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ABSTRACT. We investigate rigidity phenomena associated to the stable norm and
Mather’s g-function for Riemannian geodesic flows on closed manifolds. Given two
metrics g1 and g2, we compare pointwise the corresponding [-functions. Our main
result establishes that they satisfy an inequality, which becomes an equality at an
homology class h if and only if the two metrics are homothetic on the Mather set
of homology h. In the case of conformally equivalent metrics, this yields a pointwise
criterion for homothety on the projected Mather set. Some consequences are discussed,
including a pointwise rigidity result on the 2-torus implying that if a metric has the
same Mather’s S-function at some non-zero homology class as a normalized flat metric
in the same conformal class, then the metric must be flat. This result can be considered
a pointwise version of a similar global result by Bangert. Finally, an extension of these
results to Mané’s perturbations of general Tonelli Lagrangians is discussed.

1. INTRODUCTION

The study of Riemannian geodesic flows reveals several fundamental objects that
capture the asymptotic behavior of minimal geodesics and play a crucial role in un-
derstanding their structural and dynamical properties. Two key objects central to this
work—the stable norm and the Mather’s B-function—can be interpreted as manifesta-
tions of a homogenization effect at large scales.

Let (M, g) be a closed Riemannian manifold. We denote by || - ||, the associated norm
in each fiber T, M. Let us begin by recalling the definitions of stable norm and Mather’s
B-function and their relationship.

The stable norm provides a geometric way to measure real homology classes by cap-
turing the large-scale, or homogenized, geometry of (M,g): on a macroscopic level,
the Riemannian metric “behaves” like a norm on the homology group of the manifold.
It was introduced in the context of geometric measure theory by Federer [Fed75] and
later became a staple of asymptotic Riemannian geometry through the work of Gro-
mov [Gro81, Gro99| and others [BBIO1]. More precisely, let Hi(M;R) denote the first
real homology group of M. The stable norm || - ||, stable : H1(M;R) — R is a function

Illg s == inf {37 il £4(3) }

where the infimum is taken over all cycles > r;7; representing the homology class h, with
i being 1-simplices, and where L£,4(y;) is the g-length of ;. Although the infimum may
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not be achieved in general, when the dimension of M is two, it is indeed attained for ev-
ery rational homology class (see [CMP04, Proposition 2.1] or [BMO08, Proposition 5.6]).
This function indeed defines a norm on Hi(M;R); we refer to [Gro81, Gro99, BBIO1]
for a comprehensive treatment.

From a dynamical perspective, one can consider the geodesic flow on (M, g). It is the
Euler-Lagrange flow of the Lagrangian L,: TM — R given by

Ly(z,v) = %gz(v,v). (1)

Let M(TM) denote the set of Borel probability measures on TM that are closed and
have finite first momentum. We recall that a Borel probability measure p on T'M is said
to be closed if [, dfz(v) du = 0 for every f € C*(M), while it has finite first momentum
if fTM |v|| die < oo. We endow this space with the topology for which limy, o0 ftn, = 1t
if and only if lim, fTM fdu, = fTM f du for any continuous function f: TM — R
with linear growth, i.e.,

|/ (z, )]

sup ———— < +00.
(x,v)eTM 1+ ||UH$

To any pu € M(T'M), one can associate its rotation vector (or Schwartzman asymptotic

cycle) p(p) € Hi(M;R). The resulting map p: M(TM) — Hy(M;R) is surjective and
continuous (see [Sorl5, Proposition 3.2.2|). The Mather’s B-function is then defined as:

Bg: Hi(M;R) — R
h +— Bg(h) := min / Ly(z,v)dp.
pep~t(h) JTM

The probability measures achieving this minimum are invariant (see [Mn96, Theorem
B|) and are called Mather measures (or minimizing measures) of rotation vector h. Their
collection is denoted by f)ﬁg. The union of their supports defines an invariant set, called
the Mather set of homology class h:

Mvg = U supp(pu) C TM. (2)
peMh

This set is compact and it is supported on a Lipschitz graph, namely the projection
m: TM — M restricts to a bi-Lipschitz homeomorphism from ./\/lg onto its image

W(MVZ) C M (see [Mat91, Theorem 2] or [Sorl5, Theorem 3.2.7]). We call M} := ﬂ(ﬂ’;)
the projected Mather set.

A fundamental result, which bridges the above geometric and dynamical viewpoints,
is the following relation [Mas96, Proposition 1.4.2] (see also [Mas97]):

1
By(h) = §||h||2,stable Vh e Hi(M;R). (3)

Thus, the stable norm and Mather’s S-function are dual manifestations of the same
underlying asymptotic geometry.

15 Sep 2026 13:17:19 PDT
260517-Florio Version 2 - Submitted to Discrete Contin. Dyn. Syst.



RIGIDITY OF STABLE NORM AND MATHER’S g-FUNCTION 3

Remark 1. Observe that if 4 is a Mather measure for L, with p(p) = h # 0, then

1 1
Bqs(h) = hQSae:/ gz (v,v) dp
s = Il =5 [ a.0)

1 21
> 5 ([ Vatuide) = 1 e 4)
TM

where the last inequality follows from the stable norm seen as minimal total mass of
closed measures in the class. Therefore, all inequalities in (4) must be equality, forcing
the equality in the Cauchy-Schwarz inequality, yielding to g,(v,v) being constant and
equal to Hh”;stable for p-a.e. (x,v). In particular, this implies that the support of u
does not intersect the zero section.

A natural question arises: to what extent do the stable norm or Mather’s B-function
allow one to recover information on the underlying Riemannian metric g ¥

This question can be approached from different directions:

(Q1) How do the local or global regularity properties of || - | g stable OF Bg reflect the
fine structure of the geodesic flow?

(Q2) Can a metric or a class of metrics be identified from knowledge of their stable
norms or Mather’s S-functions?

The differentiability properties of Mather’s S-function are subtle and, in some cases,
intimately tied to the underlying dynamics of the geodesic flow and the structure of
Mather sets. Fine differentiability properties of 3, have been thoroughly investigated in
the case of closed surfaces, whereas the situation in higher dimensions presents greater
complexity and defies simple characterization; we refer to [BM08, Mas96, Mas97, Mas03,
Mas09] for several interesting results in this direction.

A very interesting answer to (1) was provided in [Ban94, Theorem 5.3] (see also
[Ban88, Mat90, MS11] for related results). Recall that a homology class h is k-irrational
if k£ is the dimension of the smallest subspace of Hi(M,R) generated by integer classes
and containing h.

Theorem 2 (Bangert). When M = T?, Bg 15 differentiable at a 1-irrational homology

class h if and only if the Mather set MVZ consists of an invariant torus foliated by periodic
orbits.

On the other hand, question (QQ2) is more delicate, since the stable norm or Mather’s
[B-function are built from minimizing geodesics and measures, hence they typically only
capture information on the subset of the phase space traversed by such minimizing
geodesics.

A positive result in this direction can be found in [Ban94, Theorem 6.1]:

Theorem 3 (Bangert). Suppose a Riemannian metric g on the 2-torus T2 has the same
stable norm or Mather’s B-function as a flat metric go on T?. Then, (T2, g) and (T?, go)
are isometric by an isometry homotopic to the identity.
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The proof relies on Hopf’s theorem, which states that a 2-torus without conjugate
points is flat. In particular, the absence of conjugate points follows from the global
differentiability of Mather’s S-functions and the above mentioned consequence of the
differentiability at 1-irrational homology classes.

A similar rigidity result was proved by [OsulO| on the n-dimensional torus, n > 3,
but requires that not only the stable norm of the metric coincides with that of a flat
one, but also its (n — 1)-dimensional counterpart (i.e., the one obtained by a similar
construction on H,_1(M;R)).

Remark 4. We stress that without the assumption on the absence of conjugate points,
the stable norm and Mather’s S-function are very weak invariants. For example, on a
Riemannian 2-torus “with a big bump” (see [Ban88, p. 46]), there exists an open set on
which one can arbitrarily increase the metric without changing the stable norm.

This construction can be generalized starting from any (M, g) satisfying

cd(Xy) & M, (5)

where
Zg = Uh€H1(M;R)Mg . (6)
One considers any smooth function A > 0 on M, not identically zero, that has support
in the complement of the closure of ¥,. Then, one checks that the metrics g1 := erg

and ¢ have the same Mather’s S-functions.

Therefore, a more reasonable question is the following:

(Q3) For a closed Riemannian manifold (M, g), does the stable norm or Mather’s (-
function locally determine the metric g on the Mather sets? For example, can
specific features of the stable norm or Mather’s S-function reveal whether two
metrics are related on their Mather sets?

In the present paper, we explore question (()3). More specifically, we conduct a point-
wise comparison at individual homology classes. Analogous results for billiard systems
are obtained in [BBS25]|: there, the authors provide an isoperimetric-like inequality for
Mather’s S-function of the billiard map in a strongly convex domain, and deduce that
when the equality is reached at certain rotation numers (i.e., homology classes), the do-
main must be disk (see [BBS25][Theorem 4.1]). Extensions to other billiard-like models
are also discussed. See also [Fie26] for a recent follow-up, in which the author investi-
gates Mather’ s 8 function associated to non-circular elliptic billiards, and proves that
a similar result does not hold locally.

Inspired by these ideas, we investigate similar phenomena in the context of Riemann-
ian geodesic flows and Tonelli Lagrangian systems in any dimension. This requires an
adaptation of the methods, which involve properties of Mather’s measures and Mather
sets. Here, we obtain, among other things, a pointwise version of the above-mentioned
Bangert’s Theorem 3 (see Corollary 12). Moreover, in Section 3, an extension of these
results to Mané’s perturbations of general Tonelli Lagrangians is discussed (see Theorem
14).
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RIGIDITY OF STABLE NORM AND MATHER’S g-FUNCTION 5

Remark 5. On the 2-torus, the g-function is closely related to the so-called marked
length spectrum. In [GLP25]|, for Riemannian surfaces with Anosov geodesic flow, the
authors show that the marked length spectrum determines the conformal class of the
underlying complex structure in Teichmiiller space (see [GLP25, Proposition 3.7]). By a
result of Katok [Kat88], this in turn implies that the marked length spectrum actually
determines the metric up to isometry.

By the uniformization theorem, every Riemannian metric on T2 is conformally equivalent
to a flat metric. We may then ask whether the stable norm or Mather’s S-function
determines the class of the underlying complex structure in the Teichmiiller space of T?.
As noted in Remark 4, Mather’s S-function is a weak invariant, e.g. in the presence of
a “big bump”, so we generally expect the answer to be no. We can then ask a weaker
question:

(Q4) Given two metrics g; and go on T? with the same Mather’s S-function, does
there exist a diffeomorphism v: T2 — T2 isotopic to the identity such that
Y*ga = el g1 on cl(y,) (see (6)), for some f € C>°(T?)?

2. MAIN RESULTS FOR RIEMANNIAN GEODESIC FLOWS

Let M be a closed manifold and let g; and g be two Riemannian metrics on M. First
of all, we need to introduce some normalization factor in order to compare two different
metrics and deal with the fact that we can multiply each of them by a constant factor,
without changing the dynamical properties. We define

Cg (92) ‘= max max 92 $(U7 'U) = max Sup M s
1 zEM vETLM ’ ze€EM ver, M \ g1 x(va U)
91, (v,v)=1 v#0 ’

which can be interpreted as the maximal distortion of the go-length of tangent vectors
at x, with respect to the metric ¢g1. If g1 and go are conformally equivalent metrics on
M, ie., go = ¢ - g1 for some positive function ¢ € C°°(M), then it is easy to check that
Cgi (92) = maxyy .

We can now state our Main result, which will imply, among other consequences, a
pointwise version of Bangert’s result. We present our result in terms of Mather’s (-
functions, but it can be equivalently rephrased in terms of the corresponding stable
norms by means of (3).

Main Theorem. Let M be a closed manifold and let g1 and g2 be two Riemannian
metrics on M. Let fg,: Hi(M;R) — R be the Mather’s (-function associated to g;,
1 =1,2. Then:
(i) We have
/Bgz (h) < Cgl (92) Bg1 (h)v Vhe Hl (M; R)' (7)

(ii) Let h € Hi(M;R). Then the following are equivalent:
b Bgz (h) = Cgl (92) Bg1 (h): .

° imgl - 93?32 and g2 2(v,v) = Cy,(92) 91,2(v,v), ¥ (z,v) € M’;l C MZQ-

15 Sep 2026 13:17:19 PDT
260517-Florio Version 2 - Submitted to Discrete Contin. Dyn. Syst.



6 ANNA FLORIO, MARTIN LEGUIL, AND ALFONSO SORRENTINO

(iii) Let us assume that g1 and go are conformally equivalent, i.e., go = ¢ - g1 for
some positive function ¢ € C*°(M) with m := maxys ¢. Then:

/Bgz(h) < mﬁgl(h)v Vhe Hl(M;R)-
Moreover, for h € Hi(M;R) \ {0} we have
Bg,(h) =m Bg, (h) <= ‘.DTZI C 93?22 and ¢ =m on Mgl - MZZ.

Remark 6. The Main Theorem implies, under the assumption Sy, (h) = Cy, (92) B4, (h),
that g; and go are homothetic (more specifically, g2 = Cg4, (g2) g1) on the subset of T'M
(hence, on its closure):
Vi
U Ry-M,
heHq (M;R)
Bgo (h)=Cg, (92) Bgy (h)

where we denote R - Mvgl = {(z,tv) : (x,v) € MP

g tERLE

Remark 7. For a rational class h € Hi(M;R) \ {0}, we observe that
2 By(h) = inf{Ly(y) : 7 closed curve in [h], up to multiplicity},

where L4(7) denotes the g-length of v. The infimum is attained on surfaces (see [CMP04,
Proposition 2.1] and [BMO08, Proposition 5.6]). Therefore, on surfaces, equality at a
rational h # 0 implies that the g-shortest closed geodesics in [h] are also the ga-shortest
ones, with the corresponding shortest length rescaled by a factor \/Cy, (g2).

Remark 8. The Main Theorem continues to hold for Finsler metrics. In fact, given a
Finsler metric F': TM — R*, the corresponding Lagrangian is defined as Lp(z,v) :=
$F,(v) and the 8-Mather’s function is defined as in (1). The Main Theorem then holds
when considering Finsler metrics Fj, F» (instead of Riemannian metrics g1, g2), and
setting the normalization factor as

Cp(F2) :==sup sup Fya(v).

zeM vETM
Fi z(v)=1

We can deduce from point (iii) of the Main Theorem the following corollary.

Corollary 9. Let M be a closed manifold and let g1 and go be two conformally equivalent
Riemannian metrics on M, i.e., go = - g1 for some positive function ¢ € C*°(M) with
m = maxys ¢. Let us denote

Hg, == {h € Hi(M;R)\ {0} : M} =M}

Then, Bg,(h) = m fBg, (h) for some h € Hg, if and only if g1 and go are homothetic, i.e.,
g2 =Mmgi.

Remark 10. In some cases one can describe the set of rotation vectors H, appearing
in Corollary 9 or show that it is not empty.
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RIGIDITY OF STABLE NORM AND MATHER’S g-FUNCTION 7

(i) In the case of a flat metric go on T", we have Hy, := Hi(T";R) \ {0}. In fact,
the system is completely integrable and it is easy to check that all Mather sets
correspond to invariant Lagrangian graphs (see for example [Sorl6, Section 4]).

(ii) In the case of Liouville metrics on T", i.e., metrics of the form g = (fi(x1) +
oo () (do? + ...+ dx2), we have (we identify Hp(T";R)) ~ R"):

Hy D {h €R™: hy-... hy#0}.

In fact, for h with h; = 0 and f; nonconstant, the projected Mather set ./\/l’; is
a proper subset of M (see [Hen25, Section 1.1] for a description of the invariant
foliation determined by the corresponding integrals of motion).

(iii) The above cases are examples of integrable metrics (in the sense of Arnold-
Liouville). It follows from KAM theory that for sufficiently small perturbations
g of such metrics g the set H; is not empty (actually, this set has almost full
Lebesgue measure).

(iv) In [BS12|, the authors considered Riemannian manifolds (M, g) with a weaker
notion of integrability — which does not require the manifold to be diffeomorphic
to a torus — under which the set #H, is non-empty (actually, it is everything).
Consider the following example (see [BS12, Theorem 1.3]). Let G be a simply-
connected amenable Lie group; recall that a topological group is amenable if it
admits a left-invariant, finitely additive, Borel probability measure. Let I' < G
be a lattice subgroup, and g be a metric on I'\G induced by a left-invariant
metric on G. Then, for all h € Hi(I'\G;R), the Mather set ./WZ projects over
the whole I'\G. Therefore, in this case H, = Hi(I'\G;R) \ {0}.

On T? every Riemannian metric ¢ is conformally equivalent to a flat metric. Let us
choose a flat metric go in the conformal class of g such that Cy,(g) = 1; this is always
possible because a flat metric remains flat under constant rescaling. We call this flat
metric gg the normalized conformally equivalent flat metric associated to g. In particular,
the normalized conformally equivalent flat metric gg is uniquely determined by g.

Remark 11. Let us observe that the set
Hy = {h € Hi(M;R)\ {0} : M} =M}

is invariant if we multiply the metric by a constant factor ¢ > 0. Indeed, if g minimizes
Jras 92(v,v)dp(2, v) among closed probability measures with rotation vector h, then it
also minimizes [,/ ¢ g.(v,v)du(x,v), and viceversa.

Main Theorem (iii), Corollary 9, Remark 10 (i) and Remark 11 imply the following
result that, in some sense, can be considered a pointwise version of Bangert’s result for
metrics in the same conformal class (yet, it does not answer to (Q4), see Section 1).

Corollary 12. Let g be a Riemannian metric on T? and let gy its normalized conformally
equivalent flat metric. Then, B4(h) < By, (h) for every h € Hy(T%R). Moreover, equality
holds at some h € H1(T?;R)\ {0} if and only if g = go, i-e., g is flat.

We now prove the Main Theorem.
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8 ANNA FLORIO, MARTIN LEGUIL, AND ALFONSO SORRENTINO

Proof of Main Theorem. (i) If h = 0, the inequality holds trivially since 4, (0) =
Bg,(0) = 0. Let h be an element in H;(M;R)\ {0} and let y, be a Mather measure for
the metric g; with rotation vector h, i.e., such that By, (k) = 3 [, 91.2(v,v) dpp(z,v).
Then:

80 < 5 [ alo,0) din(a,0)

<0l [ g1 wn0) dun(e ) = Cy 02 B (1), )

where the first inequality follows from the definition of Sy, (h) as the minimum over
all closed Borel probability measures of rotation vector h, while the second using that
92,2(v,v) < Cy,(92) 91,2(v,v) for all (z,v) € TM.

(ii) For h = 0, the result is trivially true. In fact, 54(0) = 0 and Mvg = M x {0} for
every metric g.
In the following, let us assume that h € H;(M;R) \ {0}.
(=) Assume that S4,(h) = Cy,(g2) Bg, (h). Since h # 0, we have that §,4,(h) # 0 for
i = 1,2 (see (3)), hence all inequalities in (8) are indeed equalities. Moreover, from
Remark 1, one has that the support of any Mather measure of rotation vector h # 0
for g1 does not intersect the zero section. Consequently, on such a support, the ratio
gQ,w(v»v)
91,2(v,0)
Mather set of homology class h (recall (2)) we conclude that
92,95(”70)
91,z (7)7 U)
Observe that the fact that all inequalities in (8) are equalities, also implies that any
Mather measure of rotation number A for ¢g; is also minimizing for go, i.e.,

is well-defined and is constantly equal to Cg (g2). From the definition of the

=Cy,(92) V(z,v) € .K/lv’;l .

h h
mgl < mgzv
which by (2) yields
b oo o
Mgl g Mgz'
(<) Let up € Dﬁ}gll. Since imgl C 93?32, we have that py, € imgz and therefore:

Bgz (h) = ;/TM 9273;(1), U) d/ih(m,’U)

1 ng(UaU)
= - e e v,v) dup(x,v
2/TM 91,2(v,v) 91,20, v) dpan(z v)

- %12(92) /TM 91,0(0,v) dup(z,v) = Cg,(g2) By, (h), )

where we have used that Zfigzg = Cy,(g92) on MVZI - MVZQ.

(iii) Observe that if g; and gy are conformally equivalent on M, i.e., go = ¢- g1 for some

positive function ¢ € C°°(M), then for every x € M and v € T, M \ {0}, we have
gQ,x(U, ’U) _ (.CC)

91@(’07 U)
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RIGIDITY OF STABLE NORM AND MATHER’S g-FUNCTION 9

(it is independent of v) and in particular Cy, (g2) = maxys ¢ = m. Since the function ¢
is independent of v, we deduce that

g2 = Cq,(g92)g1 on /\/l}g’1 <= @Y=mon MZI.

Thus, (iii) is a direct consequence of (i)-(ii). O

3. MANE’S PERTURBATIONS OF TONELLI LAGRANGIANS

In the above discussion, we focused on Riemannian geodesic flows, but the same ideas
can be implemented for general Tonelli Lagrangians. Let M be a closed manifold. A
Lagrangian L: TM — R is said to be Tonelli if

(i) L € C*(TM);
(ii) L is strictly convex in the fibers, i.e., if the second partial derivative 92 L/0v?(z, v)
is positive definite for all (z,v) € T'M;

(iii) L is superlinear in each fiber, i.e., lim,( oo = 400, uniformly in z € M.

L(z,v)
(vl
The same construction of Mather’s S-function and Mather sets described above for
L, associated to a Riemannian metric g — which is clearly Tonelli — holds for a general
Tonelli Lagrangian L. Let us introduce some notation:

e we denote by G : Hi(M;R) — R the associated S-function:

Br(h) = ue%l—i{l(h) /TM L(z,v)du. (10)

e we denote by sm% the set of Mather measures of rotation vector h, i.e., the set
of measures p € M(TM) realizing the minimum in (10).

e we denote by MV}L‘ the associated Mather set of homology h, i.e., the union of
the supports of all Mather measures of rotation vector h, and M”? := W(]\_/lv%) its
projection on M.

We refer to [Sorl5| for a more detailed description.

Given a Tonelli Lagrangian L, we can perturb it in the following way. Let V € C?(M)
and consider the Lagrangian Ly := L + V', which is still of Tonelli type. This kind of
perturbation is called in the sense of Mané (see [Mn96]). Since we can modify V by a
constant without changing the dynamics, we normalize V' by assuming that max,; V = 0.

Remark 13. The study of the Mather sets for a generic perturbation in the sense
of Mané was done in [BCO8|: they show that, for a residual set of potentials, there
is abundance of minimizing ergodic measures in every homology class. The analogous
result is obtained in [CM20] for perturbations of geodesic flows on a closed manifold
given by a conformal perturbation of the metric.

Similarly to what we did in the previous section, one can prove the following results.

Theorem 14. Let M be a closed manifold. Let L: TM — R be a Tonelli Lagrangian
and let V€ C*(M) be such that maxy; V = 0. Then:
(i) We have 1, (h) < Br(h) for every h € Hi(M;R).
(ii) Let h € Hi(M;R). Then, the following conditions are equivalent:
() Bry(h) = BL(h);
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10 ANNA FLORIO, MARTIN LEGUIL, AND ALFONSO SORRENTINO

(b) im}L‘ - DJTI}JV, M}i - M}L‘V andV =0 on M}i - M}L‘V.
(iit) Let M =T" and let L(z,v) = £(v) be a completely integrable Lagrangian. Denote
by =0+ V. Then, for every h € Hi(T™;R), one has

Bey (h) = Pe(h) <= V=0 on T".

Proof. (i) Let h € H1(M;R) and let uj, be a Mather measure for L with rotation vector
h,ie., pn, € Dﬁ,’{ Then:

ﬁmWS/(MMHV@WMWW

™
o)+ [ Vi) (e < 5h) (1)
™M
where the last inequality follows from the fact that V' < 0. This concludes the proof of

point (i).

(ii) Let h € Hi(M;R).

(a) = (b). Assume that 31, (h) = Br(h). For every u; € M? we deduce from (11)
that [, V(z)dup(z,v) = 0. Being V' < 0, this implies that V' = 0 on the support of
wr. Since this holds for every uy € mtj.j, we conclude that

V=0 on M
Moreover, this proves that any uy € Qﬁli is also minimizing for Ly, showing that
mhcomh and MR C M.

(b) = (a). Let uj, € 9. Since M? C imzv and V =0 on M} C M’iv, we conclude:

Bry (h) = / (L(z,v) + V(x)) dup(x,v) = / L(z,v)dpp(z,v) = Br(h).
™ ™
(iii) Identify H;(T™;R) with R". One can easily show (see for instance [Sorl6, Section
4]) that Be(h) = £(h) for every h € Hi(T™R) and that M} = T" x {h}. Therefore, the
claim follows from the result in (ii). O
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