s € [0, 1], the
flow Y! is a suspension flow over the Anosov diffeomorphism Gyg; more precisely, Y is the
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s 1 .
O "o Hyod

FIGURE 1. Change of sign of the “center” coordinate {3 (s) as s changes.

flow induced by the vertical flow in T* x R on the quotient manifold M := (T* x R)/G,,
with Gy: (z,0) = (Gs(x),a — (K + log Js(z))). In particular, the local strong stable man-
ifold W5 loc( &) lifts to a local graph in T x R over the local strong manifold wes Joc(pf)
for Gs. Moreovelr7 the conjugacies Hs; between the Anosov flows locally project to con-

jugacies hg between the associated Anosov diffeomorphisms, from which we conclude that
hs(Weioe09)) = WE 1, (05).- O

Let us now turn to the following perturbative version:

Proposition 3.16. Consider an Anosov diffeomorphism G, a center-empanding pertodic point
= YT (%) for its suspension flow Yt Let (n,%) € (—=1,1)2 and r > 0 be as in Proposi-
tzon 3.10, such that the functions ‘J""é and P ¢ associated to Y satisfy

(3.9) T i) = Bye (i) 0, V(o) € B((n,9), 7).

Then there exists a C? open neighborhood V of G such that for any G1 € 'V which is isospectral
to G, we have h(Wg,.(p &) = Wgsl 10c(P9Y), where h is the conjugacy map between G and

G1, and p©' is the continuation of p& for Gy.

Proof. Without loss of generality, we can assume that the quantity in (3.9) is positive. By
Lemma 3.14, we can thus fix a C? neighborhood V of G such that for any G; € V conjugate
to G, if we denote by Y/ the associated suspension flow, and by H the conjugacy between the
suspension flows Y* and Y}, H o Y = Y] o H, then we have

(3.10) TEHW ) = Be(H 7)) >0, V(@,i) € B((n.9),7).

Fix such a diffeomorphism G; € V. We take Y}, H as above, and abbreviate p = p© and
p1 = pY! in the following. We denote by ¥,¥; transversals for the suspension flows Y, Y7
containing the local stable and unstable manifolds at p and p;, respectively. Let ®,®; be
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the associated linearizing charts, and let i’, ®1 be the associated coarse charts. Assume by
contradiction that

HWYS 10c(P) 7 WYT 160 (P1)-
Then, there exists &) € (—1,1) such that
(€°,€°,0,0) := 7" o H 0 (£, 0,0,0) has £° # 0.
Arguing as in the above proof of deformation rigidity, we can then find a homoclinic point
% = @(0,0,700,7l00) = D(0, 0,73, 71%) € Wikt 10 (p), With (1%,7%) € B((1,79),7), such that
for some time 7" > 0, the point (¢')% := Y7 (¢%) € Wg, loc(P) satisfies

(q/)G = (I)(éoméooaoao) = (i)(égovggw()?()) € WYf,loc(p)v with €go <0,

while for the points ¢, := H(¢%) € W“t 1Oc(pl) and ¢} == H((¢)%) = Y{ (q1) € W v 1Oc(pl)
we have

= @1(65: €56,0,0) = 21(621,€21,0,0), with €21 > 0.
We then have the following expansions for the (common) periods 7,, of the shadowing periodic
points, for the flows Y* and Y{:

Ty —nT — T = wp(qG’ (q/)G):un + O(en)v
Tp —nT = T" = wy, (q1,q1)u" + O(0"),
with § € (0, 1), and

wp(qu (¢ ) )= éoo (Tgs(nwvﬁoo) - Pp(nomﬁw)),
""pl((ha‘h) = (7;:5( (Moo Noo)) _Pp1(H(7700a7700)))-

In particular, we deduce that w,(¢%, (¢)%) = wp, (q1,¢}). Let &p(q%, (¢')¥) and &y, (q1,¢}) be
the corresponding quantities in coarse charts. Arguing as in the proof of Proposition 3.15,
we deduce that @,(q%, (¢')%) and @y, (q1, ¢}) have the same sign. But by the definition of the
latter quantities, by (3.10) (recall that (n%,,7%) € B((n,7),r)), and since £, < 0 < €2, we
have @, (¢%, (¢)%) < 0 < &p, (q1,4}), yielding a contradiction. O

APPENDIX A. ON THE CONJUGACY BETWEEN 5-DIMENSIONAL ANOSOV FLOWS WITH A
FINE SPLITTING INTO 1-DIMENSIONAL SUBBUNDLES

In this appendix, we introduce Theorem C, which extends the results previously established
for the restricted class of suspension flows over perturbations of de la Llave’s examples. While
we omit the full proof of Theorem C, we outline the main ideas below. As we explain, some
steps in the proof closely follow the arguments used for suspension flows, while the remaining
points can be addressed using reasoning analogous to that in the proof of [GLH25, Theorem
Theorem C. Let X': M — M be a C* transitive Anosov flow on a 5-manifold M which
is not a constant roof suspension flow, with a fine dominated splitting into 1-dimensional
subbundles:

TM = Eff O EY oRX @ EY @ EYY,

where E% = Eﬁ(s <) E}”(S and EY = E¢" © EY are uniformly contracted, respectively ex-
panded, and X := & Xt is the generatlng vector field of the flow. For % € {ss, s, u,uu},

let W5 be the 1nvar1ant fohatlon tangent to E%. Assume that X' is “center-dissipative”, i.e.,
log det DX| pwsg puwu is not a coboundary. Then, at least one of the following points is true:
(1) for each z € M the image of the stable subbundle E% in the quotient bundle TM/EY;,
restricted to W ) .(z) has a C° section;
(2) for each x € M the image of the unstable subbundle EY% in the quotient bundle
TM/E%, restricted to W, (x) has a C° section;
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(3) there exists a C'-small neighborhood U of X such that if a C° Anosov flow Y in the
neighborhood U is CY conjugate to X, i.e., for some homeomorphism H, we have

(A.1) HoX'=Y'oH, VteR,

then:

(a) X! and Y! have the same weak-stable/weak-unstable eigenvalues at periodic
points, i.e., for any p = X7 (p), and * € {ws,wu}, we have det DXT(p)\E;( =
det DY (H(p))| s :

(b) H preserves strong foliations, i.e., for ¥ € {ss,uu}, H(W%(x)) = Wy (H(x)),
Ve e M,

(c) if, moreover, Xt and Y have the same strong-stable/strong-unstable eigenvalues
at corresponding periodic points, then X* and Y* are C'tH-conjugate.

Remark A.1. We stress that cases (1)-(2) of Theorem C are “exceptional”. Indeed, while
the bundle TM/E% is smooth along unstable leaves W¥, .(x), € M, the bundle E% is in
general only Holder continuous along unstable leaves, hence we do not expect the existence of
smooth sections as in case (1) (and similarly for case (2)). Note that while case (1) provided
some additional partial smoothness of 5, we do not claim that these local sections overlap
in coherent way to give a global section. It is, however, natural to expect that with further
arguments case (1) can be improved to a dichotomy: either image of E% or the image of E'*
in TM/EY is smooth along the unstable foliation.

Remark A.2. Let us also emphasize that the core of this paper focuses on showing items (3b)-
(3c) within the framework of conjugate suspension Anosov flows over isospectral diffeomor-
phisms near de la Llave’s examples, under appropriate genericity conditions. In this context,
the eigenvalue matching described in item (3a) is already ensured by the isospectrality of the
underlying diffeomorphisms.

Below we give some details about the main steps of the proof of Theorem C. As in the
statement of the theorem, we fix a 5-dimensional transitive Anosov flow X! which is not a
constant roof suspension flow.

In Subsection 2.3, given a periodic point p = X7 (p) satisfying certain non-resonance con-
ditions, we considered linearizing coordinates for the Poincaré map of a smooth transversal
¥p and defined certain “templates” T*, 7% along its unstable manifold Wy .. (p). The issue
is that these objects depend on the non-resonance conditions, hence are not uniform with
respect to the periodic point p.

To handle this issue, similarly to the strategy in [GLH25|, we replace linearizing coor-
dinates with less nice normal forms, in order to keep uniformity with respect to the base
point, following the construction of adapted charts in the work of Tsujii-Zhang [TZ23] (see
also [GLH25, Proposition 3.2]). More precisely, we can construct a continuous family {2z }zen
of uniformly smooth charts such that the dynamics of X in these charts is partially normal-
ized. We associate to these charts a family {igg}ze m of uniformly smooth sections transverse
to the flow X?, where for each z € M, ¥, contains the local 2-dimensional stable and un-
stable manifolds W¥ . (z), W% ,.(2); in particular, the jet of the hitting times of X t along

W5 10e(2): W joe(2) C %, is normalized to be a polynomial with uniformly bounded degree.
In the same way as in Subsection 2.3, we can then define templates ‘.~T;c”5, ‘j'is along W}é,loc(x),
and similarly, templates ‘j';““, ‘j'}c‘“ along W)S(’loc(x), where these objects are now defined relative

to the sections iw.

Then, following the proof of [GLH25, Proposition 4.2], given a center-expanding periodic
point p, homoclinic points ¢,¢' = X' (¢), and for the associated sequence (py)n of periodic
points, we can derive asymptotic expansions of their periods T}, similar to those obtained in
Proposition 3.1, but in terms of the templates ‘.NT;”S corresponding to the uniform charts: the
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formula in Proposition 3.1 would then become

Ty = nT + T + &0 (T (Foos o) — Pp(fincs Tioe) ) 1™ + O(6™),

where 6 € (0, ), where f’p(ﬁoo,f/oo) is a polynomial with uniformly bounded degree, and

where £, Too, Tloo Tepresent the coordinates of ¢, ¢’ in f]p.

Instead of performing a perturbation as in Section 3.3 to ensure that the leading term
@,(q,q’ ) = ‘j';;'fs(ﬁoo,ﬁoo) - ﬁp(ﬁm,ﬁo@) in the above expansions is non-vanishing, we then
argue as in [GLH25] and show a dichotomy:

(1) either the term (,(q, ') vanishes in a “robust way” (i.e., for a dense set of homoclinic

(A.2)

points, by varying the points p, ¢,q’), in which case, we can conclude that the tem-
plates {‘j';”s}xe um are actually bounded polynomials; this corresponds to case (1) of
Theorem C.

Let us outline the latter implication. Denote by E% the image of E% in the quotient
bundle TM/E%. Recall that given a point € M and y € W§ | .(z), the weak stable

template ‘j';j’s(y) is defined so that
Zs(y) = (0,1,T3°(y), %, ¥) € EX(y)-
Accordingly we have the local sections
Zo: Wxoe(2) = Ex,  y = Zo(y) = (0,1, T3 (y)) € Ex(y).

Such sections have the following properties:

e since {‘j’;"s}xe m are bounded polynomials, for any # € M, the section Z,(-) is
uniformly smooth in y € W (2);

e span(Z,(x)) = EY%(x), where E¥* is the image of EY* in TM/EY:;

e the span of these sections is locally invariant, i.e., for |¢| sufficiently small, we have
DX"(y)(Z:(y)) € span(Zxt(z)(X'(y))), where DX'(y): EX(y) — EX(X'(y)) is
the map induced by the differential of the flow X! between quotient spaces;
indeed, in adapted charts, for small ¢, X! simply becomes the vertical translation
by ¢ along the third coordinate (see [GLH25, Proposition 3.2]);

(2) or for a set of “positive proportion” of center-expanding periodic points p € M, we

can find ¢, ¢’ such that g:p(q, q') # 0, in which case we can deduce several things as in
case (3) of Theorem C:

(a) from period expansions, we can recover the weak-stable eigenvalue p = p1,, € (0, 1)
for this positive proportion set of periodic points p; in particular, by the positive
proportion Livshits theorem of [DMR24], if Y is another Anosov flow conjugate
to X, with generating vector field sufficiently C'-close to the generating vector
field of X*, then we deduce that such eigenvalues have to match for the two flows
as in item (3a) of Theorem C;

(b) if Y is another Anosov flow conjugate to X* through a homeomorphism H, then,
by the non-vanishing of the leading term 5p(q, q’) # 0 for suitable choices of p, ¢, ¢/,
and since such property is robust (similarly to what was shown in Lemma 3.14),
exactly as we did for suspension flows in the proof of Theorems A-B, if the
generating vector field of Y is sufficiently C'-close to the generating vector field
of X!, then we can show that the conjugacy H sends the strong stable foliation
W5 of X' to the strong foliation Wi of the conjugate flow Y as claimed in
item (3b) of Theorem C;

(c) finally, from preservation of these foliations, and isospectrality conditions, we
can deduce item (3c) of Theorem C in the same way as we did in the proof of
Theorems A-B.
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Of course, case (2) of Theorem C occurs in the symmetric way, when considering center-
contracting periodic points instead of center-expanding periodic points. Similarly, informa-
tion about strong unstable foliations can be deduced from the non-vanishing of the leading
exponential term of associated period expansions.

Let us also stress that the case of “swapping SRB measures” which appears in the similar
result [GLH25, Theorem E] does not occur here, namely in case (3a), due to the C'-closeness
we assume on the vector fields X,Y (see, e.g., the proof of [GLH25, Theorem C] for more
details).
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