A CAT(0)-APPROACH TO THE MARKED LENGTH SPECTRAL
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RIGIDITY OF SINAI BILLIARDS

DOUGLAS FINAMORE AND MARTIN LEGUIL

ABSTRACT. We study the (marked) length spectral rigidity problem for Sinai
billiards with finite horizon on the two-torus: to what extent do the lengths of
(marked) periodic trajectories determine the geometry of the table? Since the
billiard flow is neither smooth nor structurally stable, the natural marking is
provided by the surface K obtained by gluing two copies of the table along their
boundary. We introduce the enriched marked length spectrum EL, which assigns
to each free homotopy class of K the length of its shortest representative for the
intrinsic metric of the table; it records the billiard periodic orbits together with
the “gliding” periodic trajectories that slide along the scatterers. Our main result
is that two finite-horizon Sinai billiards with the same enriched marked length
spectrum are isometric. Following Kourganoft, the billiard flow is approximated by
the Anosov geodesic flows of a family of Riemannian metrics on K degenerating
along the gluing locus. The limit is a CAT(0) space on which we adapt Otal’s
argument for negatively curved surfaces, extending marked length spectral rigidity
beyond the Riemannian setting.
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1. INTRODUCTION

We consider dynamical systems with hyperbolic behaviour arising from geometry,
such as geodesic flows on negatively curved Riemannian manifolds or dispersing
billiards. A central question is how to parametrise the moduli space of such systems.
Specifically, given a Riemannian manifold equipped with a negatively curved metric,
one seeks to describe the set of all such metrics up to the action of the diffeomorphism
group. Similarly, for billiards, the goal is to understand the set of isometries within
a fixed diffeomorphism class of dispersing planar billiards. These systems typically
exhibit a dense set of periodic orbits (restricted to the non-wandering set in the non-
compact case), making periodic data a natural choice for moduli. The information
recorded for periodic orbits can be categorised as follows:
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e Topological or symbolic data. On negatively curved manifolds, and more
generally, for metrics with Anosov geodesic flow, it is well-known (see e.g. [35])
that there is a unique closed geodesic in each free homotopy class. For dispersing
billiards, such as open dispersing billiards or Sinai billiards, the symbolic
data naturally assigned to each periodic orbit is the sequence of scatterers
encountered by the trajectory.

e Length data. The length spectrum is the collection of all lengths (or periods)
of closed orbits.

e Lyapunov exponents. Each periodic orbit in a hyperbolic system is asso-
ciated with exponents measuring the exponential divergence rate of nearby
orbits. For 3-dimensional volume preserving hyperbolic flows, this reduces to a
single exponent.

A natural question that arises is: to what extent do periodic orbits characterise the
system? A dynamical analogue of Mark Kac’s famous question, “Can one hear the
shape of a drum?”, is the following inverse problem: does the length spectrum encode
the system’s geometry? Unfortunately, this problem is typically intractable due to
the lack of structure in the length spectrum. Even if two systems share the same
length spectrum, one cannot a priori rule out the possibility that a given length
corresponds to periodic orbits with very different behaviour in each system; we refer
e.g. to [44], where examples of isospectral yet non-isometric manifolds are constructed.
Matching data between such systems is therefore generally a hard task. To impose
more structure on the spectrum, one usually augments it with symbolic data, yielding
a marked length spectrum. Informally, this can be viewed as a (set-valued) function

symbolic data w >  {lengths of all periodic orbits with symbol w}.

In the hyperbolic setting, the expansiveness of the dynamics typically reduces the
set on the right-hand side to a single positive number. For certain systems, such
as geodesic flows on negatively curved Riemannian manifolds or open dispersing
billiards satisfying the no-eclipse condition (see e.g. [38]), the dynamics is structurally
stable. Consequently, the symbolic data does not depend on the choice of negatively
curved metric for a given Riemannian manifold, nor on the specific geometry of the
open dispersing billiard. This defines a natural marked length spectrum, allowing us
to rephrase the previous question as follows: does the marked length spectrum fully
determine the system up to isometry?

The question of marked length spectral determination for negatively curved met-
rics on surfaces was answered affirmatively and simultaneously by Otal [39] and
Croke [18] in their celebrated work. Significant progress has recently been made in
generalising these results in several directions. In higher dimensions, Guillarmou and
Lefeuvre [28] proved local marked length spectral determination for metrics of non-
positive curvature with Anosov geodesic flow. In the same work, they also provided
new stability estimates, quantifying the extent to which the marked length spectrum
controls the distance between metrics. Even more recently, for surfaces of genus at
least 2, Guillarmou, Lefeuvre, and Paternain [29] were able to drop the negative
curvature assumption and establish global marked length spectral determination.
More precisely, they showed that two metrics with Anosov geodesic flows on a given
surface that share the same marked length spectrum are isometric via an isometry
isotopic to the identity.

A related framework is that of flat metrics, more precisely, non-positively curved
Euclidean cone metrics, where curvature is concentrated at conical singularities. In
this context, Bankovic and Leininger [7] showed that two flat metrics on a closed,
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oriented surface that assign the same lengths to all closed curves differ by an isometry
isotopic to the identity. It is also worth noting that the question of marked length
spectral rigidity has been investigated in different contexts. For instance, recent work
by Abbondandolo and Mazzucchelli [1] establishes that S!-symmetric metrics on the
2-sphere with a single equator and the same marked length spectrum have conjugate
geodesic flows, and coincide under an additional Zo-symmetry; here the dynamics is
integrable, which sets it apart from the hyperbolic geodesic flows discussed earlier.

Spectral rigidity of billiards has been studied for various classes of domains. De
Simoi, Kaloshin and Wei [21] showed that convex domains with Zg-symmetry and that
are sufficiently close to a circle exhibit dynamical (deformational) spectral rigidity.
In [20], it is shown that open dispersing billiards with analytic boundaries satisfying
the no-eclipse condition and with Zy X Zo-symmetry can be recovered from their
marked length spectral data. The dynamics of such billiards is hyperbolic, aligning
them more closely with Anosov geodesic flows. These billiards are structurally stable
and admit natural symbolic dynamics [38]. However, the non-wandering dynamics
occurs only on a Cantor set, and analyticity is required to globally determine the
domain.

In this paper, we investigate the case of Sinai billiards, obtained by removing from
the 2-torus T? a finite number of strongly convex scatterers. While the dynamics of
Sinai billiards shares many features with Anosov geodesic flows on surfaces (such as
hyperbolicity, ergodicity, and exponential mixing, see e.g. [15, 4]), it also introduces
several additional challenges:

e the billiard map has a dense set of singularities, and the billiard flow is not
Anosov;

e the system is not structurally stable: perturbing the geometry of the boundary
can create or destroy periodic orbits.

A symbolic coding for Sinai billiards does arise naturally: by considering a Z2-periodic
lift of the billiard table to R? and labelling each scatterer, each orbit can be assigned
a symbolic sequence consisting of the labels of the obstacles it successively encounters.
However, due to the lack of structural stability, the question of marked length spectral
determination for Sinai billiards may seem less canonical than for Anosov metrics on
surfaces. The marking is not a priori stable under perturbation, and the symbolic
data itself must encode substantial geometric information. In particular, if we discard
the length data and collect all symbolic data corresponding to sequences realised
by (periodic) billiard orbits (the realisable sequences of Section 2) into a symbolic
spectrum, we can even pose the following stronger question:

Question 1.1. Does the symbolic spectrum determine a Sinai billiard up to isometry?

While we are unable to answer this question for Sinai billiards, we note that several
works address similar questions for flat billiards (see e.g. [22, 14]). In the present
work, rather than focusing on the marked length spectrum corresponding to periodic
orbits of a Sinai billiard, we take a different approach. Specifically, we build on a
construction suggested by Birkhoff and Arnold and made explicit in the work of
Kourganoff [36]; it demonstrates that the billiard flow on a Sinai billiard can, in a
certain sense, be approximated by a one-parameter family of Anosov geodesic flows
on a surface lifting the table. This allows us to define an enriched length spectrum,
obtained as the “limit” of the marked length spectra of the approximating geodesic
flows. Although this construction introduces periodic data that do not correspond to
actual billiard orbits, it renders the marking more natural by leveraging the symbolic
data shared across the family of approximating geodesic flows.
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FIGURE 1. A surface K lifting the table D and a deformation K.
(Credits: Mickaél Kourganoff, Jos Leys).

Let us quickly recall the construction in [36]. Fix a finite-horizon Sinai billiard
D C T2. Let E = T? x R, and denote by p: E — T? the canonical projection onto
the first two coordinates. We consider a smooth closed immersed surface K in E such
that p(K) = D, and such that K°:= K \ p~}(dD) has two connected components
each of which is diffeomorphically mapped to int(D) under p. We interpret K as a
surface obtained by gluing two different copies of D along their boundary components.
Let us denote by C := Conj(m1(K)) the set of free homotopy classes on K. Note that
C is independent of the choice of surface K lifting D that satisfies our requirements.

For € € (0, 1], we let e be the contraction given by (z,vy, z) — (x,y,cz) and write
ge to denote the metric induced on K. := a.(K) by the Euclidean metric. Pulling
back via a., we will consider {g.} as a family of metrics on the surface K. We denote
by g. the geodesic flow of the surface (K, g.). By Kourganoff [36], for £g > 0 small
enough, the geodesic flows {g. }o<c<<, associated to the family of metrics {ge fo<e<s,
are all Anosov. Therefore, for 0 < € < ¢q, there exists a unique closed geodesic v of
(K, ge) in each free homotopy class o € C. We will see in Lemma 3.39 that the family
{p(7&) }o<e<e, converges in the Hausdorff topology to some closed curve +§ in D as
e — 0, and their respective lengths {l-(7&) }o<e<e, also converge to a limiting length
lo(7§). We can then define the enriched marked length spectrum of D as the function

ELp:C — R
a— lo(s).

Remark 1.2. Every periodic billiard orbit of D is the projection of ~§ for some a € C:
its lift to K, which changes sheet at each collision, is a closed geodesic of Ky (after
two periods if the number of collisions is odd), hence the unique closed geodesic of
its class (Lemma 3.38); orbits with only regular collisions give rise to exactly two
classes, exchanged by the sheet involution (Remark 3.27). Consequently, ELp can
be interpreted as a natural completion of the marked length spectrum of D, which is
the restriction of ELp to those o € C associated with genuine billiard orbits.

Remark 1.3. As we shall see (e.g. in Section 3), there are multiple ways to rigorously
define the “limit” of the family of Anosov geodesic flows {g:}o<c<e, as € — 0, all of
which are equivalent. Although the resulting limit object is no longer an Anosov flow,
it retains several key features inherited from the limiting CAT(0) spaces. We also
emphasise that the enriched spectrum ELp is independent of the specific choice of the
surface K lifting D, hence is intrinsic to the billiard table D (see e.g. Appendix B).
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Let D,D’ C T? be two Sinai billiards with finite horizon and C" boundaries,
r > 3 (see Section 2), that are diffeomorphic to each other. We can choose surfaces
K, K' lifting D, D" which are diffeomorphic to each other; a diffeomorphism K — K’
identifies the sets of free homotopy classes of K and K’ (in other words, it is
a marking), and the equality of spectra in the statement below is understood with
respect to such an identification, fixed once and for all (see Section 4.3). Our main
result is:

Theorem A. Let D,D' C T? be two Sinai billiards with finite horizon and C"
boundaries, r > 3, that are diffeomorphic to each other. If the billiards D, D’ share
the same enriched marked length spectrum, i.e., ELp = ELp/, then D and D' are
actually isometric. In other words, there is an isometry ¢ of T? with (D) = D'.

Outline of the proof. The strategy is to reduce the marked length spectral rigidity
of the billiard to a boundary rigidity statement for a limiting CAT(0) space, where
an argument in the spirit of Otal [39] can be applied. It proceeds in four main steps.

From billiards to a degenerating family of Anosov surfaces. Following Kourgan-
off [36], each Sinai billiard D is lifted to a surface K whose geodesic flow, after a
vertical contraction by a factor e, is Anosov and shadows in a certain sense the
billiard flow (Section 3, Theorems 3.1 and 3.30). As ¢ — 0, the Riemannian metrics
g= degenerate along the gluing locus B(K) which lifts the boundary of the billiard D;
the central technical difficulty, addressed throughout Section 3, is that no estimate
uniform in ¢ survives at B(K). We control the degeneration through a boundary-layer
normal form (Lemma 3.13) and a uniform Gromov-hyperbolicity statement for the
family of geodesic flows (Lemma 3.22).

The limiting CAT(0) space. The distances d. decrease monotonically to a limit
length metric dy (Theorem 3.6), which realises Ky as two copies of the table (D, d)
glued along their boundaries (Theorem 3.12). The universal cover Ky is a Hadamard
space; the dispersing billiard dynamics forbids flat strips (Lemma 3.31), so f(lo
is Gromov-hyperbolic (Corollary 3.32) and its geodesics are determined by their
endpoints at infinity (Lemma 3.33). The comparison of lengths (Theorem 3.16)
shows that the g.-geodesics are quasi-geodesics of K, with constants independent of
e, which is what transfers the coarse geometry across the limit (Section 3.2).

The Liouville current and the correspondence of geodesics. On K, there is no
Liouville form; instead, fgo carries an intrinsic Liouville geodesic current my, defined
by the kinematic measure of its flat pieces (Definition 4.3), whose support is exactly
the set of admissible geodesics (Proposition 4.14) and whose values on rectangles of
endpoint pairs are the logarithms of the cross-ratios crg at infinity (Proposition 4.15).
We show that the enriched marked length spectrum ELp = ELp determines all cross-
ratios (Proposition 4.25), hence the current. The identification of the boundaries at
infinity induced by the marking then gives a homeomorphism h between the spaces of
(unparametrised) geodesics of Ky and K(’) which preserves the currents (Lemma 4.27).
At this step, the map h is dynamical and not geometric yet, i.e., it acts on geodesics,
not on points.

From angle preservation to isometry. An averaging argument on the angle distor-
tion of h, in the spirit of Otal [39] and Wilkinson [46], shows that h is angle-preserving
(Theorem 4.35). There, the product structure of the Liouville measure on pairs
of crossing geodesics replaces the use of ergodicity. Since the curvature of f(/o is
concentrated on the gluing locus B(K), angle preservation is exploited along the
walls: it forces the images of the geodesics through a wall point to be concurrent,
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which defines an isometric map between the gluing loci. The current then controls the
crossing positions along every geodesic, so that h is induced by an isometry Ky — K|
(Theorem 4.37); this isometry descends to the tables and extends to an isometry of T2.

Natural questions then arise.

Question 1.4. Does partial information from the enriched marked length spectrum
suffice to recover this conclusion? In particular, to what extent does the set of
periodic billiard orbits encode the geometry of the billiard D? Given our main result
Theorem A, this amounts to asking whether the billiard marked length spectrum
encodes the enriched spectrum ELp.

Question 1.5. It is natural to ask whether the enriched spectrum ELp can be
detected by an analytic spectrum. The relevant operator is naturally attached to the
singular surface K obtained by gluing two copies of D along the walls: the Laplace
spectrum of the singular surface K is the union of the Dirichlet and Neumann spectra
of the table D. For the table itself, the Poisson relation of Andersson-Melrose [3]
(see also [41]) locates the singularities of the wave trace inside the length spectrum
of generalised geodesics in the sense of Melrose-Sjostrand. Since dispersing walls are
everywhere diffractive, the generalised geodesics of a Sinai table contain no gliding
arcs, and generically (no grazing periodic rays, simple non-degenerate lengths [41],
see also Proposition 2.7) the wave trace of D detects exactly the (unmarked) billiard
length spectrum. On the other hand, classes whose limit representatives 7 contain
gliding arcs exist for every finite-horizon table (see Corollary 3.40 and Lemma 3.25).
These classes are not seen by the billiard’s wave trace: the enrichment is precisely the
part of ELp that the classical Poisson relation cannot see. We expect the situation
to change on Kj: the seam of Ky is a closed geodesic carrying concentrated negative
curvature, and the gliding representatives are genuine closed geodesics of Ky. By
analogy with the diffractive trace formulas at conical singularities [31], it seems
possible that the wave trace of Ky is singular at the gliding lengths as well, but we do
not pursue it here. Combined with Theorem A (and with the local constancy of the
marking along deformations), such a trace formula would yield spectral deformation-
rigidity of generic Sinai billiards for the pair of Dirichlet and Neumann boundary
conditions.

2. PRELIMINARIES ON SINAI BILLIARDS

We begin by introducing some established facts and notation on Sinai billiards.
Most of the standard facts recalled in this section can be found in [15]. Let D C T? be
a Sinai billiard table with finite horizon whose boundary 9D is of class C”, r € N>3.
More precisely, we have

oD=T1Ul'yu---uly,, m>2

where each T'; is a C" curve bounding a strongly convex open set O; C T?, called an
obstacle, and D := T? \ U, O;.

For each ¢ € {1,...,m}, we denote by ¢; > 0 the perimeter of O;, we let T; :=
R/4;Z, and let ~;: T; — T? be an anticlockwise parametrisation of I'; by arc-length.
We set Tp = U™, T;, and let v: Tp — T2, T; > s + 7;(s). For each s € Tp, we
denote by ng the unit outward normal vector at the point v(s) € 9D, and by K(s) the
curvature at this point; following the convention in [15], we assume that K(s) > 0.
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We let M := Tp x [-7, 5], and denote by f: M — M, (s,¢) — (s',¢') the
billiard map within D, where s corresponds to the position on the boundary, and ¢ is
the oriented angle from the inward normal vector —ng to the velocity vector at (s).

Moreover, Sy := OM = {(s, ¢); |¢p| = 7/2} is the set of grazing collisions of f; a
collision which is not grazing is called regular. Set

Sn1 =8, U f71(Sn) and S_y11) = S_p U f(S_p).

Then, for every n € N, 8,11, resp. S_(;,,41) is the singularity set of the map L resp.
=+ while these maps are of class C™ ' at M \ (S,41 U S_(n+1))- The points in
Sam = U;ezS; are called the singular points of the billiard map, and M™8 := M\ Sy
is the regular set of f. The singular set has empty interior, but is dense in M, while
the regular set has full Lebesgue measure, but is badly disconnected. A periodic orbit
of f is called singular if it has a grazing collision, i.e., if it meets Sy (equivalently,
Sm), and regular otherwise.
Finally, for each (s, ¢) € M, its free-flight time is the function

7(s,0) = [V (Pr1(f(s,9))) —v(s)l],

where we denote by || - || the Euclidean distance in T? and by Pry: M — 9D the
projection onto the first coordinate s ~ v(s). The finite horizon hypothesis means
that no trajectory of D avoids the obstacles forever; equivalently, every line of R?
meets a lifted obstacle. By compactness, there is then a uniform upper bound Tiax
on the time it takes for any trajectory, regardless of its starting point, to experience a
collision. Since the obstacles are pairwise disjoint and closed, there is also a uniform
lower bound Ty > 0 on the free flight between two consecutive collisions, so that
Tmin < T(2) < Tmax for every x € M. The suspension flow of f with roof function
7 is called the billiard flow ¥ of D. Its phase space is denoted by 2, and the usual
coordinates are (x,y,w), where (z,y) are coordinates on D and w is the angle between
the velocity of the trajectory and the z-axis. The saturations of Syq and M"8 under
the flow form the singular and regular set of €2, denoted by Sq and Q™. It is known
that the billiard flow preserves the Lebesgue measure dx dy dw and the contact form
A = coswdzx + sinwdy [15]. Indeed, the flow is generated by the Reeb field of such
form.

Neither the coordinates nor the hyperbolic structure recalled below are used in the
sequel; we record them for the reader’s convenience. The Jacobi coordinates (1, &, w),
introduced in [47], are defined as

N =xcosw + ysinw,
¢ =xsinw — ycosw.
In particular, while in the usual coordinates the action of the flow between collisions

is Ul(z,y,w) = (x +tcosw,y +tsinw,w), in Jacobi coordinates this action is simply
translation on the first coordinate:

\Ilt(nagaw) = (77 + t7§7w)'

Inverting the change of coordinates gives x = ncosw+¢ sinw and y = nsinw —§& cosw.
Hence the forms
dn 4+ &dw = coswdr + sinwdy = A
and
ANAAN=dn ANdéENdw = —dx Ady N dw
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are both preserved by the flow. In Jacobi coordinates, the Reeb field of A is exactly
the coordinate field &,, which corresponds to the displacement of a particle in the
direction of the flow.

The map f and the flow ¥ are (uniformly) hyperbolic: at every regular point there
is an invariant splitting into stable and unstable directions (together with the flow
direction 0, in the case of the flow), with uniform contraction and expansion rates;
the associated Lyapunov exponents are defined almost everywhere by Oseledets’
theorem. This gives a decomposition

T.Q =TS0 @ TFQ = RO, © E°(z) @ E%(x),

of the tangent space of every regular point, where E*(x), E*(x) are the stable and
unstable bundles, respectively. As usual, E*(x), resp. E"(x), contracts, resp. expands
exponentially under the flow as t — oo, and is locally integrable to C"~! curves, called
the strong stable (resp. unstable) local manifolds W} .(z) (resp. W/ .(x)). The end
points of the manifolds Wi .(z) (not included in the manifolds) are always singular.
These manifolds are not uniform in length, and get smaller as one approaches the
singular set. In particular, every open set of {) contains points whose unstable
manifolds are arbitrarily small, and therefore points in 2 do not have product
neighbourhoods. The saturations of W _(x) and W}’ _(z) with respect to the flow are
the weak, or central, stable and unstable manifolds, respectively, denoted by W (z)
and Wit (x).
2.1. Liftings and the symbolic space. We want to associate with each orbit of
f a sequence of symbols that represents the scatterers it encounters along the way.
However, this approach is problematic on the torus because an orbit could hit the
same scatterer several times in succession. To avoid this issue, let D C R? be the
Z2-periodic billiard table such that 7(D) = D, where 7: [0,1)2 — T2 denotes the
canonical projection. Abusing notation, we denote the billiard map and flow on D
by f and ¥ as well.

Let {Bi,..., By} be the set of connected components of the lift 7=1(0D) C
[0,1)2. We index all the scatterers in the lifted table on R? using the alphabet
A:=72x{1,...,k}, as follows:

B ja) = Bi+ (4, 5),

i.e., B(; ;) is the unique scatterer obtained by translating B; by (i,j) € Z2. Let ¥
denote the space AZ of two-sided sequences of elements in A. This is a complete
metric space with the usual distance

dE(Oé, B) = Z 2_‘i|(1 - 6aibi)
IEZL
between two sequences « = {a;}icz and = {b;}icz. In what follows, we will work
with the equivalent metric py given by

pz(a ﬂ) =27 max{n€N;a;=b; for all |i|<n}
) b .

We associate to the points in M the sequence of indices of scatterers where its lifted
trajectory bounces.

Definition 2.1. The map +: M — X is given by
Z(Sa ¢) = {ai}iGZa
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FIGURE 2. Lifted table.

where B,, C 7~ 1(0D), and for all i € Z, a; is the unique element of A such that
Pri(fi(7=1(s),¢)) € B,,. We call the set Y = 1(M) the space of realisable
sequences.

The space X admits a natural Z2-action, defined by {(ip, ip; lp) }pez — {(ip +1, jp +
331p) Ypez, for all (i,j) € Z*. We denote by 3 the quotient of ¥ under this action,
and by 2: M — 3 the associated map, identifying f]M = (M) with X .

Remark 2.2. The left shift o: ¥ — ¥, {a;}iez — {ai+1}icz induces a map 6: YIRS 3

A

Moreover, by definition, the space ¥4 is invariant under &, and 7o f = § o%.

Proposition 2.3. The mapping 1: M — Xaq is a bijection satisfying the following
properties:
(i) the restriction of v to the regular set M™8 is continuous;
i) the inverse mapping (1| pmres) ™t is Hoélder continuous. In particular,
g

Z|Mreg : Mreg — EMreg = ’L(Mreg)

is a homeomorphism;
(iii) the discontinuity set of v is precisely the singular set Spq.

Proof. For a € ¥ and n € N, consider the preimage C(a;n) =271 (B(a,27")), where
B(a,27™) is the open ball centred at o with radius 27" for the metric py. It consists
of points x € M whose first n + 1 iterates under f, both in the past and future, are
encoded by the n-cylinder obtained by truncating «, i.e.,

C(a;n) = {x € M| fi(z) € By, for all |i| <n+1}.

The set H; of points of M sharing the forward itinerary (ao, ..., an+1) is a closed
set each of whose components is a “stable strip”, bounded by singularity curves of
71 on which f"*! is continuous. Unstable curves of M have length bounded by a
constant D depending only on the table (they are graphs of functions with bounded
slope over the compact set M), while unstable curves inside H; are expanded by
71 at a uniform exponential rate: there are constants K, B > 0, depending only on
the table (on the curvature function K and the free-flight bounds Tin, Tmax), such
that unstable vectors are expanded by at least K ~'eB" (see the growth estimates
for dispersing billiards in [15, Chapters 4-5]). Here an obstacle B that is not in the
sequence B, ..., By, may be eclipsed by the dispersing wave fronts generated by
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F1cURE 3. A smaller obstacle eclipsing a section of the interior of a
wave front.

the unstable curves of H;, and can then safely be ignored, see Figure 3. Hence every
unstable curve inside H; has length at most K De 8" je., the unstable width of
H? is at most K DeB". Symmetrically, the set H of points sharing the backward
itinerary (a_(n41), - - -, @o) is a strip of stable width at most K De 5", Since the stable
and unstable cone fields are uniformly transverse, the cylinder C'(a;n) C HS N HY
satisfies

diam C(a;n) < ¢(D) e B" (1)

for a constant ¢(D) > 0 depending only on the table. In particular, if «(z) = 1(y),
then z,y € C(a;n) for every n, hence z = y, and 2 is indeed a bijection onto its
image.

Now, let us denote by 7 := 2| pres the restriction of 2 to the regular set. We claim
that 77 1(B(a,27")) = C(a;n) N M is open. Indeed, since each f* is continuous
on M™&, there is a neighbourhood of any z in such preimage where every point
bounces in exactly the same obstacles as x for |i| < n + 1. Hence every point in
C(a;n) N M™8 is interior and the map 7 is continuous, proving (i).

As for (ii), note that if px(a, 3) = 27", then 11 (a),2 (B) € C(a;n — 1), and it
follows from the inequality in (1) (applied with n — 1 in place of n) that,

[ (@) =1 (B)]| < diam C(asn — 1) < e(D)e 51 < (D) py(a, B)FIED
hence 2! is B(log2)~!-Holder continuous.

Finally, we prove (iii). Property (i) amounts to saying that the discontinuity set
of 1 is contained in the singular set Syq, so all that remains to show is the converse
inclusion. Let zg € Spq; replacing g by an iterate, and ¢ by its composition with
a power of the shift, which does not affect continuity, we assume that f(xg) € Sp.
Let Pri(xo) € I'; and Pri(f(x0)) € I';. Then, due to the discontinuity of f at xo,
we can find points z arbitrarily close to o and such that Pri(f(z)) ¢ I';, as well
as points arbitrarily close and such that Pri(f(x)) € I';. Thus, there are sequences
Ty, — xo in M such that px(¢(zy),2(zn41)) = 1 for every n € N, and xg is therefore
a discontinuity point for 1. O

2.2. Periodic orbits. Although it is not needed for the main part of the argument,
we collect in this section general properties of periodic orbits and their lengths. By
Proposition 2.3, we have:
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Corollary 2.4. For any T > 0, the number of periodic orbits of period at most T is
finite.

Proof. Fix T > 0. Fix a periodic point (s, ¢) whose orbit under the billiard flow has
length at most 7". Let ¢ > 0 be its period under the billiard map, f(s,¢) = (s, @).
In particular, we have g < qg, with gg == [%} + 1. Let u(s,¢) = (pr)x € 2. Since
fi(s,¢) = (s, ), we have p, = po + (i, 5;0), for some (i, ) € Z2, and

Pl ~~
Pp = Pp modq"" \J]J (17]§O)a VP € Z.

Moreover, by the finite horizon assumption, and the Z2-periodicity of 25, there exists
a uniform upper bound K > 1 on the difference |ip41 — ip| + |jp+1 — Jp| < K between
the labels (ip, jp) and (ipi+1,7p+1) of the cells at steps p and p + 1, for each p € Z.
In particular, we have |i| 4 [j| < Kq. We conclude that periodic points of period at
most 1" are completely encoded by finite words (po, . .., pq), ¢ < go. Moreover, given
(po,---,p0), 1 <€ < q—1, the label (ipi1,jer1) satisfies |ipr1 — o] + [Jor1 — Jeo| < K,
so there are at most (2K? 4 2K + 1)k choices for the symbol py;. Therefore, the
number of (infinite) words (s, ¢) associated to periodic points with period at most
T is finite. By the injectivity of + shown in Proposition 2.3, we deduce that the set
of periodic orbits with period less than T for the billiard flow is finite. ]

Fix an integer r > 3. Given an integer m > 2, we denote by ®™ the space of
all Sinai billiard tables in T? with m scatterers and C” boundary, that have finite
horizon. Each table D is defined by its boundary map ~: Tp — T2, allowing us to
identify ®™ with an open subset of the space of embeddings C}, , (Tp, T?), endowed
with the C” topology (strict convexity of the components and finite horizon are open
conditions). In particular, it is a Baire space.

We want to show that for a generic choice of table in ®™, the set of periodic orbits
has simple length spectrum and contains no singular orbits.

Definition 2.5. For each integer n > 1, we define R,, as the subset of ©" consisting
of tables without any singular periodic orbit of period less than or equal to n.

Definition 2.6. For each integer n > 1, we define G,, as the subset of ©"" consisting
of tables such that no distinct periodic orbits of period less than or equal to n have
the same length.

Proposition 2.7. For each integer n > 1, the set R, N &, is open and dense in
™. Consequently, the set

& :=)(RnNG&y)

of tables with no grazing periodic orbit and simple length spectrum is residual in the
C"™ topology.

This result was already obtained by Petkov—Stoyanov, see e.g. [41]; for completeness,
we give a proof of Proposition 2.7 in Appendix A, where further properties of periodic
orbits are investigated.

3. GEODESIC APPROXIMATIONS

3.1. Kourganoff surfaces. Recall that ¥ is the billiard flow of the table D, and
let € denote its phase space. It is the suspension space of the billiard map f with
roof function 7. We consider F = T? x R with coordinates (z,y, z) and a canonical
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global frame (8, 9y, d.). We denote by p: E — T? the canonical projection on the
first two coordinates.

Consider a smooth closed immersed surface K in E such that p(K) = D. In what
follows, we abuse the notation slightly and write

K°:= K np Yint(D)),
B(K):=Knp (D).
Moreover, we assume K satisfies

(K0) K° has exactly two connected components, each mapped diffeomorphically
onto int(D) by p.

(K1) The vector 0, is not tangent to K at any point z € K°, i.e. 0, ¢ T, K.

(K2) For every point x € B(K), the curve defined by the intersection of K and the
affine plane {z} + (R, ® T;* K) has non-vanishing curvature around .

By (K1), the restriction p|go is a local diffeomorphism. By (KO0), K° consists
of two sheets, each a copy of int(D), so that every point of int(D) has exactly two
preimages. Near a point of B(K), condition (K2) says that p|x is a fold, along which
two local sheets meet; since interior points have only two preimages, there is exactly
one fold curve above each scatterer I'; C 0D: each connected component of B(K)
is projected diffeomorphically onto a single I';, and every point of 0D has a unique
preimage under p. In particular, p|x fails to be a local diffeomorphism precisely
along B(K). Since the kernel of dp is the vertical direction R9,, we obtain

ker(dpz|7, k) = T K NRO, = RO, x € B(K),

so the vertical direction is tangent to K exactly at the boundary.

We thus think of K as being obtained by gluing two copies of D along their
corresponding boundary components. We will refine this statement in Lemma 3.11
below. We refer the reader to Figure 1 for a picture of the construction.

For ¢ € (0,1], we let a. be the contraction given by (x,y,2) — (z,y,ez) and
denote by g. the metric induced on K. := a.(K) by the Euclidean metric. Pulling
back via a., we obtain a family of metrics {g.} on the surface K. We denote by g.
the geodesic flow of the surface (K, g.). Then p induces a smooth mapping

7 TVK® = Q
(@) (plo), 220 2
ldpz (V)]
(note that (K1) ensures we are not dividing by 0 in the definition). Finally, we
denote by Ap the subset of R x T1K° consisting of points (¢;x,v) such that the
orbit segment {¥*(7x(x,v));s € [0,¢]} has endpoints in int(D) and does not contain
grazing collisions. The set Ay is clearly open; moreover, it contains

{(t;z,v) € R x 1 (Q"8); ¥O(mk(x,v)), ¥ (mx(z,v)) ¢ OD},
which is dense in R x T1K°. We define mappings F.: Ag — Q, € € [0, 1] by
Fo: (tyw,v) = U (mg (2,0)),
F.: (t;2,0) = T (gh(x,v)), for e > 0.

Theorem 3.1 (Theorem 5 in [36]). The family of maps F. converges uniformly to
Fy, as e = 0, on every compact subset of Ag. Moreover, there is g > 0 such that g
is an Anosov flow for every 0 < e < gg.

In particular, up to rescaling, without loss of generality, we can assume that
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FIGURE 4. Left: A geodesic arc on some surface K. and its projection
on the billiard table D. Right: for ¢ > 0 small and (¢;z,v) € Ay,
the projection {F:(s;x,v)}scp0, closely shadows the billiard orbit
segment {Fo(s;,v)}sejo, (Credits for pictures: Mickaél Kourganoff,
Jos Leys).

(K3) The family {g:}.c(0,1] is a one-parameter family of Anosov flows in K.
We will denote by IC(D) the collection of all such surfaces:

K(D) :={K C E;p(K) =D and K satisfies (K0), (K1), (K2) and (K3)}.

3.1.1. Metric convergence of Kourganoff surfaces. Fix a Kourganoff surface K €
K(D). Given a patch p(u,v) = (x(u,v),y(u,v), z(u,v)) for K, we consider the
associated patch a. o ¢ = (z(u,v),y(u,v),ez(u,v)) for K.. Comparing the First
Fundamental Forms I = E du?+2F du dv+G dv? and I, = E, du®+2F, du dv+G, dv®
for K and K. in these coordinates, we obtain

E.=E+(* — 1)(0u2)%,
F.=F 4 (e = 1)8,20,z, (3)
G: =G+ (2 — 1)(0p2)*.

Hence, for any ¢,0 € (0, 1], the difference between the coefficients of the metrics g.

and gs, as well as the differences between their derivatives, are of order g2 — §2|.
Thus, the C" norm of their difference, as a tensor field on K, can be bounded by

9 — gsllcrxy < Cle® — 6% < C, (4)

where C' is a constant depending only on K (controlled by the C” norm of the height
function z on the compact surface K). Hence, given a curve 7, denoting by ()
its length with respect to the metric g., the order of length variation of v for two
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different metrics g and g; is
1) = 15| < [ |VE = V| < Cile = 8l (3). (5)
gl

A first consequence of the equation above is that a curve ' is rectifiable (i.e., has
finite length) with respect to g. if and only if it is rectifiable with respect to the
reference metric gy, thus the class of rectifiable curves is the same for all the metrics.
Given z,y € K, we will denote by [z, y]. the minimising geodesic for g. joining them.
Note that {[x,y]:} is a collection of curves in K with endpoints x,y, all of which are
rectifiable with respect to every metric in the family {g.}.

Moreover, by comparing the fundamental forms in (3), for v € TK, we have
ge(v,v) = |dp(v)|? + €%|dz(v)|?, which is non-decreasing in ¢. Hence, for every fixed
curve 7, the length ¢ — [.() is non-decreasing, and therefore so is ¢ — d.(z,y);
being bounded below by 0, it converges as € — 0. We may thus define

d0($7y) = gli}(l)df(:my) :gg%lS([xay]&) (6)

A priori dy is only a pseudo-distance on K; Theorem 3.6 below shows that it is a
distance, that d. — dp uniformly on K x K, and describes the resulting length space
KO = (K, do)

Away from the seam B(K), Equation (4) controls the geometry. No such control
holds near B(K), where det g — 0 and ||g=!|| — oo, and the sprays are not uniformly
Lipschitz as € — 0. Taking the non-degenerate limit spray fo as the fixed reference
field and by the continuous dependence of ODEs on the field (see e.g. [45, Chapter
3.12]), we obtain the following statement on the local uniform convergence of sprays.

Lemma 3.2. Let ) C K° be relatively compact and J C R compact, and suppose
there are a compact Q' € K° and e, > 0 with gt(X) € T*'Q’ for all X € T'Q, all
teJ,and all0 < e <e,. Here T'Q, T'Q' denote the go-unit tangent bundles, the
flows g being compared on T K through their sprays, and dg is a fized Riemannian
distance on TK|q . Writing gy for the geodesic flow of the non-degenerate metric
golqr, we have
sup sup dg(glX,ghX) 204,
XeTlQ ted

and the convergence is C' in X.

Proof. On Q' € K° we have det go > ¢(Q') > 0,50 g — go in C™(Q’) gives g ' — go !
in C"(Q"); hence the Christoffel symbols and sprays converge, f- — fo in C"~ YT Q’),
and the sectional curvatures of g. are uniformly bounded on Q' for ¢ < ¢,. Take
fo as the fixed reference field: it is Lipschitz on T'Q’ with a constant L = L(Q’)
independent of e. By Gronwall’s lemma applied to the orbit segments (which remain
in T'Q") with reference fy, perturbation f., d. = ||f- — follcorigry — 0, and equal
initial data, we have

e—0

sugdg(ng, gl X) <. |J| eI =2 0,

te

uniformly in X € T'Q. By differentiating the geodesic equation and repeating the
estimate for the Jacobi equation, whose coefficients also converge in C°(T'Q’), we
upgrade this to C! convergence in X. O

1 Please remark that through this section we frequently abuse the terminology and refer to both
the maps [a,b] — K and their images as curves.
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Lemma 3.3. There is a uniform lower bound Ry > 0 on the injectivity radius R. of
the metrics g..

Proof. As the geodesic flows g. are all Anosov, none of the surfaces K. have con-
jugated points (see e.g. [35]). Therefore, according to Klingenberg’s lemma (see [2,
Lemma 1.8]) the injectivity radius of K. is

inj(gs) = %ls(gs)

where o, is the closed geodesic of minimal g.-length in K. We claim that

Oirglgl le(oe) > s0 = min{sys(Tz), miin li, 2Tmin} > 0,
where sys(T?) is the length of the shortest closed flat geodesic of the torus, I; the
length of the scatterer I'; C D, and Ty, the minimal distance between two distinct
lifted obstacles in R? (lattice translates of the same obstacle included), i.e., the
minimal flight time of the table.

Since the projection p: E — T? is 1-Lipschitz for every g., we have I.(02) > lg(7:)
for the projected loop 7. := p(o.), which is a loop in the closed table D (it avoids the
open obstacles); therefore, it suffices to bound lg(ve) below by sg for the projection
of any loop ¢ which is non-contractible in K. Note that non-contractibility of ¢ in
K does not imply non-contractibility of v = p(o) in D: the kernel of p, contains for
instance all the classes of billiard trajectories bouncing back and forth between two
scatterers, whose projections are segments traversed twice. We argue according to
the crossings of o with the fold locus B(K), using that each transversal crossing
switches the sheet, so that the number of fold crossings is even.

Case 1: o stays in one closed sheet. In that case, p restricts to a homeomorphism
of the sheet onto D, so v is non-contractible in D. By minimising the Euclidean
length in the free homotopy class of v over the compact D, we obtain a closed
Euclidean geodesic of D: a concatenation of straight chords, with endpoints on the
walls, and of wall arcs. If this minimiser is essential in T?, its length is at least
sys(T?). If it is trivial in T?, we lift it to a closed loop in R?: a chord leaving a
strictly convex lifted obstacle never returns to the same lift, so

e cither the lifted loop touches a single obstacle lift and contains no chord; in
that case, the class is a non-trivial power of a single scatterer class I';, and any
representative winding m # 0 times around the convex obstacle O; has length
at least |ml|l; > I;;

e or it contains at least two chords, each joining two distinct obstacle lifts, hence
each of length > Ty, for a total > 27yy.

Case 2: o crosses the fold locus. The crossings decompose ¢ into an even number
> 2 of arcs alternating between the two sheets, with endpoints on the wall circles.
We write the class of ¢ as the corresponding alternating word in the amalgamated
product 71 (K) = 71 (D) *, (5(x)) 71 (D). If some projected arc is homotopic (relative
to its endpoints and within D) into the wall containing them, the word reduces;
indeed, we can push the arc into the wall and merge it with its neighbours. After
reduction, either the class lies in a vertex group (a one-sheet class, handled by Case 1,
with the same length bound; indeed, replacing an arc by the wall arc it is homotopic
to does not increase the Euclidean length) or there remain at least two irreducible
arcs. Let us lift an irreducible arc to R?, with endpoints on lifted walls. If the
endpoints lie on two distinct obstacle lifts, then the arc has length at least myn. If
they lie on the same lift f, irreducibility means that the arc is not homotopic into
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Y2
71

FIGURE 5. Some loops {O’i}?zl on the surface K, and their projections
{: = p(c:)}2_; on the billiard table D.

[ relative to its endpoints within the complement of the open obstacles; then the
Jordan region bounded by the arc and a boundary arc of I contains another obstacle
lift €2, and the arc passes through a point 2z on the far side of 2: moving from any
z € {) along the ray opposite to the nearest-point direction to T, the distance to the
convex set I' is convex and increasing, so  d(z, T) > d(,T) > Tmin, and the arc, whose
endpoints lie on F has length > 2d(z, F) > 27min- In all cases the total Euclidean
length is at least 27, when it remains at least two irreducible arcs (see Figure 5).
We conclude that I(0:) > (g(7:) > so, and Ry = %so is the desired uniform lower
bound. O

Lemma 3.4. Let x € K°, and let U be the connected component containing x
of p~Y(Bp(p(x),9)), where § > 0 is small enough such that Bp(p(z),d) C int(D)
contains no collision point of any billiard trajectory, and U C By, (z, Ry), so that U
lies in a normal neighbourhood of x for every metric g. (by Lemma 3.3, since d. < dy ).
For every y € U, the geodesics [x,y]. converge uniformly to a C' curve [z,y]o C U,
the lift of the Euclidean segment [p(x),p(y)]; in particular do(z,y) = |p(x) — p(y)|.

Proof. Let T € K°, x = p(Z) € int(D), and consider a neighbourhood U of Z, which
we choose sufficiently small so that U is a normal neighbourhood for all of the
metrics g. (recall Lemma 3.3), and is moreover mapped under p into an open ball
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B = Bp(x,6) with sufficiently small radius ¢, ensuring that the billiard trajectories
starting at x in any direction do not have any collision inside B.

Moreover, for a fixed y € U, distinct from z, we write [ = d.(Z,y) and let U, be
the velocity of the curve [Z,7]. at the starting point Z. Finally, we set y = p(y),
let T = |x —y|l,v = T~ (y — x), and consider the geodesics . in K. with initial
condition (Z,v), where g (Z,0) = (x,v).

By construction, the point (7';Z,v) lies in Ay, and Theorem 3.1 guarantees that
i (gl (Z,0)) converges uniformly to W'(x,v) in the interval [0,7] as € — 0. Thus,
for e sufficiently small we have ~.(T') arbitrarily close to 3. Since the exponential
map exp% is a diffeomorphism onto a neighbourhood of U, and since exp%(lsig) =y
while expS(7) = 7.(T), we can estimate

1t = Tl < [d((exp2) ™) | de (. 7e(D)):

Around T the norm of the derivative is close to 1. Moreover, as pointed out in [36],
as the surface K flattens out, the curvature away from B(K) tends to 0, while in
a neighbourhood of B(K) it becomes strictly negative. Therefore, for ¢ sufficiently
small, the sectional curvatures of K. on U are bounded in absolute value by some
1/R?, and we can estimate the derivative of exp% in terms of the norms of Jacobi
fields (using [37, Theorem 11.2], for instance), which are bounded by Rsinh(r/R)
at radius 7, hence bounded on U uniformly in e. We may then find a constant L,
independent of ¢, such that

e—0

Hleﬁs - Tﬁ”a < Ldg(ﬂ, 'YE(T)) — 0.

On the other hand, I = d.(Z,y) > |r—y| = T because p is 1-Lipschitz, and I. < [.(0),
where o C U is the lift of the segment [z, y|, whose g.-length decreases to T as € — 0;
hence I, — T, and therefore v, — v. Since U € K° is collision-free and the geodesics
[Z,9]e stay in U (being minimising in a normal ball), we may apply Lemma 3.2 with
Q =U and Q' = U: the g.-geodesics with initial data (Z,?.) converge, uniformly on
[0, 7] and in C, to the go-geodesic with initial data (7,), which is the lift o of the
segment [z,y]. Hence [Z,y]e — [Z,9]o =0, and do(Z,y) =lim. . =T = |z —y|. O

Essentially the same argument shows that we may fix the tangent vectors v, and
let the endpoint y vary instead, which gives the following corollary.

Corollary 3.5. Given (z,v) € T*K°, let 7., denote the unique geodesic of (K, ge)
with initial condition (xz,v). If U is any connected neighbourhood of x not intersecting
B(K), then there is a unique differentiable curve o, starting at x, and whose
tangent space at x is spanned by v.

Theorem 3.6. The function dy defined in (6) is a distance on K : do(z,y) > 0 for
all distinct z,y € K. Moreover, Ky := (K,dy) is a complete geodesic length space,
whose topology is that of K, and d. — dy uniformly on K x K. Every gi-rectifiable
curve s do-rectifiable, and the length function is

lo: Rec(K, g1) — [0, 00)
v = limle(y) = le(p o),

where lg denotes the Fuclidean length. Fvery locally uniform limit of geodesics of
K. , e, — 0, is a geodesic’ of Ko; conversely, every billiard trajectory with only

2 We mean geodesic in the sense of length spaces, i.e., a locally minimising path with respect
to do. In general, the tensors g. degenerate as ¢ — 0 and the metric do is not associated to any
Riemannian structure.
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transversal collisions is the projection of such a limit. They are C* on v~ (K \ B(K)),
with well-defined one-sided directions in TD at each collision; the convergence is C*
away from B(K), but at a transversal crossing the limit may not be differentiable.

Proof. Symmetry, the triangle inequality and do(z, x) = 0 follow from the definition
(6). Moreover, since p is 1-Lipschitz from (K, g-) to the Euclidean torus for every ¢, we
have dy(z,y) > |p(z) — p(y)|; hence do(x,y) > 0 whenever p(z) # p(y). If p(x) = p(y)
and = # y, then p(x) € int(D) (boundary points have a unique preimage) and z, y lie
on distinct sheets, so every rectifiable path v from z to y crosses the seam B(K): its
projection travels from p(z) to 9D and back, so that I.(y) > [g(poy) > 2d,(p(x), D)
for every ¢, and do(x,y) > 2d,(p(x),0D) > 0. Thus dp is a metric.

Since dyg < di, we have |do(z,y) — do(2',y")| < di(z,2') + di(y,y'), so do is
continuous on K x K for the manifold topology. Hence d. — dp uniformly (by Dini’s
theorem), and the identity (K,d;) — (K,dp) is a homeomorphism. In particular
K is compact, hence complete, and it is the Gromov-Hausdorff limit of the length
spaces K.; therefore it is a length space [13, Theorem 7.5.1], and, being compact, a
geodesic space.

Let « be g;-rectifiable. By monotone convergence,

lim 1.(7) = lim [ /ldp(i) 2 + e2d=(9) P = [ 1dp(3)] = ls(p o).

The length Ly(v) induced by the metric dy satisfies Lo(y) < limg (), because
dp < l. on every sub-arc, and Ly(y) > lg(p o), because dy > |p(-) — p(-)|. Hence
lo = Ly = lg op = lim. [, on gj-rectifiable curves (by the gluing description of
Theorem 3.12 below, we will justify why every dp-rectifiable curve has rectifiable
projection, with the same formula).

Let us now study limits of geodesics. Let <, be unit-speed geodesics of K.,
en, — 0, converging locally uniformly to a curve 7 (the 7, are 1-Lipschitz for
dp < d.,, so such limits exist along subsequences by Arzela—Ascoli). Fix ag < by
with bp — ap < Rp, the uniform injectivity radius of Lemma 3.3; then 7y (g, p,] 18
minimising, de, (n(a0), ¥ (bo)) = bo — ao, and by uniform convergence of d., to dy
and continuity of dy we get do(y(ao),v(bo)) = bp — ap. On the other hand,

Lo(Vlfag,bo) = sup Y _ do(v(t:), ¥(tir1)) = sup Y _limde, (y(t:), yn(ti+1)) < bo — ao,

where the suprema is over partitions of [ag, bg]. Hence ~ is locally minimising and
parametrised by dg-arc length, i.e., it is a unit-speed geodesic of Ky. Conversely, if
(t;z,v) € A for every t, i.e., if the billiard trajectory of mx (x,v) has only transversal
collisions, Theorem 3.1 shows that the g.-geodesics with initial data (z,v) converge
locally uniformly to the lift of that trajectory starting at x (the lift being determined
by the alternation of sheets at transversal crossings), which is a geodesic of Ky by
what precedes.

The regularity statements away from B(K) follow from Lemma 3.4. We will
investigate later (see the normal form of Lemma 3.13 below) the behavior of the
height coordinate z oy at a transversal crossing and see it has a square-root cusp, so
the limit may not be differentiable there. O

Remark 3.7. The results above, in particular Theorem 3.6, do not guarantee unique-
ness of the geodesic when the initial condition lies in T'B(K). In this case, if v is
transverse to B(K) (i.e., if mx(x,v) corresponds to a regular collision on ), then
Kourganoff’s approximation theorem guarantees 7., is unique. Otherwise, if v is
tangent to B(K), then there are three geodesics in K starting at x with velocity
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FI1GURE 6. The longer curve following the obstacles is a d,-geodesic,
while the billiard trajectory segment is merely piecewise geodesic.

v: the component of B(K) containing x, and the straight continuation of the line
t — p(x) + tv in either of the two sheets (see e.g. Lemma 3.48(iv)).

3.1.2. Ky as a metric gluing. There is yet another way to construct Ky. According
to the proof of Lemma 3.4, given a connected component S of K°, every z € S has a
neighbourhood U such that, for every y € U, the curve [z, y]y satisfies

lo([z,y]o) = lim I ([z, y]c) = [p(x) — p(y)].
We can then restate the main ingredient of the proof as

Lemma 3.8. Let S be a connected component of K° and | - | the Euclidean distance
in D. Then p|g: (S,dy) — (D,|-|) is a local isometry.

The argument is highly dependent on the approximation by geodesic flows, which
fails if the points whose distance we are measuring are eclipsed by a scatterer, or
after the billiard trajectory experiences a grazing collision. To deal with that, we
consider a different metric on D, making it into a length space.

Definition 3.9 (Length metric of D). The table D has a length structure £ consisting
of all Euclidean rectifiable paths v: I — R? whose image is completely contained in
D together with the usual Euclidean length (g induced by |- |. We call the length
metric of D, denoted by d, the metric induced by L, i.e.,

de(z,y) = inf{lg(v);y € £,7(0) = z,7(1) = y}.

The geodesics of dy are straight lines in D, segments of boundary, and paths
consisting of concatenations of these two types: such curves are straight lines that
meet a scatterer at a tangential angle, follow along the boundary for a while, and
leave into a straight trajectory again, with another grazing angle (see Figure 6).

Remark 3.10. Similarly to Ky, the space (D, d,) is not uniquely geodesic. If = €
I'; € 9D is a boundary point, and v is the tangent vector to I'; at x, then there are
two geodesics starting at x in the direction of v: the straight line x 4 tv into the
interior of the table, and the curve T'; itself. Similarly, the points of B(K) are exactly
those at which dy fails to be uniquely geodesic.

Lemma 3.11. For any connected component S C K°, plg: (S,do) — (D, dy) is an
isometry.
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Proof. The projection p is Lipschitz with respect to the metric g1 on K and the
Euclidean norm | - | on T2, hence the image p(y) of every rectifiable curve in K is
rectifiable with respect to the Euclidean metric, and therefore p(Rec(K)) C L.
According to Lemma 3.8 the map p is a local isometry on .S, hence it preserves the
length of every rectifiable curve v mapped into int(D), that is, lo(v) = (g(p(v)). More
generally, lo(v) = lg(p o y) for every gi-rectifiable curve v in K, by Theorem 3.6.
Let 2,y € S. Every rectifiable path in K from z to y projects to a path in D
from p(x) to p(y) of the same length, so do(z,y) > dc(p(x),p(y)): the map p|g
is non-expanding. Conversely, by (K0) the map p|g is a homeomorphism onto D
(in fact, it is a diffeomorphism on S, extending continuously and bijectively to the
closure, the fold being one-to-one over D). A d-geodesic from p(x) to p(y), which
exists by compactness of D, lifts to a path in S from z to y of lp-length dz(p(z), p(y)),
so that do(z,y) < dz(p(x),p(y)). Hence p|g is an isometry. O

Theorem 3.12. The space Kq is isometric to the metric quotient of the disjoint
union [[2_,(D,d) of two copies of the table, obtained by identifying corresponding
boundary points.

Proof. Let d be the metric on the disjoint union X = Hle(D, dr). Tt is defined as

~ dr(x,y), if z,y belong to the same copy of D;
d(z,y) =

00, otherwise.

In general, for an equivalence relation R on the disjoint union, the semi-metric dp
“identifying” the R-related points (by assigning distance zero to them) is given by

q
dr(z,y) = inf { Zd(azi,yi); zo=2,Yq =y and y;Rx;pq fori=1,...,¢— 1}.
i=0

In our situation such a semi-metric has the equivalent, simpler description

d~(z,y) = inf{dc(z,m1) + d(me,y); m1 ~ ma},

since it is possible to change from one copy of the table to the other by “passing”

through the boundary of D only once, and a path switching copies more than once
can be shortened to one switching once, the identification being the identity on 0D.
We also note that d.(z,y) = 0 if and only if  ~ y, so the only pairs of distinct
points (x,x’) whose distance is zero are those where  and 2’ correspond to the same
boundary point. In particular, since X is compact the quotients K ~ X/~ and
X /d.. are homeomorphic?.

We need to show that id: (K,d.) — (K,dp) is an isometry. Due to Lemma 3.11,
we already know that the metrics coincide for any two points in the same copy of
D, so it is enough to consider z, ¥y lying in distinct connected components of X. Let
x,y be the corresponding projected points onto D, and let [z,y], be the geodesic of
(D, dr) joining them. There are two cases to analyse.

Case 1: [z,y|z meets the boundary OD. In this situation we have d(Z,y) =
lp([z,y]c) = de(z,y). Indeed, given any point m in the boundary 9D, we have

de(Z,m) +de(m,y) =de(z,m) +de(m,y) > de(x,y),

3 For a semi-metric d on X , we denote by X / d the set of equivalence classes of the relation

d(xz,y) = 0. For a general relation R on X, it is not always true that the quotients X/R and X/dR
are the same. Even when they coincide as sets, in general one can only guarantee that the topology
on X/dR is coarser, i.e., id: X/R — X/dR is continuous [13].
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with equality holding exactly when m is a point in the segment [z,y],. Thus the
infimum d.(Z,y) = dg(x,y) is achieved by the assumption that [z,y], N ID # 0.

On the other hand, given any m € [z, y] N 0D, we may lift the geodesic segments
[x,m], and [m,y], isometrically to geodesics [Z, m]p and [m, y]o of Ky. Hence the
path of minimal length [Z,7y]o has length at most lo([Z, m]o) + lo([m,y]o). But
the projection map is non-expanding, that is, dg(z,y) < do(Z,7), thus do(z,y) =
de(z,y) = d(Z,7), as we wanted.

Case 2: [x,y]l, N OD = . If the intersection is empty, then the geodesic [z, vy,
is a straight line contained entirely in int(D). Then no dg-geodesic from = to y
meets 0D, and we argue directly. For any m € 0D, lifting [z, m], to the sheet of T
and [m,y|, to the sheet of y (Lemma 3.11) gives a path in K from Z to y through
the seam point over m, of lp-length d(x, m) + dg(m,y); taking the infimum over
m gives do(Z,y) < d-(Z,y). Conversely, every rectifiable path v in K from Z to
y crosses the seam at some point over some m € 0D, so that, by Theorem 3.6,
lo(v) =lg(poy) > de(w,m) +dc(m,y) > d(Z,7); hence do(Z,y) > d(Z,7), which
concludes (the same two inequalities also prove Case 1. In Case 2 the minimising
paths are the billiard paths [z, m]z * [m, y]z through a point m where the entry and
exit angles agree, or paths through a tangency point). O

3.1.3. Comparison of the lengths for dy and d., € € [0,1]. The goal of this part is
to show certain estimates on the lengths for {d.}.¢[o,;) which will be useful in the
following (see e.g. Lemma 3.22). We start by deriving a boundary-layer normal form.

Lemma 3.13. There exist 0 < 61 < Tmin/2 and C1 > 0 such that, for every
scatterer T;, there are functions z; € C™(T;) and R; € C"2(T; x (0,81]) with the
following property. Given a connected component S of K° and its height function

b5 =z 0 (p|ls)~L, if x lies in the collar {d;(x) = d(x,O;) < 61}, then
¢s(x) = zi(u(x)) + ssi Ri(u(z), di(x)),  ssi € {-1,+1},

where u(x) € I'; is the point of I'; nearest to x, and R; satisfies, uniformly in u and
0<d<éy,

Ri(u,0) =0, 0 < 8gRi(u,d) < \%, |0uRi(u, d)| < C1Vd, Ry(u,d) < CiVd.

Moreover, away from these collars the functions ¢g have uniformly bounded gradient.

Proof. Fix a boundary point zg € B(K), projecting to uy € I';. Let o be the normal
section obtained by intersecting K with the affine plane z¢ + (RJ, ® T;BK ), and
set ( == z — z;, where z; = z o (p|B(K))_1 € C"(T';), where the inverse branch is
chosen according to the sheet S. We write o = o(n((), (), where n is the inward
normal coordinate to I';. By the computation of the kernel of dp along B(K) (see the
discussion after (K2)) n/(0) = 0 and (K2) gives n”(0) # 0; by Taylor, we then have

n="G2E+0E),  alu) >0,
and, by compactness of B(K), a(ug) > ag > 0 uniformly. Solving for (, we get

(== a(%z)) (1 + O(\/ﬁ)),

and the expansion is uniform along B(K). Shrinking the tubular neighbourhood so
that the collars are disjoint and of width < 7y,i,/2, and using that the nearest-point
projection w onto a strictly convex obstacle is well-defined and 1-Lipschitz with
n = d;, we obtain

¢s(x) = zi(u) + sg,; (Vi (w)Vd; + d; Ei(u,d;)), (I \/g,




22 DOUGLAS FINAMORE AND MARTIN LEGUIL

with E; bounded. Setting R;(u,d) = v;(u)v/d + d E;(u,d), all the stated estimates
follow (for the derivative bound, note that E; is a smooth function of (u,+/d), so
d4(d E;) is bounded while 0y(v;v/d) = v;/(2v/d)), after possibly shrinking ¢; and
enlarging C;. Away from the collars, K° is a C" graph over D by (K1), so Vog is
uniformly bounded. 0

Let us now study the variation of ¢g along a chord:

Lemma 3.14. There is Cy = Co(K) > 0 such that for every straight segment J C D
of Euclidean length < Tymax and every sheet S, we have Var(¢g|s) < Cs.

Proof. Away from the collars, Lemma 3.13 gives a uniform bound Var(¢s|jn{4;>s5,1) <
M|J| < MTyayx; it remains to bound the contribution of a single collar visit. Lift
to R2 and let O be a Z2-translate of O; whose d1-collar meets J; since |J| < Tpax,
the number of such translates is bounded by N = N(K). On the collar write
d(s) = dist(J(s),O); as O is convex and J is straight, d is convex, hence has at most
two monotone pieces, so Var(vd|;) < 2v/61. Writing ¢g = 2;(u) + ss;Ri(u,d;) on
the collar, for two points (u1,dy), (ug,ds) we split

[9s(w2) — ds(z1)] < [Ri(u2,d2) — Ri(uz, di))|
+ ’Zi(UQ) — zi(ul) + 8571'(Ri(’u,2,d1) — Ri(ul,dl))‘.

Since 0 < dgR; < C1/V/d, the first term is bounded by C |v/da — v/d| uniformly in
ug; summing over a partition of J and using that v/d has at most two monotone
pieces, the total contribution is at most Cy Var(v/d|;) < 2C1/3;. For the second,
|0uR;| < C1v/61 and z; € C!, and w is 1-Lipschitz, so this term is bounded by
(Lip(2;) + C1v/01)Tmax- We conclude by summing over the at most N visits and the
two regimes (collar/exterior). O

In the next lemma, we study the vertical variation of dg-geodesics.

Lemma 3.15. There is C3 = C3(K) > 0 such that every unit-speed dy-geodesic
v:[0,L] = K satisfies Var(z o) < C3(L +1).

Proof. By Theorem 3.12, v decomposes into free arcs (maximal subarcs in a single
sheet, projecting to straight chords of D) and sliding arcs (maximal subarcs in
B(K)), separated by isolated transversal crossings. Fach free arc projects to a
straight segment of D; since a tangential contact does not change sheet, it is a chord
of Euclidean length at most Tax or the union of two such chords through a tangency
point. In both cases Lemma 3.14 bounds its vertical variation by 2Cs. Along a
sliding arc, z is C" on the boundary curve, so z o v has derivative bounded by some
C4, contributing at most Cy4 x (its dp-length). By finite horizon every complete free
flight has length at least 7iin, so among the free arcs meeting ([0, L]) all but the
first and last have dp-length at least 7yin; their number is less than L /7y, + 2. The
total dy-length of sliding arcs is at most L. Hence

Var(z 09) < 205 (2= +2) + C1L < C5(L +1). O

We can finally compare the lengths for dy and de, ¢ € (0, 1]:

Theorem 3.16. There is C = C(K) > 0 such that, for every gi-rectifiable y: [a,b] —
K parametrised by arc length and every e € (0, 1],

lo(y) <l(7v) <lop(y) +CVar(zoy)e.
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Therefore, for all e € (0,1] and all z,y € K,
dO(‘T’y) < d&(x’y) < (1 + 08) do(SC, y) + CE,

and d. | dg pointwise and monotonically. Moreover, if v is a unit-speed d.-geodesic
on f(;, then:
|t —s| —Ce
(a) 1+ Ce NS
geodesic of (K,dy);
(b) |t —s| <di(v(t),v(s)) < (1+ )|t — s| + C; in particular v is a (14 C,C)-
quasi-geodesic of (K, dy).

do(y(t),v(s)) < |t — s|; in particular v is a (1 + Ce, Ce)-quasi-

Proof. The lower bound follows from g. > go. Writing vy (t) = |dp(y/(¢))|, vy (t) =
|dz(+/(t))], we have I(v) = ff v% + 2vd dt. Noting that \/v¥ + 20 < vy +evy,
and since z o 7y is absolutely continuous, we have

b
() <1o(2) + [ vy dt = lo(7) + & Vax(z 0 7).

a

Taking v = [z, y]o, and by Lemma 3.15, we obtain the distance bounds. On K the
height 27z = z o Il (with II: K — K the covering) is m(K)-invariant and hence

bounded, so the same estimates hold on each (%5, d.). Since %E has no conjugate
points for every € € (0,1] (by (K3) and Klingenberg’s theorem, as in the proof of
Lemma 3.3), geodesics are globally minimising, and evaluating the distance bounds
on (v(t),7(s)) gives (a) (from d.(y(t),v(s)) = |t — s|) and (b) (from dy > d. and
di <(1+C)dp+C < (1+C)de +O). O

3.2. Coarse geometry of Ky = (K, dy). Recall that, by (K0) and Theorem 3.12,
Ky = (K,dp) consists of two copies of (D, d,) glued along the boundary.

Let %0 be the universal covering of K. For simplicity, when € > 0, we denote the
lift of the metric d. to %0 by d. as well, and the same for the lift of the Riemannian
tensor g.. We denote by K. the space (f(/ ,d:). The canonical projection K. - K. is
then a smooth covering and a local isometry.

Let us recall the following notion:

Definition 3.17. A metric space is called non-positively curved, or locally CAT(0),
if every point has a neighbourhood on which every geodesic triangle satisfies the
CAT(0) inequality.

Proposition 3.18. The metric space Ky = (K,dy) is non-positively curved. The
universal covering Ky is a contractible Hadamard space, that is, a contractible and
complete (globally) CAT(0) geodesic space.

Proof. Any point of Ky \ B(K) has a neighbourhood isometric to an open subset
of R?, where the CAT(0) inequality holds with equality. Let then p € B(K). A
neighbourhood of p in Ky is isometric to the double, across its boundary curve, of a
plane region
U={(z,y) € Br(0) : y < —g(a)},

where g is convex and C? (the local graph of the scatterer); indeed the two sheets
are two copies of the table, glued along the wall.

Let us first pretend that g is piecewise affine and convex. The double of U is then
a flat surface with isolated conical singularities, one for each vertex of the graph of
g; at a vertex with exterior turning angle 7 > 0 (by convexity), the interior angle
of U is m 4+ 7, so the cone angle of the double is 27 + 27 > 27. A Euclidean cone
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FIGURE 7. The local model at the seam: the double of the region
below a convex graph. In the piecewise affine approximation, each
vertex contributes a cone point of angle 2w 4+ 27 > 2.

of angle > 27 is CAT(0), and a locally finite flat surface with cone angles > 27 is
locally CAT(0) (see [11, Chapter I1.5]); the smooth points of the seam are flat in the
double, the two adjacent angles being m and 7 (see Figure 7).

For a smooth convex function g describing a piece of boundary, we approximate g
uniformly by convex piecewise affine functions g, (e.g. the maxima of finitely many
tangent lines). The doubles of the corresponding regions U,, converge to the double
of U: parametrising both boundaries by arc length and extending sheetwise, one
obtains homeomorphisms which distort lengths of curves, hence distances, by a factor
1+0(1). The CAT(0) comparison inequality is a closed condition under such uniform
convergence of metrics [11, I1.3.10], so the double of U is CAT(0) for small r, and K
is non-positively curved. Alternatively, it follows from Reshetnyak’s gluing theorem
for two-dimensional manifolds of bounded curvature: two flat pieces are glued along
a curve whose geodesic curvatures relative to the two sides sum to —2K < 0; see [42].

The Cartan-Hadamard theorem for complete locally CAT(0) spaces (see e.g. [11,
Theorem 11.4.1]) then gives the assertion about the universal covering.

Finally, we note that each closed sheet of K is locally convex: through a smooth
seam point the seam is a local geodesic of Ky (both adjacent angles equal 7), and a
do-geodesic between two nearby points of one closed sheet cannot enter the other
sheet, since it would have to cross the seam twice, contradicting local uniqueness of
geodesics between its crossing points. Consequently (D, d), which is isometric to a
closed sheet, is itself locally CAT(0), being a locally convex subspace of the locally
CAT(0) space K. O

Let us now recall some standard definitions on Gromov hyperbolicity.

Definition 3.19 (Gromov hyperbolicity). Let (X, d) be a geodesic metric space and
6 > 0. A geodesic triangle in X is d-thin if each of its sides is contained in the closed
d-neighbourhood of the union of the other two. The space X is d-hyperbolic if all its
geodesic triangles are d-thin; it is called Gromov-hyperbolic if it is d-hyperbolic for
some 9.

Recall that hyperbolicity is invariant under quasi-isometries between geodesic
spaces: if X is d-hyperbolic and f: X’ — X is a (), ¢)-quasi-isometry from a geodesic
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space, then X' is ¢’-hyperbolic with ¢ depending only on (), ¢,d) [11, Theorem
III.H.1.9]. In the following, we use two sources of hyperbolicity:
e a proper cocompact CAT(0) space containing no isometrically embedded flat
plane is Gromov-hyperbolic (Flat Plane Theorem, [11, Theorem III.H.1.5]);
e the universal cover of a closed Riemannian manifold with Anosov geodesic flow
is Gromov-hyperbolic [27, Appendix B].

Definition 3.20 (Gromov boundary). Let (X, d) be a proper geodesic §-hyperbolic
space. Two geodesic rays r,7’: [0,00) — X are asymptotic if sup;~q d(r(t),r'(t)) < oc.
The boundary at infinity (or Gromov boundary) 0. X is the set of asymptotic classes
of geodesic rays; the class of r is denoted r(c0), and for a bi-infinite geodesic =
we write v(400) for the classes of its two half-rays. Finally we denote by 0% X =
(000X X 05 X) \ A the space of pairs of distinct boundary points.

Let (X, d) be a proper geodesic d-hyperbolic space. For every x € X and £ € 05X
there is a geodesic ray issued from x in the class ¢ [11, Lemma III.H.3.1]; when X is
CAT(0) this ray is unique. The union X := X U0 X carries a natural topology in
which a sequence x,, € X converges to { € 05X if and only if, for one (equivalently,
every) base point x, the geodesic segments [z, z,] converge uniformly on compact
sets to a ray issued from z in the class &; for CAT(0) spaces this is the cone topology
of [11, I1.8]. With this topology X is compact, X is open and dense, and 0, X is
closed [11, Proposition III.LH.3.7]; moreover every quasi-isometry between proper
geodesic hyperbolic spaces extends to a homeomorphism of their boundaries [11,
Theorem IIT1.H.3.9].

Finally, we recall the notion of Gromov product and some of its basic properties.

Definition 3.21 (Gromov products). Let (X,d) be a metric space. The Gromov
product of y,z € X at x € X is

(Y | 2)e = gld(z,y) + d(z,2) — d(y, 2)] > 0.
Below, we will use the following standard facts:
(i) (v ] 2)z < min{d(z,y),d(x, 2)}, with (y | z), = 0 if and only if, in a geodesic
space, x lies on a geodesic from y to z.
(ii) Isometry invariance: (1y | ¢¥z)yy = (y | 2)s for every isometry 1.
(iii) In any geodesic space (y | z), < d(z, [y, 2]) for every geodesic segment [y, z],

and in a d-hyperbolic geodesic space the product computes this distance up to
an additive constant:

(y | z)r < d(l', [y, Z]) < (y ’ Z)ac + 49.

(iv) Let X be proper, geodesic and d-hyperbolic, with boundary 0., X as in Defin-
ition 3.20. The product controls convergence at infinity: a sequence (z,)
converges to a point of X if and only if (z,, | ), — 00 as n,m — oo, and
two such sequences have the same limit iff (x,, | yn)> — oo [17, Ch. 7]. Thus,

for £ #n € 0.X and sequences y, — &, z, — 1 in X, the products (y, | zn)x
remain bounded, and any two limit values differ by at most 24.

In the following lemma, we show that the spaces K., ¢ € [0, 1], are uniformly
Gromov hyperbolic.

Lemma 3.22. There exists § = 6(K) > 0 such that the spaces K., ce [0,1], are
6-hyperbolic.
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Proof. Since g. < g pointwise for & < ¢/, the distances are monotone: dy < d. < dy
on K for every € € [0,1]. By Theorem 3.16 at e = 1, d; < (14 C)dp + C, hence

d.<dy <(1+0)d.+C, Veel0,1],

so that the identity map (K,d.) — (K,dy) is a (1 + C, C)-quasi-isometry, with
constants independent of . All the spaces involved are geodesic: the (% yde),
e € (0,1], are complete Riemannian manifolds, while for (? ,dp) it follows from
Theorem 3.6. Finally (ff ,dq) is Gromov-hyperbolic, the geodesic flow of g; being
Anosov by (K3) (Definition 3.19). Since hyperbolicity is stable under quasi-isometries
between geodesic spaces, with a constant depending only on the quasi-isometry

constants and on §(g;) (Definition 3.19), the spaces K. are J-hyperbolic, for some
0=0(K)>0. O

The space of (parametrised) geodesics of K., ¢ € [0,1], is the subset G. € C(R, K)
consisting of unit speed pzllrametrisations4 of geodesics v: R — K.. We define the
equivalence relation ~ on G, by declaring v, ~ 2 if and only if there is T' € R such
that v1(-) = y2(- +T), and let G, be the space of unparametrised geodesics

G = G./ ~= {1 de(v(t),1(5)) = |t — 5], t,s € R},

equipped with the compact-open topology inherited from C(R, K). In the Riemannian
cases (i.e., for ¢ > 0), there is an identification between G. and T K. given by

7 = (7(0),%(0)),
and in this case the space G. is simply the space of orbits of the geodesic flow
acting on T'K.. While there is no unit tangent bundle of Ko and therefore no such
identification, we can still define an abstract geodesic flow on Eg as the R-action on
Go by precomposition with translations:

g0: Go x R = Gy
(v,t) =yt + ).

By Lemma 3.22, every (%, d.), € € [0,1], is a proper geodesic Gromov-hyperbolic
space. Therefore, it has a boundary at infinity 8oof(/g as in Definition 3.20, which
for the CAT(0) spaces is the boundary of asymptotic geodesic rays with the cone
topology, and Ea U 800?5 is compact. Since ffg is proper, it is a visibility space [11,
Lemma III.H.3.2]: any two distinct points a,w € 0o K. are joined by a geodesic,
which is unique for € > 0 since a Hadamard manifold with Anosov geodesic flow
contains no flat strips (Flat Strip Theorem, [11, I1.2.13]); the same argument is
carried out for € = 0 in Lemma 3.31 below. Therefore, for any € € [0, 1], we have

G~ 2 K. = (000 K: X 0s0K2) \ A.

3.2.1. The space Gy and the abstract geodesic flow. Based on the relation between
geodesics of ﬁo, Ky and (D, d.), we classify geodesics in terms of their projections
on the table D. Let us recall that in the gluing construction, the seam is the subset
B(K) C Ky corresponding to the boundary points where the identification happens.
In other words, B(K) consists of closed curves on K whose image under the projection
p: E — T? are the scatterers on D.

First, we associate to a geodesic a set of collision points; these are the points at
which the corresponding trajectory segment on D bounces off a scatterer.

4 1n a general metric space like Ko, a parametrisation 7 is unit-speed if d(y(t),~v(s)) = |t — s| for
every t,s € R.
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Definition 3.23. For a geodesic v in Ky, the set of collision points of v is defined as
B(y) = 0(v(R) N B(K)).

The intersection of a segment of v with B(K') could be a single point (corresponding
under p to a bounce of the associated trajectory on D) or an entire segment of a
scatterer on the table, in which case the geodesic does not correspond to any billiard
trajectory. This motivates the following terminology.

Definition 3.24 (Geodesic trichotomy). We will say a collision point = € K
is degenerate if the connected component of v(R) N B(K) to which it belongs has
positive length, i.e., is not an isolated point.

A non-degenerate point is said to be reqular or grazing if the corresponding collision
of p() is regular or grazing, respectively.

Similarly, given a geodesic 4 on ?0, let « be its projection on K. Then the set
B(7) of collision points of 7 is defined as the pre-image of B(7y) under the canonical
projection. A collision point of 4 will be called regular, grazing or degenerate when
its projection on Ky has the corresponding property.

A geodesic is degenerate if it contains a degenerate collision point. A non-degenerate
geodesic is grazing if it contains a grazing point. Otherwise it is regular. Let

Gt = {[7] € Go; 7 is regular},

and write G&* and G9°& for the sets of grazing and of degenerate geodesics, respect-
ively. We denote by G(D) the closure of G in Gy with respect to the compact-open
topology. We call G(D) the space of admissible geodesics.

The non-degenerate geodesics are those which project to genuine billiard trajectories
on D, while the degenerate geodesics project to curves which are tangent to a scatterer
I'; for some positive time interval [t, ¢+ |. In particular, degenerate geodesics cannot
be the limit of regular ones, so that admissible geodesics are non-degenerate, as we
make explicit in the following statement.

Lemma 3.25. The set G of degenerate geodesics is open in Go; in particular,
every admissible geodesic is non-degenerate. Hence

greg - Q(D) - gnd — greg L ggraz’
i.e., admissible geodesics are reqular or grazing.

Proof. We start with a quantitative estimate on chords that hug a scatterer. Since
the scatterers are compact and strictly convex, their boundary curves have curvature
bounded below by some i, > 0. We claim there is a constant ¢y > 0, depending
only on D, such that any straight segment of length ¢ lying entirely within distance
n of a curve of curvature at least Ky satisfies £ < ¢o,/7. Indeed, let J be such
a segment and u a point of the curve nearest to the midpoint of J. If J is not
nearly tangent to the curve at u, it leaves the n-neighbourhood within length O(n)
and the estimate is trivial. Assume therefore J is nearly tangent at u. In the
tangent frame at u the curve is the graph of a function h with h(0) = A’/(0) = 0 and
h(s) > Kmins2(1 4 O(s)), while J is the graph of an affine function a. Evaluating
h — a at the two endpoints and the midpoint of J, the affine part cancels in the
second difference; since each of the three values is at most Cr, we obtain

Kwin ¢2(1 4+ 0(0)) < 40,
which gives ¢ < ¢o,/n for n small, hence for all n after enlarging c.
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We use this estimate to keep non-degenerate geodesics away from sliding arcs. Fix
s > 0 and let 79 = no(s) be small enough that co\/my < Min(7min, s/4). We claim
that no non-degenerate geodesic can remain within distance 1 < g of a sliding arc
of length s throughout a parameter window of length s. Indeed, on such a window a
non-degenerate geodesic is a concatenation of straight chords, of which at most two
meet the endpoints of the window while the remaining ones are complete free flights
of length at least Ty (due to our finite horizon assumption). If the window contains
at least two collisions, one such complete chord is present; if it contains exactly one
collision, the two truncated chords have total length s, so one of them has length
at least s/2; and if it contains none, a single chord spans the whole window and
has length at least s. In every case the window carries a chord of length at least
Min(7imin, $/2). Since dp dominates the Euclidean distance on each sheet, that chord
projects to a straight table segment lying within 7 of the boundary arc I'; carrying
the sliding arc. But then it would have length at most cg/7 < min(iin,s/4), which
is impossible.

Now let {v,}» be a sequence of non-degenerate geodesics, and suppose 7y, — 7 in
the compact-open topology, with v degenerate, i.e., v slides along a seam arc over a
window of positive length. Shrinking it we may take a sliding arc of length s over
a window of length s. For n large, v, is within 7 < n9(s) of v uniformly on that
window, hence within 7 of the sliding arc throughout it, contradicting the previous
paragraph. Therefore the non-degenerate geodesics form a closed set, G4°8 is open,
and since G"8 is contained in this closed set, G(D) = g8 consists of non-degenerate
geodesics.

The inclusion G**¢ C G(D) holds by definition, and the trichotomy gives the last
statement. U

Remark 3.26. We note that, in Ky, branching of geodesics occurs only at grazing
collisions: at (x,v) € T'K® the geodesics 7., converge locally uniformly, on collision-
free windows, to a well-defined geodesic vy, by Corollary 3.5; moreover, transversal
crossings have a unique continuation, by Lemma 3.48(iii).

The following is immediate from the above definitions.

Remark 3.27. The metric space K carries a canonical isometric involution ¢: Ky —
K exchanging the two sheets and fixing the seam B(K) pointwise. A non-degenerate
geodesic changes sheet at every transversal collision, and may or may not change sheet
at a grazing one; consequently, every billiard trajectory of D with only transversal
collisions admits exactly two non-degenerate lifts to Ky, interchanged by ¢, while a
trajectory with k < oo grazing collisions admits 271 non-degenerate lifts.

Lemma 3.28. The projection induces a continuous surjection G* — Q/U from the
space of non-degenerate geodesics onto the orbit space of the billiard flow. Over a
trajectory with only transversal collisions it is exactly two-to-one, the fibre being an
orbit of the involution ¢; in particular it induces a bijection G™8 /1L — Q' /W. Quer a
trajectory with k < oo grazing collisions the fibre has 281 elements.

Proof. A non-degenerate geodesic of Ky is a concatenation of chords, reflected at
transversal collisions (Lemma 3.48(iii)) and continued straight at tangential ones,
so it projects to a billiard trajectory; conversely, a billiard trajectory lifts to a non-
degenerate geodesic once a starting sheet and, at each grazing collision, a continuation
sheet have been chosen. Continuity follows from the continuity of mj on T'K°. O

The following result will be useful later to derive that two Sinai billiards sharing
the same enriched length spectrum are isometric:
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Proposition 3.29. Let Ko = [[2,(D,dc)/~ and K}y = 1171(D',d.)/~ be metric
gluings of Sinai billiard tables. If F: (Ko, do) — (K, d() is an isometry, then the
tables (D, dz) and (D', d.;) are also isometric; moreover, there is a Euclidean isometry
¢ of T? with (D) =D'.

Proof. An isometry preserves distances and consequently must map points where
geodesic bifurcation happens to points with the same property®. As we have observed
above, the points where geodesics bifurcate are exactly those in the seam, hence F'
must send the set B(K) exactly onto B(K'). But Ky \ B(K) is the disjoint union of
two open sheets, each isometric to (D, d,). Since F' carries sheets to sheets, it induces
on each one a distance-preserving bijection with the corresponding sheet in K, i.e.,
an isometry between D and D’. Finally, an isometry f: (D,dg) — (D', d/;) restricts
to a local isometry between the flat surfaces int(D) and int(D’) mapping boundary
components to boundary components; thus, it lifts to a local isometry between the
Z2-covers R? \ |, O; and R? \ U; (5;, i.e., to a map between connected open subsets
of the plane whose differential is everywhere orthogonal and locally constant, hence
to the restriction of a Euclidean motion ¢ of R%. Since @ is equivariant with respect
to the deck translations, its linear part preserves the lattice Z?, and @ descends to
an isometry ¢ of T? with (D) = D'. O

Let us lift G(D) and consider the space G(D) of parametrised admissible geodesics.
As noted above, in Kj, branching of geodesics can occur only at grazing collisions.
Therefore, as in the Anosov case, at least at the set R = 73 (Q"8) C T'K there is

an identification with a subset of geodesics Go given by
R > (z,v) = Yo € G'e  Gy.

Moreover, using this representation, the restriction of the abstract geodesic flow on
Go to the set of regular geodesics has the more familiar form

gl:R =R
(,v) = (Yo (1), Yo, (1) = hm (Ve (1), Yerw (1)),

which is well defined for ¢ € R. Finally, Kourganoff’s theorem [36] implies that such
flow maps are uniformly continuous on compact sets. These flow maps do not extend
to a flow on Tlﬁ; indeed, at a vector tangent to the seam, three germs of geodesics
share the same initial data (see e.g. Lemma 3.48(iv)), and a grazing geodesic may
or may not change sheet at a tangential contact. Rather, writing Ggrdog (D) for
the parametrised non-degenerate geodesics, the map G"4 — T1K, v — ((0),5(01)),
is a continuous surjection which is bijective over R, with inverse (z,v) — 70.,, and

(7)

whose fibre over a vector tangent to B (K ) consists of the non-degenerate geodesics
with that initial germ. We may then restate Kourganoft’s result as

Theorem 3.30 (Kourganoff). Let D be a Sinai billiard table and K € IC(D). Then
the abstract geodesic flow on Go preserves the set gnd of non-degenerate geodesics
and its closed subset g( ) of admissible geodesics, and the map

_ An dp(7(0™))
Tr: G = Q, v (p(V(O))am)

5 In other words, if for any direction there is a single geodesic emanating from z, then the same
must be true for F(z).
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(which agrees with (2) on geodesics through T'K°) is a continuous surjection semi-
conjugating the abstract flow to the billiard flow W:

ﬂKogf):\Iftom( onénd, teR.

Over the trajectories with only transversal collisions, wg is 2-to-1, its fibres being the
orbits of the sheet involution of Remark 3.27; over a trajectory with k < oo grazing
collisions its fibre has 2+1 elements.

3.2.2. The boundary (900%0. Since f(/() is a Hadamard space, it has a well-defined circle
at infinity 800.%/0, defined as the set of equivalence classes of asymptotic rays. More
precisely, 7,7 : [0,00) — Kj are in the same class if sup{do(v(),7'(t)); t € [0, 00)} <
oo. We denote the class of the ray v by y(co). More generally, if v: R — Ko is a
geodesic, we set its endpoints at infinity to be

7(00) =77 (00),  (—00) =77 (00),
where v : [0, 00) is the geodesic ray defined by ¥ (t) = y(&£t).
The compactification IN(O U Goofo of Definition 3.20 is homeomorphic to a closed
disc, because E{) is a Hadamard space homeomorphic to the pvlane [11, T1.8.11]; the

isometric action of 7 (K) on Ky extends continuously to 9 Ko [11, 11.8.9].
There is a well-defined 71-equivariant map

0: go — 8(30?{/0,
(V] = (v(—00),v(0)).

Lemma 3.31. The space E@ contains no isometrically embedded flat strip R x [0, €];
a fortiori, no isometrically embedded flat plane.

Proof. Suppose K contained an isometric copy of R x [0, €], and consider the family
{R x {s}}sejo, of parallel geodesics. We first note that no geodesic in the interior of
the strip can be degenerate: if some 75,, so € (0,¢), contained a sliding arc along (a
lift of) a scatterer I', then, on a sub-window of the sliding arc, the nearby parallels
ns would coincide with equidistant curves of the strictly convex arc I' inside a flat
sheet; such curves have non-vanishing geodesic curvature, contradicting the fact that
the n, are geodesics. We may then assume that the interior geodesics of the strip
project to genuine billiard trajectories. These project, via the composition of the
covering projection Kg — Ky with p: E — T?, onto a continuous family of billiard
trajectories {ns} on D; by the finite-horizon hypothesis, each 75 meets a scatterer
within time 7,a.x, tangentially or transversally. We claim that some interior ns has a
regular (transversal) collision. Indeed, assume by contradiction it is not true: each
interior 7, having no deflections and no sliding arcs, would project to a complete
straight line £, of T?, tangent to every scatterer it meets. Pick a tangency point
q of U4, at a scatterer I', for some interior sg. The strip contains parallels on both
sides of 7;,, and those on the side of I' project, near ¢, to curves at constant small
distance 9 from ¢4, on the side of the obstacle; but the straight line parallel to /s,
at distance § on that side crosses the strictly convex I', while the projections must
stay in D, so these projections are not straight lines, a contradiction. Thus some
interior 7, collides regularly with some scatterer T', and for s’ sufficiently close to
s the trajectory ny collides transversally with I' as well. Since the trajectories are
parallel and I is strictly convex, they are dispersed after the collision, contradicting
the fact that the transverse distance is constant in a flat strip. O

As a consequence of Lemma 3.31, we can give an intrinsic proof of the Gromov-
hyperbolicity of Ky, independent from that of Lemma 3.22.
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Corollary 3.32. The space ./f(/o is Gromouv-hyperbolic: there is § > 0 such that every
geodesic triangle in Ko has each side contained in the d-neighbourhood of the union
of the other two.

Proof. The space Koisa proper cocompact CAT(0) space (it is the universal cover of
the compact space Kj), and by Lemma 3.31 it contains no isometrically embedded flat
plane. By the Flat Plane Theorem (see Definition 3.19), it is Gromov-hyperbolic. [

Lemma 3.33. The space Ko is a visibility space, i.e., 0: Gy — 8(20?(/0 is a homeo-
morphism. Moreover, any two geodesics in G'*8 intersect at most once, and trans-
versely.

Proof. Let us first show the existence, i.e., the surjectivity of 0. Since Ky is proper,
cocompact, CAT(0) and Gromov-hyperbolic (Corollary 3.32), any two distinct points
€ # 1 of D5 Ko are joined by a bi-infinite geodesic [11, Lemma III.H.3.2].

Let us now prove uniqueness. If two distinct geodesic lines had the same endpoints
at infinity, they would remain at bounded Hausdorff distance and, by the Flat Strip
Theorem [11, Theorem I1.2.13], would bound a flat strip, contradicting Lemma 3.31;
this shows the injectivity of 0. Continuity of 0 and of its inverse for the compact-open
and cone topologies then follows from Arzela—Ascoli together with uniqueness (see [11,
Chapter I1.8]), hence 9 is a homeomorphism.

Let us now prove the point on transversality. The Hadamard space K is uniquely
geodesic; hence if two geodesic lines meet at two points p # p’, they coincide along the
segment [p, p'] and can only separate at p or p’ by branching. Since branching occurs
only at grazing collision points, two distinct geodesics in G' meet in at most one
point; and a tangential intersection at such a point would again be a branching point,
which is excluded for regular geodesics. Hence the intersection is transverse. O

The geodesic flows {ge}.c(0,1] are all Anosov; in particular, by structural stability,
they are all orbit equivalent to each other. In other words, for any ¢ > 0, there is a
Hoélder continuous homeomorphism H.: TIKE — T'K, 1 which is an orbit equivalence
between the geodesic flows g, and g; (see [26, 24]): given a geodesic vy € G, there is a
unique geodesic H.y € G; corresponding to «, and such correspondence is equivariant
with respect to the natural action of 71 (K) on the space of geodesics, induced by
deck transformations.

Lemma 3.34. For every ¢ € [0,1] there is a homeomorphism
pe: O Ko — OsoK1,  p1=id,
which is equivariant with respect to the isometric actions of m1(K), i.e.,
pe(a- &) = p(§) VEE DK, Vaem(K).

In particular, p1 o po: O Ko — Ouc K- identifies, equivariantly, the boundary of the
limit space with the boundary of each approximating surface.
Proof. Given a geodesic v € G, the geodesic ray v : [0,00) — K. defines a unique

boundary point y(oc0). For € € (0, 1], we define p. by mapping the forward point at
infinity of « to the forward point at infinity of H.7:

Pe - 8001\55 — aOOE:h
v(00) = (Hey) ™ (00).

This extension is well-defined because 7' is another geodesic ray in the class (o)
if and only if (7/,4') lies on the weak (centre-)stable manifold W5* of g, the
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boundary point being defined by bounded, not vanishing, distance. Since H. is
an orbit equivalence, it carries weak-stable leaves to weak-stable leaves, hence
HE’VI(OO) = HE'V(OO)'

As for the continuity of the map p. on the boundary, we note that the cone topology
on dso K. coincides with the compact-open topology on the space of geodesic rays [11,
Chapter I1.8]. Moreover, if o is another geodesic sufficiently close to v along a
compact subset of [0,00), then H.o will be close to H.v along a corresponding
compact, implying that such a map is continuous in the compact-open topology of
the space of geodesics (and, in particular, geodesic rays) as we wanted.

Reversing the roles of the indices € and 1 and applying the exact same construction
to H ! provides a continuous inverse, so p. is a homeomorphism; it is equivariant
because H. is.

For the case € = 0, Theorem 3.16(b) shows that every geodesic 7. € G, seen as a
curve in K, 1, is a (1 + C, C)-quasi-geodesic, with constants independent of &:

t— s S di(1:(8), () S L+ C)t—s| + O, ts€R.

We may now apply the Morse Lemma on stability of quasi-geodesics (see e.g. [11,
Theorem III.H.1.7]): there is R = R(g1,C') > 0 such that any geodesic in G, € € (0, 1]
(seen as a curve in K 1) is in a R-neighbourhood of a geodesic in G;. In other words,
given 7. € G, there is v1 € G such that

Ye(R) C Bi(m; R) = H {x € K1;d1(z,7m(t)) < R}.
teR
Moreover, since the geodesic flow of g1 is Anosov, distinct g;-geodesics diverge (there
are no conjugate points and K 1 is a visibility space), so at most one gj-geodesic can
stay at bounded distance from v, (R).
For € = 0 we argue directly. Recall that (see e.g. Theorem 3.16)

do < dy <(14+C)dy+C, (8)

hence every dp-geodesic vy satisfies |t — s| < d1(y(¢),7(s)) < (1 +C)|t — s|+ C, so
it is a (1 + C, C)-quasi-geodesic of K. By the Morse Lemma and the divergence
of gi-geodesics, it lies within distance R of a unique v; € G1. A quasi-geodesic ray
¢: [0,00) — K, defines a unique point at infinity £(c) € 80Ky [11, Lemma ITLH.3.1],
and we set

Po: 8001\{/0 — 8OOE1
v(00) = £(vF).

This is well defined and injective; indeed, two dp-rays define the same point of Goof(/ 1
if and only if they stay at bounded d;-distance, if and only if (by (8)) they stay
at bounded dp-distance, if and only if they are asymptotic in fo. It is continuous,
because the Morse Lemma is uniform: if v, — v on compact sets, the gi;-geodesics
shadowing 7" converge on compact sets to the one shadowing v, hence their ideal
points converge. Moreover, it is surjective: given & € s K- 1, let v be a g;-geodesic
with y(00) = &; the curves H- 17, ¢ € (0,1], parametrised by d.-arc length, are
1-Lipschitz for d., hence for dy, and they stay within di-distance R of + by the
Morse Lemma applied in K, 1. By Arzela—Ascoli, some sequence H_ Ly converges on
compact sets to a curve g, which is a dp-geodesic by Theorem 3.6 and stays within
distance R of v, so that po(y0(00)) = &. Finally, pg is a continuous bijection between
compact Hausdorff spaces, hence a homeomorphism, and it is 71 (K )-equivariant by
construction. ]
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Let us recall some basic facts about Busemann cocycles which will be useful in
the following.

Definition 3.35 (Busemann cocycles). Let (X, d) be a proper CAT(0) space and
£ € 050X . The Busemann cocycle of £ is the function

B X x X R, Belw,y) = lim [d(z,7(t)) — d(y, 7(t))],

where v is any geodesic ray with v(oo) = &; the limit exists (the bracket is bounded
and monotone by the triangle inequality and convexity) and does not depend on the
chosen ray [11, I1.8]. We will use the following standard properties:
(i) Be is a cocycle: Be(z,z) = Be(x,y) + Be(y, 2);

(ii) Be is 1-Lipschitz in each variable;

(ili) Bye(vx,vy) = Be(x,y) for every isometry 1 of X;
(iv) along a ray towards &, we have Be(y(t),v(0)) = —t;
(v) horofunction continuity: if z, — € in X = X UdxX, then d(x, z,,) —d(y, z,) —

B¢ (z,y), uniformly for (x,y) in compact sets [6, Ch. II].

Remark 3.36. The orbit equivalences H. above are essentially unique, due to the
Anosov Shadowing Theorem (more precisely, they are transversally unique, see [24,
Theorem 5.4.1]). The choice of homeomorphism does not change the equivalence
between orbits, just the reparametrisation function 7 appearing in the relation

H.g'(z) = g1 (H.(2)).

One possibility is to choose H. is the following construction, from [27, Appendix B,
Theorem B.1]. Given v € T' K., we write

(v ,0F) = (Yes (—00), Yer (00)) € OLEK.

The homeomorphism H.: T 'K, — T'K; is then obtained by setting H.(v) = w,
where w € T K is the unique vector such that

(v ,vF) = (wy,w]) and le;j (m(v), m(w)) = 0.

Here m: T'K — K is the canonical projection and Bi+ is the Busemann cocycle

(Definition 3.35) of the boundary point v with respect to the metric g;. The condition
BiJr (m(v), m(w)) = O selects, on the gi-geodesic with the prescribed endpoints, the

unique point lying on the horosphere of v through 7 (v).

With such choice, the family {1} becomes a uniformly equicontinuous deforma-
tion of the g;-geodesics on K. Indeed, if that were not the case there would be 1 > 0
and sequences (v, up,) € T' K1, e, — 0 such that

1
d(vn, un) <~ and de(HZ (vn), HZ (un)) > 1.

The common limit lim,, v, = lim, u, = 2z € T'K; defines a unique geodesic vy E QAO.
Moreover, by construction, the geodesics defined by the initial conditions H:(v,,)
and H:1(u,) have the same endpoints at infinity as v, and u,, and thus must both
converge to v on every compact subset as € — 0, a contradiction.

3.2.3. Closed geodesics in the space Ko. We first recall the classification of isometries
of CAT(0) spaces and the relevant properties of the action of 71 (K) on Kj; we refer
to [11, Chapter II1.6] for more details.
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Definition 3.37 (Isometries of CAT(0) spaces). Let (X, d) be a complete CAT(0)
space and g an isometry of X. The displacement function of g is dg: X — [0, 00),
dg(x) = d(x, gx), and its translation length is

Ug) = inf d(z, gz).

Write Min(g) == {z € X : d(z,gx) = ¢(g)}. The isometry g is called
(i) elliptic if it has a fixed point (equivalently, £(g) = 0 and Min(g) # 0);
(ii) hyperbolic (or azial) if Min(g) # 0 and £(g) > 0;
(iii) parabolic if Min(g) = 0, i.e., the infimum is not attained.

Isometries which are elliptic or hyperbolic are called semi-simple.

We will use the following standard facts about a hyperbolic isometry g of a proper
CAT(0) space X [11, I1.6.8]:

(a) a geodesic line A C X is an axis of g if g acts on A as a translation by £(g); the
set Min(g) is the union of the axes of g, and any two axes are parallel, i.e., at
bounded Hausdorff distance (hence they bound a flat strip, by the Flat Strip
Theorem);

(b) all the axes of g have the same endpoints at infinity, denoted g~ := A(—o00) and
g = A(+00) and called the repelling and attracting fixed points of g; these are
fixed by the action of g on Jx X, and g"z — g+ as n — +oo for every z € X;

(c) £(g") = |n| £(g) and Min(g") = Min(g) for every n # 0, and £(hgh™') = £(g) for
every isometry h, with (hgh™')T = h g*; in particular £ is a class function on
any group of isometries;

(d) if X is moreover Gromov-hyperbolic, then g~ # g™ are the only fixed points of g
on s X, and g has North-South dynamics: for every neighbourhood U* of g*
in X, one has g"(X \UT) C U* for all n large enough (i.e., g*" — g uniformly
on compact subsets of X \ {gT}); in Gromov’s terminology, g is lozodromic.

Here, the word “hyperbolic” refers here to the classification of isometries, and not to
any property of the dynamics; in the Gromov-hyperbolic CAT(0) spaces considered
below, hyperbolic isometries in the CAT(0) sense and loxodromic isometries in
Gromov’s sense coincide.

Lemma 3.38. The group m1(K) acts on the Hadamard space K, by deck transform-
ations, which are isometries; the action is free, properly discontinuous and cocompact.
Moreover:

(i) m1(K) is the fundamental group of a closed orientable surface of genus m+1 > 2,
where m s the number of scatterers; in particular it is torsion-free and non-
elementary, and 3oo§0 ~ S! is its Gromov boundary;

(ii) every g € m(K)\ {1} is a hyperbolic isometry of Ko;

(iii) every g € mi(K) \ {1} has a unique azis Ag, namely the geodesic line (9=, g")
of Lemma 3.353; the projection of Ay to Ko is a closed geodesic of length ¢(g)
in the free homotopy class of g, and £(g) > 2Ry > 0 with Ry as in Lemma 3.5;

(iv) two elements g,h € m(K) \ {1} either have the same pair of fized points
{g*t} = {hT}, in which case they have a common axis and generate a cyclic
group up to finite index, or they have four distinct fixed points.

Proof. The covering %0 — K is a local isometry for the lifted length metric, so deck
transformations are isometries; the action is free and properly discontinuous (as for
any covering) and cocompact, since Ky is compact.

(i) The surface K is the double of the table D, which is a torus with m discs
removed, along its m boundary circles; hence K is a closed orientable surface with
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X(K) = 2x(D) = —2m, i.e., of genus m+1 > 2. Its fundamental group is torsion-free
and non-elementary (it contains free subgroups of rank two), and, being quasi-
isometric to ﬁo by the Svarc-Milnor lemma, its Gromov boundary is 800?0, which
is a circle by [11, I1.8.11] (see also the beginning of this subsection).

(ii) Since the action is cocompact, every element of 71 (K) is a semi-simple iso-
metry [11, I1.6.10(2)]; since the action is free, no non-trivial element is elliptic. Hence
every g # 1 is hyperbolic.

(iii) Two distinct axes of g would be parallel geodesic lines, bounding a flat strip,
which is excluded by Lemma 3.31; so the axis is unique, and it is the unique geodesic
line joining g~ to gt (Lemma 3.33). Its projection to Ky is a closed curve of length
{(g) in the free homotopy class of g, which is a local geodesic since A is a geodesic
line; its length is at least the length of the shortest non-contractible loop of K for dy,
which is at least 2Ry by the proof of Lemma 3.3 (the bound sy obtained there is for
the Euclidean length of projections, which is dominated by the dy-length).

(iv) If g and h share one fixed point £ € 9, Ko, then the stabiliser of ¢ in m (K)
contains the two loxodromic elements g, h; in a group acting properly on a proper
Gromov-hyperbolic space, the stabiliser of a point fixed by a loxodromic element is
virtually cyclic and fixes both its fixed points [17, Chapter 8], so {g=} = {h*}, the
axes coincide by (iii), and (g, h) is virtually cyclic. O

With this terminology, the length spectrum of Ky is the function £ on the set
C(K) = Conj(m(K)) of conjugacy classes, and the next lemma identifies it with the
lengths of the closed dg-geodesics of Kj.

Lemma 3.39. Any element o € C(K) = Conj(m (K)) contains a single closed
geodesic curve Y§, which is the curve of minimal do-length in o; write £o(c) = lo(7g)-
Moreover, & — ~& in the C° topology and I.(v) — lo(a) as e — 0.

Proof. Step 1: existence, minimality and uniqueness of v§. Fix a representative
g € m(K) of a. By Lemma 3.38, g is a hyperbolic isometry of ﬁo with a unique
axis A, on which it translates by ¢(g) = inf do(z,gx) > 0. Set 7§ == p(4), a
closed dp-geodesic in «, and fy(«) = £(g). Any closed curve ¢ € « lifts to a path
from some z to gz, so lp(c) > do(x, gz) > €(g) = lo(7§); thus 7§ is length-minimising
in a. If o contained a second closed dp-geodesic, its lift would be a second axis of
g, contradicting the uniqueness of the axis (Lemma 3.38(iii)); thus ~§ is the unique
closed geodesic in a.

Step 2: convergence v&¢ — ~¢. Each K. is Anosov, so « contains a unique closed
ge-geodesic v [35], of length /. («) := inf, d.(z, gz). By Theorem 3.16, fo(a) < lo(w),
and testing against v,

le(a) < I(75) <lo(g) + C Var(z 09g) € = lo(a) + O(e),

so le(a) = lo(r) as € — 0. (%)

Parametrise each v& on S! proportionally to d.-arclength; since dy < d., the
resulting maps are /1 ()-Lipschitz into (K, dp), so {72} is precompact in C°(S*, K)
by Arzela—Ascoli. Let 7, be an accumulation point, 7 — 7, uniformly.

As (K,dp) and (K,dy) are compact with the same topology, the identity is a
uniform homeomorphism, so uniform dy-convergence is uniform d;-convergence;
hence for large n, (72 (s),7x(s)) € Dr, = {(x,y) : di(z,y) < Ro} for all s, where
Ry is the uniform injectivity radius (Lemma 3.3). Since Dpg, deformation-retracts to
the diagonal via (z,v) — (z,exp}v), the loops v and ~, are freely homotopic, i.e.,
T € Q.
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Let us now show that ly(v«) = ¢p(c). By lower semicontinuity of length under
uniform convergence [13] and Iy <.,
lo(7.) < liminflo(72) < liminf I, (4% ) = liminf £, (@) = fo(a),
n n n
while lo(v«) > fo(c) by Step 1. Hence 7, is a minimal closed dy-geodesic in «, so

v« = 7. Every accumulation point equals 7f and the family is precompact, so
e =6 in C?, and le(78) = L(a) — Lo(a) by (%) O

Corollary 3.40. The pairs of endpoints (g~,g") of the azes of the elements g # 1
of m(K) (i.e., of the lifts of closed geodesics of Ko) are dense in agofo. In particular,
lifts of closed geodesics are dense in Gy, and the fixed points of the elements of w1 (K)
are dense in 8oof(/0.

Proof. Since the geodesic flow g; is Anosov, hence transitive with dense periodic
orbits, the pairs of endpoints of the axes of the elements of 71 (K) are dense in 02 K.
The equivariant homeomorphism py: Dso Ko — 9soK1 of Lemma 3.34 maps the fixed
points of each g to the fixed points of the same g, so (pg x pg) ! carries this dense set
onto the set of pole pairs in 620%0, which is therefore dense; the remaining assertions
follow from Lemma 3.33. O

3.2.4. Cross-ratios on the boundary &)oi(/g. Fix the homeomorphisms H.: Gy — G,
induced by the boundary identifications p. of Lemma 3.34, and identify all the
boundaries 800.%; with 800.%/0 ~ S!'. Given vy € Gy, we write 7. := H.7o, and assume,
without loss of generality, that v.(00) = 79(cc) € S! for all € € [0,1]. In particular,
7o is a quasi-geodesic on every %E and thus defines a unique point at infinity in
8oof(/5, which, by our previous identifications, is just yo(00).

For ¢ € [0,1] and z,y, z,w € K., write

Ea(xaya 2, w) = dg(l',y) + da(zv w) — dg(l“,w) - da(zay)'
As in [40, 10], given distinct points {¢;}3, € 8oo§61, we define their cross-ratio as

cro(Cr, Co, 3, Ca) = tli,lf,lo G%Eo(’h(t)772(t)7'73(t)774(t)) (9)

where the v; are unit-speed geodesic rays, issued from arbitrary base points, such that
~i(00) = G, for i = 1,2,3,4. Lemma 3.41 shows that the limit exists and depends
neither on the base points nor on any other feature of the chosen rays.

Lemma 3.41. For distinct (1, ..., (1 € Oso Ko and unit-speed rays ~i with v;(00) = ¢,
the limit defining crg in (9) ezists and is independent of the chosen rays.

Proof. Let fi;(t) = do(vi(t),vj(t)) — 2t. By convexity of ¢t — do(vi(t),v;(t)) in the
CAT(0) space Ko [11, I1.2.2] and its 2-Lipschitz property, f;; is non-increasing; by
d-hyperbolicity (Corollary 3.32) and ¢; # (j, it is bounded below. Hence each f;; con-
verges, and so does Ey(v1(t), v2(t),v3(t), 74(t)) = fiz + f3a — fia — f32. Independence
of the rays follows from a CAT(0) argument: for two forward-asymptotic rays v,
in Ko, the function ¢ — do(7(t), 7 (t)) is convex and bounded, hence non-increasing,
and converges to some ¢ > 0; if ¢ > 0, the rays would bound a flat half-strip and,
translating it by a suitable sequence of deck transformations and passing to a limit,
we would obtain a complete flat strip, contradicting Lemma 3.31 (see [6, Chapter
I1] for more details). Hence ¢ = 0, and the limits defining crg do not depend on the
chosen rays. O
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Lemma 3.42. Let £ #1n € dso Ko and let ug, vy, € ?0 with ux — &, v — 1. Then
the geodesics [ug,vi] (segments, rays or lines) converge, after reparametrisation,
uniformly on compact sets to the line (§,n). Moreover:

(i) d(p, [uk,vk]) — O for every p € (£,1); B
(i) if ) € [uk,vk] and d(o,xy) — oo, then the accumulation points of (zy) in X
are contained in {§,n}.

Proof. By d-hyperbolicity every point of [ug, vg] lies within 49 of [ug, o] U [0, vg]; since
ug, vy, converge to distinct boundary points, the Gromov products (ug | vg), are
bounded (Definition 3.21(iv)), hence so is d(o, [ug, vk]) < (ur | vk)o + 49 (Defini-
tion 3.21(iii)): there is a ball B(o,C) met by all [ug,v;]. Reparametrise so that
[ug, vk](0) € B(o,C); the maps are 1-Lipschitz, so Arzela—Ascoli and properness
give subconvergence, uniform on compact sets, to a complete geodesic (the domains
exhaust R since ug, vy leave every ball). Its endpoints are £, n because far-away
points of [ug, vx] lie 4d-close to the rays [o, ug], [0, vi], whose ideal points converge;
this concludes the proof of point (ii). By uniqueness of the geodesic joining £ to 7
(by Lemma 3.33) every sublimit is (£, 7), hence we have full convergence and (i). O

Corollary 3.43. The function crq is continuous on the set of quadruples of pairwise
distinct points of Oxe K.

Proof. Let (§,1) be one of the pairs ((;,(;) appearing in Ey, with rays ug, v, is-
sued from base points ¢, ¢ towards &, 7, and let p be any point of the line (£,7)
(Lemma 3.33). We claim that

lim [t+ s — do(ut,vs)] = —[Be(p, ¢) + By(p, )],

t,s—00

with the Busemann cocycles of Definition 3.35. Indeed Bg(p, ¢) = limy[do(p, us) — t]
and By (p,c) = limg[do(p,vs) — s], so the difference between the two sides is
lim[do(p, ut) + do(p, vs) — do(ut, vs)], which is non-negative by the triangle inequality
and at most 2 do(p, [ut, vs]); the latter tends to 0 because the segments [u, vs] con-
verge to the line (£, 7) (by Lemma 3.42(i)). The right-hand side depends continuously
on (&,m) € 830%0: the line (§,7n) and a point p on it can be chosen continuously by
Lemma 3.42, and Busemann cocycles are jointly continuous in (£, x,y) on a proper
CAT(0) space; indeed, £ — Bg(+,0) is the horofunction map, which is a homeomorph-
ism onto its image for the cone topology [11, I1.8.13]. As lim; Eo(y1(t),...,va(t)) is
a signed sum of four such limits (with s = t), crg is continuous. O

Remark 3.44. Since dy = lim._,gd. monotonically, one may ask whether crq is
consistent with the e-cross-ratios, i.e.,

cro(C1,¢2,C3,G) = ;IL% cre(C1, C2, (3, Ca)s (10)

where cr. is defined as in (9) using F., the same geodesics v; € Gy being viewed as
uniform quasi-geodesics of K. with the same endpoints at infinity (Theorem 3.16).
The interchange of the limits in ¢ and e can be justified by Moore—Osgood, using the
uniform shadowing of Theorem 3.16 together with a uniform exponential convergence
of asymptotic g.-geodesics. Since we do not need this fact in the present paper (the
constructions of Section 4 are intrinsic to (%0, dp)), we do not elaborate on this point.

It is easy to check the following properties from the definition:

Proposition 3.45. The mapping cro: (0scKo)* — R satisfies

(i) crg is positive and invariant under the action of T1(K) on (8sKo)*;
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(7i) cro(Cr, G2, Cs, Ca) = cro(Cry Cay G5, C2) 7Y

(tii) cro(Cr, G2, (3, Ca) = cro((3, G4, €15 C2);

(iv) cro(C1, G2, ¢35 Ca) cro(C1, Ca, (3, Cs5) = cro(C1, 2,3, C5);
(v) cro(C1, G2, €3, Ca) cro(Ca, (3, C1, Ca) cro(C3, Ci, G2, Ca) = 1.

3.2.5. Geodesic facts on the limit space. Below we abbreviate X := Ko and B := B(K)
for the seam (the union of the lifted walls); X = X U 05X carries the cone topology.
Let us recall that the minimal free path 7,;, > 0 of the table, and the minimal
distance between distinct lifted walls, are positive.

We first recall the notion of angle. We recall that, in a CAT(0) space (X, d), the
angle Z.(v,v") € [0,7] between two geodesics v,7': [0,1] — X intersecting at the
point = v(0) = +/(0) is given by

£(7/) =ty 2acsin (32 d(+(6)7'(9) )

In particular, for any geodesic triangle A(z,y, z) the following standard comparison
estimate holds:

Lo(y,2) + ZLy(z,2) + Ly (x,y) < 7. (11)
When (X, d) is a Riemannian manifold with the Riemannian metric, this coincides
with the Riemannian angle (see e.g.[11, Corollary I1.1A.7]). In our situation, at a
flat point € X \ B a neighbourhood of x is isometric to a Euclidean disc (see e.g.
Lemma 3.8), so the angle between two geodesics through x is the Euclidean angle of
their chords; at a seam point the CAT(0) angle is used directly, and it is described
in Lemma 3.48 below.

Remark 3.46. Note that angles are always well defined on fo, even though they do
not specify the geodesic, at least not at degenerate points. In fact, two geodesics
bifurcate at a point x if and only if their angle at x is zero, and we may characterise
the boundary set B(% ) exactly as the locus of points where geodesic bifurcation
happens, that is, points from which emanate a pair of geodesics with angle zero.

The following elementary lemmas will be used repeatedly in the following.

Lemma 3.47. For every x € X and ¢ € 0o X there is a unique ray ro ¢ from x to
¢, and (x,() = T4 ¢ is continuous (uniformly on compact time intervals).

Proof. If r,7" are rays from x to ¢, the convex function t — d(r(t),7’(t)) vanishes at
0 and is bounded (by asymptoticity); a bounded convex function on [0, c0) vanishing
at the origin is identically zero (since d(t)/t is non-decreasing and tends to 0).
Let us now show continuity. If z; — x and ¢ — (, the rays ry = ry, ¢, satisfy
d(ri(t), 7o, (t)) < d(zg,0) for all t (a convex function bounded by its value at 0, by
the same argument), so the r; stay in a tube around rays from o; Arzela—Ascoli gives
sublimits, which are rays from x asymptotic to ¢ (their ideal points are lim {; = ¢, by
Lemma 3.42(ii) applied to the rays 7, ¢, ); by uniqueness, all sublimits are equal. [

Lemma 3.48. At every x € X the space of directions ¥, with the Alexandrov angle,
is a circle of length 27, and:

(i) the two directions of a geodesic through x cut ¥, into two arcs of length m;
(ii) for directions w,v,w in this cyclic order on an arc of length < w: Z(u,w) =
L(u,v) + L(v,w);
(iii) (reflection law) a concatenation of two segments crossing B transversally at x
is geodesic iff the two incidence angles with the seam, measured in the respective
sheets, are equal;
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(iv) (branching) two distinct geodesics containing a common ray or segment ending
at x split at x with angle 0; this occurs only if the common direction at x is
tangent to B. In particular a concatenation of a segment and a seam arc is
geodesic iff the segment arrives tangentially.

Proof. For x in the flat interior everything is Euclidean. Let us consider x € B;
the tangent cone of X at z is the pointed Gromov—Hausdorff limit of the rescalings
(X,z,Ad), A = co. A neighbourhood of z is the gluing of two flat half-discs along
the wall through 2, which is a C? curve; under rescaling each half-disc converges to
a Euclidean half-plane and the wall to its tangent line, so the tangent cone is the
gluing of two half-planes along their boundary lines, i.e., the Euclidean plane E2.
For a CAT(0) space, the tangent cone in the sense of [11, I1.3.19] is the Euclidean
cone over Y, with the angle metric; here it coincides with the Gromov—Hausdorff
limit above, since the Alexandrov angle between two germs at x is the limit of
their comparison angles, which are computed in the rescaled spaces and converge to
the Euclidean angle of the limit configuration (the two half-discs being C?-close to
half-planes). Hence ¥, is the round circle of length 27; the two sheets contribute the
two semicircles, glued at the two seam directions £7. Angles are then arc lengths,
which gives (ii), and a concatenation at z is geodesic if and only if the two directions
make angle 7 [11, I1.1.4 and I1.9], i.e., iff both complementary arcs measure exactly
m; (i) follows.

For (iii): with incidence angles ¢~ (incoming, in sheet 1) and ¢+ (outgoing, in
sheet 2), the two arcs measure m — ¢~ + ¢ and w1+ ¢~ — ¢1, both > 7 iff o~ = ¢T.

For (iv): two geodesics splitting at z with a common incoming direction u must
both continue with the direction antipodal to u in ¥.; if w is not tangent to B, the
antipode is the direction of the unique straight continuation of the incoming chord
inside its sheet (or the transversally reflected chord, by (iii)), and the germ of the
continuation is unique. If v = £7, the antipode is realised by three germs: the
seam and one chord in each sheet, all tangent to B. It corresponds to the branching
configuration, which gives the last statement (an arc and then a segment junction
with incidence ¢~ has arcs m F ¢~ ; it is geodesic iff ¢~ = 0). g

Let us conclude this section with a remark on the contacts with the seam:

Lemma 3.49. For every geodesic v of X, consecutive connected components of the
contact set C., == {t : v(t) € B} are separated by open intervals of length > Tmin.
Consequently, on every compact window, Cy is a finite union of closed intervals
(seam arcs) and isolated points (transversal crossings or tangential contacts), and
|C,, \ int C,| has zero Lebesgue measure.

Proof. A maximal open interval (¢,t") of non-contact times is a straight chord of one
flat sheet, i.e. (developing a neighbourhood of the chord isometrically into the plane),
a Euclidean segment in a lift of the table, from a wall point to a wall point, meeting
no wall in between. A segment leaving a point of a strictly convex wall into the table
never meets the same obstacle lift again; so the chord joins two distinct obstacle lifts
(possibly two lifts of the same wall of K') and its length is at least the minimal free
path Tmin > 0 of the table. The remaining statements follow: on a compact window
there are finitely many components; non-interval components are single times, at
which v either crosses B transversally or touches it tangentially (see Lemma 3.48);
and the complement of the interior of C in C consists of finitely many points per
window. O
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4. SPECTRAL RIGIDITY

In what follows, we use the notation of Section 3, i.e., Ky = (K,go) is the
Kourganoff surface obtained by gluing two copies of (D, d) at the boundary, with
K° = K\ B(K) = D" [[D%"", As previously, we consider a family of metrics
ge on K converging to the gluing metric when ¢ approaches 0. In other words, we
have metric convergence (K, g.) = K. GH, Ky in the Gromov—Hausdorff distance,
as € — 0. Below we abbreviate X = /Izo, with X = X U0, X, and we denote by
B := B(K) the seam (the union of the lifted walls).

The strategy of this section is that of Otal [39], carried out directly on the limit
space f(jo; here, the enriched spectrum is the marked length spectrum of the CAT(0)
space Ky. We show that the space carries an intrinsic Liouville geodesic current,
defined by the kinematic measure of its flat pieces (§4.1). The spectrum determines
the cross-ratio at infinity (§4.2), hence the current, and therefore a homeomorphism
h between the spaces of unparametrised geodesics which preserves the currents. An
average-angle argument in the spirit of Otal [39] then shows that h preserves angles
(§4.3), and the dispersing walls force h to be induced by an isometry (§4.4). The
proofs do not use its ergodicity; in particular the rigidity theorem does not rely on
Sinai’s theorem about the ergodicity of finite horizon Sinai billiards.

Recall that C(K) := Conj(m1(K)) is the set of free homotopy classes on K.

Definition 4.1 (Enriched marked length spectrum). Let D be a Sinai billiard and
K a surface in (D). The function

ELD;K: C(K) —R
a = lo(7v*)
is called the enriched marked length spectrum of D.

Remark 4.2. By Lemma 3.39, this definition agrees with the one given in the
Introduction; moreover, it does not depend on the choice of K € K(D), since by
Theorem B.2 and the results of Appendix B the values lp(y*) are computed by the
intrinsic length functionals ELII) of the table. We therefore drop K from the notation
and write ELp. We have ELp(a) = {p(a) = inf, do(z, gx) for any representative
g € m(K) of a: as we noted earlier, the enriched marked length spectrum of D is
thus the marked length spectrum of the CAT(0) space Kj.

4.1. The intrinsic Liouville current of the limit space. In this part, we define
an intrinsic Liouville current on the limit space. We then prove an exact Crofton
formula (Lemma 4.9) and show that the values of the current on rectangles of
boundary pairs are precisely |Incrg| (Proposition 4.15), so that the cross-ratios
above determine the current completely.

Let us start by quickly recalling some facts about geodesic currents. For € > 0, the
surface K. € K(D) carries a smooth Riemannian metric g.. This structure induces
a canonical contact form ). on the unit tangent bundle T K., obtained by pulling
back the canonical symplectic form from the cotangent bundle. The Reeb vector
field of A, coincides with the geodesic spray of g., that is, the vector field on T K,
generating the geodesic flow. The associated Liouville measure [ A. A d\. on T K.
is a finite measure, invariant under the geodesic flow, and consequently under its
time reversal. .

All such structures are lifted to TP K, via the local isomorphism defined by the
covering map K. — K., so that the space T'K. has the corresponding contact and
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volume forms Xa and [ Xg Adxa. Given a rectifiable curve v C Kg, its unit tangent lift
yCT 1?(/5 defines the Liouville current m. on the space of geodesics G, by integration
against dXE, assigning mass to Borel sets of geodesics intersecting « transversely [46].

More generally, a geodesic current for K. is any Radon measure on the space 6&)? <
that is invariant under both the diagonal action of w1 (K;) and the flip transformation
(C1,¢2) = (C2,¢1). There is an affine one-to-one correspondence between the cones of
finite measures on TV K, invariant under the geodesic flow and the space of geodesic
currents with the weak-* topology (see [8], [25]).

In particular, the contact structure A, the cross-ratio cre, and the Liouville current
are related in the following way. For measurable rectangles in the space of geodesics

determined by intervals [(1, (2] and [(3, (4] in the boundary OK., we have:
me ([C1, Co] X [C3,Ca]) = |Incre(Cr, G2, G35 Ga)| = /Zd)\m

where & C T'K, ¢ is a transversal to the geodesic flow intersecting exactly the geodesics
joining [(1, (2] to [(3, (4], oriented accordingly.

Such a construction cannot be replicated directly on E(], since the Riemannian
tensors degenerate as € — 0 and the metric on Ky is not induced by any Riemannian
metric. Below, we will nevertheless construct a Liouville current on Gy intrinsically.
For that, we use an atlas consisting of two kinds of charts.

For a geodesic o meeting B only transversally, the flat chart U.°® is the set of
geodesics crossing o transversally at a flat point from the right, i.e., with oriented
crossing angle § € (0,7), an orientation of X being fixed. Its coordinates are
(t,0) € R x (0,7), the crossing time on o and the oriented crossing angle. The
geodesics crossing o from the left form the flat chart of the reversed geodesic @, so
that every transversal crosser of o lies in exactly one of U8, U;°®.

For a lifted wall w, parametrised by arc length r, the two wall charts W are the
sets of geodesics crossing w transversally from a fixed side, £ referring to the two
sheets adjacent to w, with coordinates (r,¢) € R x (0,7), where ¢ is the incidence
angle measured in the incoming sheet; by the reflection law (Lemma 3.48(iii)) the
outgoing sheet gives the same coordinates, so the charts are well defined. A geodesic
crossing w from one side is the reverse of a geodesic crossing it from the other side,
so W, is the image of W,/ under the flip, which reads (r,¢) — (r,7 — ¢) in these
coordinates; as for flat charts, each chart is one-sided. We write W,, for either of
them when the side is irrelevant. We can now give the intrinsic definition of the
Liouville current.

Definition 4.3. The Liouville current mg is the unique Borel measure on QAO /80 ~
02, Ko whose restriction to every chart is given by

dimg = isin@d@ dt on U8, dimg = %singbdqﬁdr on W,,. (12)
The next results show that this is well defined.

Lemma 4.4. Let ¢1, co be embedded C' curves in the Euclidean plane, parametrised
by arc length. On the set of lines crossing both transversally (crossing parameters
separated locally), the correspondence (t1,61) — (t2,02) between crossing data is a
local C*-diffeomorphism and satisfies sin 0o dts dfo = sin 0 dt, db);.

Proof. Parametrise non-oriented lines by (p, %) € R x [0,7), Ly = {z : (x,ny) = p},
ny = (—sine,cosvp). If Ly, crosses ¢; at ¢;(t;) with angle 6;, then ¢ = oy(t;) +
0; mod 7 (e the direction of ¢;) and p = (¢;(t;), ny), so (ti,0;) — (p, 1) is C with,
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at fixed 1, Op/0t; = (¢;,ny) = sinb; # 0. So dpdip = sin 0; dt; db;, and chart-to-line
maps are local C'-diffeomorphisms [43]; the claim follows. O

Lemma 4.5. Fiz a flat or wall chart. Fach of the following sets of chart parameters
is contained in a countable union of C' curves, hence is null for the planar Lebesgue
measure of the chart:

(a) parameters whose geodesic has a tangential contact with B;
(b) parameters over which the chart fibre contains more than one geodesic;
(¢) parameters whose geodesic passes through a fized point p € X.

Proof. (a) By Lemma 3.49, along any bounded time window a geodesic has finitely
many transversal crossings before a possible tangential contact; so the parameters
in (a) are the countable union, over finite itineraries I = (wy,...,wy) of lifted walls
crossed transversally, over target walls w, over bounded windows, and over the two
time directions, of the sets

Tt . ={parameters whose continuation crosses wi, ..., wy transversally,

then meets w tangentially}.

Fix I and let O; be the open set of parameters whose continuation realises the
itinerary I transversally and then enters the flat sheet adjacent to w along a chord.
On Oy, let A: (chart data) — (p, ) assign the line data of that final chord in a fixed
local development of its sheet. Then A is a composition of the chart-to-line map of
the initial piece, and, at each wj;, the map (line data) — (wall data (r;, ¢;)) followed
by (reflected wall data) — (line data of the next developed sheet). By Lemma 4.4
applied with ¢; a straight developed transversal or the C? curve wj, every factor is a
local C!-diffeomorphism (the Jacobians are sin 6, sin ¢; # 0 at transversal data while
the reflection itself is the identity in wall data). Hence A is a local C!-diffeomorphism
onto open sets of line data. The lines tangent to the developed image of w form an
immersed C! curve in (p,): parametrised by the tangency foot s, the direction v(s)
has ¢/(s) = £K(s) # 0 by strict convexity of the walls. Its preimage under A is a
countable union of C'! curves; and 77 ,, C A~!(tangent lines to w).

(b) Two geodesics over the same chart datum share the crossing point and direction,
hence coincide until they branch; by Lemma 3.48(iv) branching requires a tangential
contact with B, so (b) C (a).

(c) If p is a flat point, the lines through the developed image of p form a C! curve
in (p,); argue as in (a). If p = w(rg) is a seam point, the geodesics through p that
cross w transversally form {r = ry} in the wall chart of w, and we transfer to the
given chart through A; the remaining geodesics through p (tangent to w at p, or
running along w) lie in (a). O

Proposition 4.6. The formulas (12) are compatible on all chart overlaps and define
a unique Radon measure mqo on 02, X, invariant under 71 (K) and the flip, for which
tangential-contact configurations, point pencils, and degenerate geodesics are null.

Proof. Let two charts (flat or wall) overlap at a geodesic « crossing their transversals
at v(s) and v(s'), s < ¢, and remove the null set of geodesics described in Lemma 4.5
with a tangential contact on the connecting arc, or belonging to a multiple fibre.
For the remaining v, the arc v([s, s']) crosses B transversally, finitely many times
(Lemma 3.49), at walls wy, ..., wg, and contains no seam arc. On a neighbourhood
of « in the first chart, the transition map factors as

(chart) — (r1,¢1) = (r1,¢1)®" — (ra2,¢2) — - - - — (chart’),
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where consecutive arrows are the planar transitions of Lemma 4.4 inside one developed
sheet (with straight or C2-curved transversals), or the reflection, which is the identity
in wall data. Every factor preserves the density § sin(-) d(-) d(-), hence so does the
transition, almost everywhere on the overlap, which shows the desired consistency.
The charts cover the complement of the set T of complete wall lifts, which is countable.
Indeed, let n be a geodesic which is not a complete wall lift; then 7 contains a chord
¢, whose interior points are flat. In any wall chart W,,, the set of geodesics crossing ¢
transversally is open and non-empty, hence of positive measure, while the geodesics
with a tangential contact form a null set by Lemma 4.5(a); so some tangency-free o
crosses ¢ transversally at a flat point, and n € U8 UU;™®. By setting mo(7T) = 0
and gluing over a countable subatlas, this defines a Radon measure. Isometries of X
permute the charts preserving the densities, which gives 7 (K )-invariance; the flip
acts by (¢,0) — (—t,m — 0) and (r,¢) — (r,m — ¢) on wall charts, both preserving
the densities. Nullity of tangential configurations and pencils comes from Lemma 4.5;
degenerate geodesics contain a tangential junction (Lemma 3.48(iv)), hence are
null. g

The normalisation is chosen so that, counting both sides, the geodesics crossing a
segment have mass equal to its length (Lemma 4.9). In particular, by Lemma 4.4 and
the consistency shown above, formula (12) holds along every straight segment of a
flat sheet and every wall arc, whether or not the segment extends to a tangency-free
geodesic: the geodesics crossing such a segment J in a sector (61,62) have mass
|| J5? & sin 6 do.

Let us summarise what has been proved so far, together with two consequences
that will be used repeatedly.

Lemma 4.7. Formula (12) defines a unique Radon measure mgy on a?xfo. It is
invariant under m (K) and under the flip; moreover,

(i) two geodesics intersect transversally at a single point if and only if their
endpoint pairs are linked in 800%0 and they do not share a sub-arc; on the
other hand, pairs sharing a sub-arc (which are pairs of geodesics with a common
tangential contact) form a mo ® mo-null set;

(ii) (Null tangencies) the set of geodesics tangent to a fized C? curve, and the set
of geodesics through a fized point, are mo-null;

(7ii) (Null degenerates) the set of degenerate geodesics is mo-null.

Proof. (i) Linked endpoints force an intersection by a Jordan-curve argument in
the closed disc %0 U 800%0; if two geodesics had two common points they would
share the segment between them (uniqueness of CAT(0) segments), whose endpoints
are branch points, hence tangential contacts with the seam by Lemma 3.48(iv); in
particular a shared sub-arc forces both geodesics into the tangential-contact family,
which is my ® mg-null by Proposition 4.6. Points (ii) and (iii) are contained in
Lemma 4.5 and Proposition 4.6, because every degenerate geodesic meets the seam
tangentially at the endpoints of each of its seam arcs (see Lemma 3.48(iv)). O

Let @3 C éo be the set of parametrised geodesics v such that v(0) is a flat point.
The map

G, —T'E°, 4 (%(0),5(0)),

is well defined and continuous. It is injective on the set of regular geodesics (see
Remark 3.26), and ég has full mg ® dt-measure, since the times at which a geodesic
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lies on the seam form a Lebesgue-null set for regular geodesics (by Lemma 3.49) and
non-regular geodesics are mg-null (by Lemma 4.7).

We use this map to identify, up to null sets, the flow-invariant measure mg ® dt
on QAO with a measure on T1K°. In the coordinates (z,¢) of a developed sheet, ¢
being the direction angle, it is defined as follows.

Corollary 4.8. Under the above identification, d(fmg ® dt) = % dxdp on T'K°.
Consequently, the quotient = (g ® dt)/m (K), a measure on Go/m1(K) which we
call the Liouville measure of Ky, is finite, of total mass m Area(D), and invariant
under the flow, the flip, and each rotation Ry, : (z,p) — (z,¢ + 01). Until further
notice, 1 is not normalised.

Proof. In a flat chart with the position coordinate s along the crossing geodesic,
d(mo®dt) = % sin 6 df dt ds; developing the sheet and writing x = o(t)+se,, ¢ = a+0,
the Jacobian of (t,s) — x at fixed 6 is | det(eq, €y)| = sinf, so dx dy = sinf df dt ds.
The two flat charts Uy, ,Us cover the two half-circles ¢ € (o, a+7) and (a+7, a+27),
so the formula holds for all ¢. The identification makes sense a.e., since times on
the seam form a Lebesgue-null set for every geodesic (by Lemma 3.49 for regular
ones, while degenerate ones are mg-null). The invariances and the mass computation

follow, Ry, clearly preserving i dx dp and mapping the conull regular set to itself. [

Lemma 4.9 (Crofton formula). For every geodesic segment 7|jq5 of X, we have
mo({n:nMhYley}) =b—a.

Proof. First, off a null set, a geodesic ) crosses y at most once; indeed, two common
points give a common segment (by uniqueness of CAT(0) segments), whose endpoints
are branch points, hence tangential contacts of n with B (Lemma 3.48(iv)); such n
are null. By Lemma 3.49, [a,b] decomposes into finitely many maximal open flat
intervals I; (chords), finitely many maximal seam intervals W; (wall arcs), and a
finite set Z of times. Modulo null sets, the crossing set of 7¥|(, ) is then the disjoint
union of the crossing sets of the pieces; indeed, disjointness follows from the at-
most-once property; the geodesics crossing exactly at a time of Z form finitely many
point pencils, which are null by Lemma 4.5(c). Each chord piece is a tangency-free
transversal segment; its crossers from the right form the box I; x (0,7) of the flat
chart along 7 restricted to I;, of mass |I;| [+ sin = 3|I;], and its crossers from the
left form the corresponding box of the chart along ¥, of the same mass; together, |I;|.
Similarly, for each wall piece v(W;) C w, the geodesics crossing it from either side
form two boxes W; x (0, ) of the two wall charts of w, of total mass |W;|, by (12).
By summing, the total mass is then > |[;| + > |[W;| = (b—a) — |Z] = b — a. O

Corollary 4.10. For every compact Q@ C X, mo({n: nNQ # 0}) < T Area(N1(Q)) <
oo, where N1(Q) is the closed 1-neighbourhood.

Proof. If n meets @, the sub-segment of 7 of length 2 centred at a point of n N Q lies
in N1(@), so length(n N N1(Q)) > 2. Integrating and using Corollary 4.8, we get

2i0({n1Q # 0}) < [ length(n 1 M(Q) din(n)
= (o @ d0) ({(,1) : 1(t) € Na(Q)}) = § Area(M(Q)). D

Corollary 4.11. If A, B C 05X are disjoint closed arcs, the geodesics with one
endpoint in A and the other in B all meet a common compact set; in particular their
mo-mass is finite.
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Proof. Otherwise there are such geodesics n with nx N B(o, k) = 0 for all k > 0; up
to passing to a subsequence, their endpoint pairs converge to (p,q) € A x B with
P # q, so by Lemma 3.42 the 7, meet a fixed ball, a contradiction. We conclude by
Corollary 4.10. g

Lemma 4.12. For any ¢ € 0-X, the set {n:( € {n(—o0),n(c0)}} is mo-null.

Proof. We work in a flat chart along 0. A geodesic with forward endpoint { crossing o
at o(t) contains the ray To(t),¢, Which is unique by Lemma 3.47; off the multiple-fibre
null set, its angle coordinate is the Alexandrov angle 0¢(t) := Z5(;)(0,74(),¢)- The
function ¢ — 6¢(t) is Borel: the comparison angles Z(o(t + s),0(t), 741 ¢(s')) are
continuous in ¢ for fixed rational s,s’ > 0 (Lemma 3.47), and the Alexandrov angle
is their infimum over s, s’ [11, I1.1.7]. Hence the set {n : ( € {n(—o00),n(c0)}} meets
the chart in a subset of the union of the graphs of two Borel functions and a null
set; graphs of Borel functions are Lebesgue-null by Fubini. Covering with countably
many charts, this concludes the proof. O

Remark 4.13. In the seam chart used in the proof of Lemma 4.9, the restriction of
mg to the geodesics crossing a wall I'; from a fixed side is %sin ododr, ie., it is the
classical invariant collision measure of the billiard map on D; the current mg is thus
the geodesic-current analogue of the billiard Liouville measure (for each side; the
classical collision measure %Sin ¢ d¢ dr of the billiard map counts each collision once,
i.e., both sides of the seam together).

Recall that G(D) is the admissible class of Section 3 (see Definition 3.24); in
particular, by Lemma 3.25 the open set of degenerate geodesics is disjoint from G(D).

Proposition 4.14. The support of the current mg is equal to

supp g = G'¢ = G(D).

The same holds for . on the quotient. In particular mgy does not have full support on
the space of all geodesics.

Proof. (C) Non-regular geodesics, i.e., degenerate or grazing ones, are mg-null, since
they have a tangential contact with B (see Proposition 4.6, Lemma 4.5(a)), so every
set of positive mass contains regular geodesics; hence every point of the support
is a limit of regular geodesics. (2) Let 19 be regular and O > 7y a basic C°-
neighbourhood over a window [—R, R|. On that window 7y has finitely many seam
contacts (Lemma 3.49), all of them transversal since 7y is regular. Fix a transversal
segment 7 inside a chord of ng. Transversality of finitely many crossings is an open
condition on the chart data along 7: there is an open box U x (61, 602) of data whose
geodesics realise the same itinerary on [—R, R] and depend continuously on the data
there, hence lie in O for a small enough box. By (12) the box has positive mass, so
mo(O) > 0 and 79 € supp my; the support being closed, Gree supp mg. Finally,
degenerate geodesics are not limits of regular ones (see Lemma 3.25). O

Proposition 4.15 (Rectangle formula). Let (1,2, (3,1 € 0 X be pairwise distinct,
in the cyclic order (1, (3,2, (4 (i-e., the pairs (C1,(2) and ((3,(4) are linked). Let

R := {n : one endpoint of n lies in the arc ((1(3), the other in the arc (C2€4)},

the arcs being those not containing the remaining two points. Then

’I:I'\LO(R) =In CrU(C17<2aC37<4) Z 0.
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Proof. Let Lgy = ((4,¢1) and Lgg == ((3,(2) be the two “opposite sides” of the ideal
quadrilateral (they exist and are unique by Lemma 3.33, and are disjoint). Choose
the rays in the definition (9) on the sides: x1(T"), x4(T') the points of L4; at parameter
+T converging to (1, (4 respectively, and x3(T"), z2(T") the points of L3y converging
to (3, (o; this is legitimate by the ray-independence in Lemma 3.41.

Let G* be the set of geodesics i which

e are not tangent to and share no arc with L4y, L3z (so n meets each of them in
at most one point, transversally, by the branching criterion of Lemma 3.48(iv)
and uniqueness of segments);

e have no endpoint in {(1,(2,(3,s};

e pass through none of the countably many points z;(T"), T € Q.

By Lemmas 4.5 and 4.12, G* is conull. For n € G* and any T with z;(T) ¢ n (all
but at most four values of T', namely, the crossing parameters), each z;(T") has a
well-defined side of 1 (the components of X \ n; n is embedded and closed, and X is
a plane).

Fix T with x;(T") ¢ n for the four indices, write z; = z;(T'), and set [z;|z;] € {0,1}
for the indicator of “opposite sides”. Off a null set, n crosses the segment [z;, z;] if
and only if [z;|z;] = 1 (indeed, a crossing separates; conversely, separated endpoints
force an odd, hence exactly one, transversal crossing, while tangencies and shared
arcs with the segments are null configurations). By the Crofton formula (Lemma 4.9),
d(zi,xj) = mo({[xi|x;] = 1}), hence we have

Eo(z1, 29, 73, 74) = /ST(U) dmo(n), st = [T1]ze] + [T3|T4] — [1]|24] — [T3]72].

Note that the integrand is integrable since each crossing set has finite mass. Enu-
merating the partitions of {x1,z9, 3,24} into sides shows that sp = 0 unless the

partition is {x1, x4} | {x2, 23}, where sp = 2, or {x1,x2} | {3, 24}, where sp = —2.
Let us write S (1), S—(T') for the corresponding sets of geodesics; we have
EO (ml(T), .ZL'Q(T), 1‘3(T>, $4(T>) = 27?1,0 (S+(T)) - QT?L() (S_ (T)) (13)

For n € G*: if two points of L4; lie on the same side of 7, then the whole segment
of L4 between them lies on that side; indeed 71 crosses L4; at most once, and a
crossing of the sub-segment would put its endpoints on opposite sides. Thus, for
T < T' (avoiding the finitely many exceptional parameters of 1), we have

(a) n € S4(T") = n € S4(T): the pairs {21(1"),z4(T")} and {z3(T"), 22(1")}
lie on their respective sides, hence so do the sub-segments [z4(7"),z1(T")] >
21(T),24(T) and [23(T"), x2(T")] 3 23(T), z2(T).

(b) n € S¢(T), T > 1, implies that n separates x;(1) from x3(1) (same sub-
segment argument), i.e., 77 crosses the fixed compact segment [z1(1),z3(1)]; by
Crofton, the sets S4(T"), T' > 1, share the finite-mass dominator Dy = {n
[21(1), z3(1)]}.

(¢) n € S_(T) implies that n separates x1(T") from x4(7T), both on L4, hence crosses
Ly41; in the same way, it crosses Lss. A geodesic crossing both L4 and L3o has
its endpoints linked with both ({4, (1) and ((3,(2), which forces (up to the null
endpoint fans, see Lemma 4.12) one endpoint in the closed arc [(4¢1] and the
other in [(3(2], which are two disjoint closed arcs. By Corollary 4.11, the sets
S_(T) share a finite-mass dominator D_.

We claim that, for n € G*, as T" — oo,

1s, (r)(n) — 1r(n), 1s_(1)(n) — 0.
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Let us show the first convergence: if n € R, its endpoints are interior to the arcs
(€1€3), ((2€4); then n’s endpoint pair is unlinked with ({4, (1) and with ((3,¢2), so
71 crosses neither side; each side, being connected and disjoint from 7, lies in one
component of X \ 7, and the component is the one whose ideal arc contains its
endpoints: L4; on the side of the arc containing (4, (;, and Lss on the other side
(the arcs of n split {4, (1} from {(3, (2} since n € R). Hence n € S.(T') for every
non-exceptional 7. Conversely, if € S (T}) for integers Ty, — oo: after passing to
a subsequence, the assignment of pairs to the two (fixed) sides of 1 is constant; since
7;(T)) — ¢ in X and the closures of the two components of X \ 7 meet 0,,X in the
two closed arcs bounded by the endpoints of 17, we get (1, (4 in one closed arc and
(2, (3 in the other; as n € G* has no endpoint among the (;, the points lie in the
open arcs, and reading off the cyclic order, we get one endpoint of 1 in ((1(3), the
other in ((2(4), i.e., n € R.

For the second one: if n € S_(T}) along a subsequence with constant side assign-
ment, the same argument puts (i, (2 in one closed arc of 1 and (3, (4 in the other;
but in the cyclic order (i, (s, (2, (4 any arc containing (i, (2 and avoiding (3, (4 is
impossible unless one of the (; is an endpoint of 1, which is excluded on G*.

By dominated convergence, with dominators Dy from (b), (c¢), we conclude that

mo(S+(T)) — mo(R), and mo(S—(T)) =0
along integers; by (13) and the definition (9),
2Inero(Cr, G2, (3, Ca) = Jim Eo(21(T), 2o(T), 23(T), 24(T)) = 20(R). 0O

4.2. The spectrum determines the cross-ratio. In this part, we use the notions
introduced in Section 3, namely, the classification of isometries of CAT(0) spaces,
Busemann cocycles Bg, Gromov products and the cross-ratio crg of (9), which is
well defined (Lemma 3.41) and continuous (Corollary 3.43). By Lemma 3.38, every
non-trivial g € 7 (K) is a hyperbolic isometry of X, with a unique axis Ay = (97, ¢")
on which it translates by ¢(g) = EL([g]), and with North-South dynamics on s X.
Throughout, g, h € m(K) are two such elements with four pairwise distinct fixed
points g=, h* (equivalently, by Lemma 3.38(iv), with distinct axes), and a € 4,,
b € Ay, are base points on the axes. The goal is to express crg(¢g~, 9", h~, h™) through
the translation lengths ¢(g"h™), £(g), £(h).

Lemma 4.16. For any hyperbolic isometry w and any © € X, we have ¢(w) =
B+ (z,wz).

Proof. By naturality of Busemann cocycles (Definition 3.35(iii)), with ¢ = w, £ = w™:
B+ (wu, wv) = By,+(u,v). For a € Ay, wa lies on the ray from a to w™ at distance
l(w), so By+(a,wa) = £(w); for general x, the cocycle relation gives B+ (z,wz) =
B+ (x,a) + l(w) + By+ (wa,wx) = B+ (x,a) + £(w) + By+(a, ) = L(w). O

Lemma 4.17. Fory,z € X, we have d(y, g"z) = nl(g) + By+ (y, a) + B, (2,a) +o(1)
as n — oo, locally uniformly in (y, z).

Proof. Write d(y, g"z) — nl(g) = [d(y,9"z) — d(a,g"2)] + [d(a,g"z) — d(a,g"a)].
Since d(¢"z,g"a) = d(z,a) is bounded and g"a — ¢g* radially, "z — ¢g* in the
cone topology; by horofunction continuity (Definition 3.35(v)), the first bracket
converges to Bg+ (y, a), uniformly for y in compact sets. Moreover, it is 2-Lipschitz
in z with a z-independent limit, so the convergence is locally uniform in (y, z) (by
equi-Lipschitzness). The second bracket equals d(g~"a,2) — d(g~"a,a) — B, (z,a),
locally uniformly in z, by the same fact. O
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Lemma 4.18. For £ # 1 € 05X and base points ¢, € X, we consider the gap
G(ga ¢, Cl) = Bf(pa C) + Bn(pv cl)7
where p is any point on the line (§,7n)). Note that G(&,m;¢,) = G(n,&; ¢, ¢). Then

inf [Be(y,c) + By(y, )] = G(&,m;¢,¢),
yeX

the infimum being attained on the line (§,1n). Moreover, if a moves along the axis Ag
and b along Ay, the sum G(g*,h™;a,b) + G(g~,h';a,b) is unchanged.

Proof. Along (§,7n), parametrised towards &, Bg(-, ¢) decreases and By)(-, ¢’) increases
at unit speed, so the sum is constant on the line; the swap symmetry is clear from
the definition. For arbitrary y and p = v(0) on the line v = (&, 1), v(+o0) = &:

[Bf(yv C) + Bn(y? Cl)] - G(§7 ; ¢, Cl) = Bf(yvp) + Bn(y,p)
= lim [d(y,y(t)) +d(y,7(=s)) = (t+ )] 20

t,s—

by the triangle inequality, since t + s = d(y(t),v(—s)). Finally, replacing a by a
point at parameter to further on A, changes B+ (-,a) by +to and By (-,a) by —to,
leaving the sum unchanged; we argue similarly for b. O

Lemma 4.19. Write w, := g"h" and fix p* € (h~,g"). Then:
(i) wi — g% and w, — h~;
(ii) let y, € Ay, be nearest to p*; then the sequence (yy,) is bounded;
(iii) let G € [Yn, Wnyn] C Ay, be mearest to g"p*; the points z, = g~ "(, form a
bounded sequence.

Proof. (i) Hyperbolic isometries of a proper d-hyperbolic space act on the boundary
with North—South dynamics (by fact (d) following Definition 3.37; see also [17,
Ch. 10]). Choose disjoint closed neighbourhoods U* 5 g*, V* 5 At in X, with
V*TNU~ = . For large n, A" (X\V~) C VT and ¢"(X\U~) C U™, sow,(X\V ™) C
U™, iterating, wf(X \ V™) € U* for all k > 1, and since wkz — w as k — oo
for every x € X NU*, while wk(UT) ¢ UT with U* closed, we have w;} € U*.
Applying this to w,; ! = h™"g™™ gives w,, € V. By shrinking the neighbourhoods,
we obtain (i).

(ii) The axes Ay, = (w,, ,w;") have endpoints converging to (h~, g*); by Lemma 3.42
they converge to (h™,g") > p* uniformly on compacts, so d(p*, Ay, ) is bounded.

(iii) In a d-hyperbolic space (recall Corollary 3.32), we have d(m,[u,v]) < (u |
v)m + 40 for any geodesic segment [17, Ch. 3]. With m = ¢"p*, u = yn, v = WpYn,
and using invariance of Gromov products (Definition 3.21) under the isometry ¢g~",
we obtain

(yn | wnyn)gnp* = (g_nyn | hnyn)p*-

Since the y, are bounded, ¢~ "y, — ¢~ and h™y, — h™, which are two distinct
boundary points (Definition 3.21(iv)), hence the Gromov products are bounded, and

d(2n, p*) = d(Cn, 9"P") = d(g"D"; [yn, wnyn]) < C. O
Theorem 4.20. We have the following length asymptotics:
Tim_[0(g"h") — nl(g) —nl(h)] = G(g*,h;a,b) + G(g™, h* 3 a,b).

Proof. Let us start by showing the upper bound. Fix y € (¢7,h™) and z € (g7, h™).
For every n, we have

U(wy) < d(y,wny) < d(y,9"2) +d(g"z,g"h"y) = d(y, g"z) + d(z, h"y),
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and by Lemma 4.17 (for g, and for h with base b € A},),
lim sSup [g(wn) - ng(g) - nﬁ(h)] < [Bg+ (yv a) + Bh_ (ya b)] + [Bg_ (Zv a) + Bh+ (Z7 b)]
=G(g",h75a,b) + G(g™,hT5a,b),

where the equalities hold because y, z lie on the respective lines (Lemma 4.18).
Let us now show the lower bound. With y,,(,, 2, as in Lemma 4.19: since
Cn = g"zp lies on the segment [y, wnyn], whose length is £(w,,), we have

Uwn) = d(Yn, 9" 2n) + d(g" 2n, WnYn) = d(Yn, 9" 2n) + d(2n, R "yn).

The sequences (yy), (z,,) are bounded, so Lemma 4.17 applies locally uniformly, and
each of the two resulting brackets is bounded below by the corresponding gap (by
Lemma 4.18 at y,, 2,); hence liminf, > G(¢%,h";a,b) + G(g~,h*;a,b). d

Gathering the previous results, we can conclude that the spectrum determines
cross-ratios:

Corollary 4.21. We have
-+ = pt) — 1 715 npn
Inero(g™, g%, b7, h*) = =4 lim [U(g"h") — né(g) — né(h)]. (14)

Proof. For £,m € 05X distinct and base points ¢, € X, let u,v be the rays from
¢, ¢ to &, n, and set P(&,n;¢,c) == limy[2t — d(u, v¢)]; the diagonal limit agrees
with the double limit lim s[t + s — d(u¢, vs)], both expressions being bounded and
monotone in each variable by first variation (as in Lemma 3.41). By the identity
established in the proof of Corollary 3.43, for every p on the line (&, 7),

P(&mie,d) = =[Be(p,c) + By(p,c)] = = G(&mye, ). (15)
Let us now evaluate (9) with the rays v1(t) = o1(—t), 12(t) = 01(t), v3(t) = o2(—1),
Y4(t) = o2(t), where o1 = A, is parametrised towards g% with 01(0) = a, and
oy = Ap towards ht with 02(0) = b (ray-independence, Lemma 3.41). With
fij(t) = d(7i(t),v;(t)) — 2t: fi2 = faa =0, lim fig = —P(g97,h*;a,b), lim fzo =
_P(h_ag+;b7a)7 S0

Wero(g™ g%, h™.h*) = Llim By = §[Plg™.h*:a,b) + P(h™.g%:b,a)]
= —3[Glg™ . hT5a,b) + G(h™,g73b,a)].

By Lemma 4.18, we have G(h™,g%;b,a) = G(9",h™;a,b), and by Theorem 4.20,
this concludes the proof. ]

Remark 4.22. The principle that cross-ratios can be recovered from length data (as
in Theorem 4.20 and Corollary 4.21) goes back to Otal’s proof that the marked
length spectrum of a negatively curved surface determines its Liouville cross-ratio [39,
Th. 2.2]. It was extended to CAT(—1) spaces by Bourdon [9, 10], whose formulation
of the cross-ratio through Busemann functions is the one we use here, to CAT(—1)
spaces with cone singularities by Hersonsky and Paulin [30], and to symmetric spaces
by Dal’bo and Kim [19, 33, 34]. Otal’s global scheme was carried over to non-
positively curved surfaces with cone singularities by Constantine [16] (see also [23, 7]
for flat cone metrics). Theorem 4.20 shows that the limit is exact in a CAT(0) space
with flat pieces, using only Gromov hyperbolicity and the absence of flat strips.
For hyperbolic billiards, in particular, open dispersing billiards, similar asymptotic
expansions have already been considered in several e.g. in [5, 20]. In this purely
hyperbolic setting, the goal was to recover periodic multipliers from length data
through exponentially small error terms in such expansions. Here, we do not claim
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any estimate on the speed of convergence in (14); instead, we focus directly on the
limit of the expansions.

4.3. Preservation of angles. In the following, we suppose that D and D’ are two
distinct billiard tables in @™ ~ C”_, (Tp, T?). We consider the latter as a metric
space with the C" metric. Remark that the tables D and D’ are diffeomorphic. Indeed,
the space of configurations of m pairwise disjoint closed discs in T? is connected (we
can shrink the discs to points, use the connectedness of the configuration space of m
distinct points of T2, and enlarge the points back to discs); since the obstacles of D
and D’ are isotopic to discs through strictly convex domains, there is an isotopy of
embeddings of Tp = ||, S! carrying 9D onto D', and by the isotopy extension
theorem (see e.g. [32, Chapter 8, Theorem 1.3]) it extends to a diffeotopy of T2,
whose time-one map sends D onto D'.

We will consider surfaces K C (D), K' C K(D'), obtained by gluing two copies
of D, respectively D', that is

K \ B(K) — pupP ]—[Ddown7 K’ \ B(K/) _ (D/)up H(ID/)down'

The surfaces K and K’ are also diffeomorphic. Indeed, p(D"P) ~ D ~ D' = p((D')"P),
and similarly for DIV, As 9D ~ 0D’, we obtain a diffeomorphism h: K — K', as
wanted. We fix such a diffeomorphism once and for all; it induces an isomorphism
¢ = hy: m(K) = m1(K'), the marking, well defined up to the action of the mapping
class group.

In what follows we assume that D and D’ have the same enriched length spectrum:

ELp = EL = EL' = ELp..

Let us stress that the hypothesis EL = EL’ is understood with respect to the marking
¢, i.e., EL'(¢(a)) = EL(«) for every conjugacy class a € C(K). The conclusion of
the main theorem, i.e., the existence of an isometry of T?), does not depend on the
marking, but the hypothesis does, and the isometry obtained need not induce ¢.

In what follows, we will fix K as our reference surface. As in Section 3, we will
consider families of metrics g., g, on K converging to the gluing metric when &
approaches 0. More specifically, g = g1 is our reference metric on K, induced by
the Euclidean metric of E = T? x R. For each of the tables, the metrics g., g. are
defined as the pullback to K, under the mapping a: (z,y,2) — (x,y,ez), of the
metric induced on a.(K), a-(K'), respectively. The g. are seen as metrics in K by
pulling back with the diffeomorphism between the surfaces.

We have metric convergence (K,g.) = K. LR Ky = (K, qgo), and similarly
(K,g.) = K| LR K{ = (K,g)), in the Gromov—Hausdorfl distance, as ¢ — 0. The
metric space Ky (respectively K)) consists of two copies of (D,d,) (respectively
(D', d;)) glued at the boundary. In the following, we abbreviate X = Ky, X' = K}.
We denote by Go, G|, the spaces of unparametrised oriented geodesics, and by G(D),
G(D’) the subsets of admissible ones.

Lemma 4.23 (Boundary identification). The marking isomorphism ¢: m (K) —
m1(K') induces a homeomorphism

0¢: 0o X — 05 X',
which is equivariant with respect to the actions of m1(K) (on the right via ¢), and
mapping, for every hyperbolic g € m1(K), the fized pair (g, g7) to (#(g9)~,d(g)").

Proof. Both actions are free, properly discontinuous and cocompact by isometries
on the proper geodesic spaces X, X', which are Gromov-hyperbolic (Lemma 3.22
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and its analogue for D’). By the Svarc-Milnor lemma [11, Proposition 1.8.19] the
orbit maps are quasi-isometries, so ¢ induces an equivariant quasi-isometry X — X',
and every quasi-isometry between hyperbolic proper geodesic spaces extends to
a homeomorphism of the boundaries [11, Theorem III1.H.3.9]. Equivariance gives
the statement about fixed pairs, since g* are the unique fixed points of ¢ on the
boundary. Finally, d¢ does not depend on the choice of orbit maps: two equivariant
quasi-isometries induced by ¢ are at bounded distance from each other, hence induce
the same boundary map. O

Remark 4.24. One could try to identify the boundaries 05X and 9., X’ through
the Anosov approximations instead: indeed, an isotopy (Dt)te[oﬂ of tables from D
to D' induces an isotopy (K t)te[o,u of surfaces, and if, for some fixed ¢ > 0, the
geodesic flows of all the (K*, g.) are Anosov, they are orbit equivalent by structural
stability, so that their boundaries at infinity, hence (by Lemma 3.34) those of the limit
spaces, are identified; by uniqueness of equivariant boundary maps, this identification
coincides with d¢. Two points would however need to be verified: that the isotopy
can be chosen through finite-horizon tables with strictly convex obstacles (finite
horizon is an open but not a convex condition), and that Kourganoff’s threshold &g
can be taken uniform along the isotopy. The use of Svarc-Milnor lemma avoids both
issues, and uses only the marking ¢.

The next proposition says that the enriched spectrum determines the cross-ratio
and the current:

Proposition 4.25. If EL = EL/, then we have cr)o(0¢)** = crg on quadruples of
pairwise distinct boundary points. Therefore, (0¢ x Id).mo = My.

Proof. By Remark 4.2, the hypothesis gives £(w) = ¢'(¢(w)) for every w € m1(K).
Corollary 4.21, applied to (g,h) in X and to (¢(g),o(h)) in X', together with
090(9F) = #(g)* (Lemma 4.23), gives the equality on all quadruples (¢, g%, h™, 7).
Given an ordered quadruple ((1,(2,(3,(4) of pairwise distinct points, choose, by
density of pole pairs (Corollary 3.40), hyperbolic elements g, hx with (g, ,g;") —
(¢1,¢2) and (hy,, hif) = (C3,Ca); both cross-ratios are continuous on pairwise distinct
quadruples (Corollary 3.43) and 0¢ is a homeomorphism, so the identity passes to
the limit.

Let us now show the second statement. We claim that a flip-invariant Radon
measure on 92 X giving zero mass to endpoint fans is determined by its values on the
rectangles R of Proposition 4.15. Indeed, ordered products A x B of open arcs with
disjoint closures form a 7-system generating the Borel o-algebra of 9% \ A, on which
our measures are supported and o-finite (Corollary 4.11). The unordered rectangles
determine the ordered products by flip invariance, and arcs with common endpoints
are handled by monotone approximation from inside, the endpoint fans being null by
Lemma 4.12. Uniqueness follows from Dynkin’s lemma.

Since 0¢ transports cross-ratios, by Proposition 4.15 applied on both sides, the
two measures of the statement agree on all rectangles; and (9¢ x 0¢).mg gives zero
mass to endpoint fans since 0¢ is a bijection. O

Below, we let ¢: m1(K) — 71 (K') as in Lemma 4.23.

Definition 4.26 (Unparametrised conjugacy). For every geodesic v € Gy, let hy € G|,
be the unique geodesic of X’ with endpoints

(hy)(—00) = 0p(v(—)),  (hy)(+00) = dp(v(+00)),
which exists and is unique by Lemma 3.33 applied to X’.
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Lemma 4.27. The map h: Gy — G, is a homeomorphism of the spaces of unpara-
metrised geodesics; it is w1 (K )-equivariant over ¢, it commutes with the flip, and

~ ~

preserves the Liowville currents: homg = myg. In particular, h(G(D)) = G(D').

Proof. Under the identifications Gy ~ 02X and G} ~ 0% X’ (Lemma 3.33 and
Lemma 3.42), h is 0¢ x ¢, which is a homeomorphism; equivariance and the
commutation with the flip (§,7) — (n,&) are inherited from 0¢ (Lemma 4.23).
Moreover, (0¢ x 0¢).mgy = my, follows from Proposition 4.25. The homeomorphism
h carries the support of the measure Mg to the support of its push-forward my; by

~

Proposition 4.14, we deduce that h maps supp mo = G(D) onto suppmy = G(D'). O
Definition 4.28. We call a geodesic clean if it meets the seam only transversally.

Clean geodesics are neither degenerate nor tangent to a wall, they share no arc
with any other geodesic (indeed, a shared compact arc has branch points at its ends,
which are tangential contacts by Lemma 3.48(iv); moreover, a shared ray is excluded
for pairs with distinct endpoints), and they cross any geodesic they are linked with
in exactly one point (as linked pairs intersect, and two intersection points would give
a shared segment).

Next lemma shows the stability of crossing points.

Lemma 4.29. We work in X or X'. Let p, — p uniformly on compacts with
(pn(—00), pn(0)) = (p(—00), p(0)), and let T be a geodesic with endpoints disjoint
from those of p, linked with p, for all large n, and meeting p in exactly one point x*.
If xp, € TN pp, then x, — x*.

Proof. Assume d(z*, z,, ) — co. Since z,, € 7, the accumulation points of (zy, ) in
X lie in {7(£o0)}; since z,, € pn, with the p,, as in Lemma 3.42, they also lie in
{p(£o0)} by part (ii) of that lemma, a contradiction, the two pairs being disjoint.
Moreover, any sublimit Z of the bounded sequence lies on 7 and on p (by uniform
convergence on the compact containing the tail), hence & = z*; we conclude that
Tn — ¥, O

Recall the CAT(0) angle from §3.2.5, and recall the measure p of Corollary 4.8,
which is supported on the admissible class (Proposition 4.14). A point of Go/m (K)
is a pointed geodesic (vy,t), i.e., a geodesic with a marked point 7(¢); for p-a.e. (,t)
the point v(t) is flat and, for a.e. § € (0, 7), there is a unique geodesic 7, ¢ ¢ crossing
v at y(t) with oriented angle 6 (Lemma 4.5); we write 7, ¢ when ¢ = 0.

In the following, we say that a geodesic n crosses v from the right if 7 and  are
linked and the oriented crossing angle from v to n lies in (0, 7); equivalently, the
endpoints occur in the cyclic order v~,n~,7",n" (the other cyclic order of a linked
pair, v~,n", ", n~, corresponds to crossing from the left). Let

Pt = {(v,n) € Go x Gy : n crosses ~ from the right},

with the diagonal action of 71 (K), and define P~, P'* likewise. For y-a.e. pointed
geodesic (v,t) and every § € (0,7) there is a unique 7, ¢4 crossing v at y(t) from
the right with angle 6, and every right crosser of «y arises this way for a unique (¢, 0);
thus

(7? t, 0) — (77 77'y,t,9) (16)

is an a.e. bijection from Gy x (0,7) onto P+, equivariant for 7 (K), which acts
trivially on 6.
Let us now define a product measure on crossing pairs:
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Lemma 4.30. (i) In the coordinates (16), the restriction of mg ® Moy to PT
is (Mo ® dt) ® $sinfdf; hence the quotient of (Mg ® Mg)|p+ by T (K) is
pL® tsinddf. The same holds for P, P’ and P'~, with 4.

(ii) The map h x h sends P onto P'" if O¢ preserves the cyclic orientation of
Ooo X, and onto P'~ if it reverses it; in both cases it carries (Mg @ Mo)|p+
to the restricted product measure of the image family, and descends to the
quotients.

(iii) Consequently 1(Go/m1(K)) = ' (Gh/m1(K")), i.e. Area(D) = Area(D'). From
now on p and i’ are normalised to probability measures.

Proof. (i) By Fubini, (mo ® mo)(A) = [mo({n : (y,n) € A})dmo(y) for A C PT.
For a.e. fixed =, the right crossers of v are parametrised by (¢,6), and by the flux
formula (12) along v (valid along every straight segment and wall arc, by the remark
following Proposition 4.6) the measure 7y restricted to them is sin6d6 dt. This
shows the first claim; the quotient statement follows since 71 (K) acts on the (v,t)
factor only and (mg ® dt)/m1(K) = p. The other three families are treated in the
same way (for left crossers, we use the chart along the reversed geodesic, and the
density is the same).

(ii) 0¢ x O¢ preserves linking, and it preserves or reverses all cyclic orders of
050X according to its orientation behaviour; by the characterisation of the side of
crossing through cyclic order, h x h maps P+ onto Pt or P'~. Since h.mg = my
(Lemma 4.27), (h x h)«(mo ® mg) = m(, & My, and restrictions to corresponding sets
correspond; equivariance over ¢ gives the quotient statement.

(iii) By (i) and (ii), the two quotient measures 1 ® 3 sinfdf and p' ® % sin ¢’ do’
have the same total mass, i.e., %M(Q\o/m(K)) = %,u’(gé/m(K’)). By Corollary 4.8,
these masses are equal to m Area(D) and 7 Area(D’). O

Definition 4.31 (Angle transfer). For p-a.e. (v,t) and a.e. § with 7, ;¢ crossing
from the right, the geodesics hy and hn, ;¢ are clean, linked, and cross at a unique
point ¢ (by Lemma 4.27 and Proposition 4.6). We let

19(7,15) (9) = éq(h% hn’y,tﬂ) € (Oaﬂ-)

be the angle between the forward directions. The same construction for h~! defines

19’(7, 5 for i/-a.e. pointed geodesic of X'.

By flip equivariance of h, we have 9, (7 — ) = 7 — 9, ,(0).
The following lemma shows that the angle transfer is monotone and satisfies a
superadditivity property.

Lemma 4.32. For p-a.e. (7v,t) and a.e. 61,60 > 0 with 6, + 62 < m, writing
M = Nyt,6, based at its crossing with v,

79('\/,15)(01 + 92) > ﬁ(v,t)(el) + 19(771,0) (‘92)-
In particular 6 — 9, 4)(0) is non-decreasing, and V() (7/2) = 7/2.

Proof. Let nm2 = 1y+.6,+6,; at the flat point o = ~(t) it makes oriented angle #y with
11. The three image geodesics are pairwise linked and cross pairwise exactly once:
p1 = hyNhny, p2 = hyNhng, ¢ = hny N hns. If p; = po then ¢ = p; and the claim is
arc additivity in the circle of directions at that point (Lemma 3.48(ii)), with equality.
Otherwise p1p2q is a geodesic triangle, such that the sum of its interior angles is
at most 7 [11, I1.1.7]. The cyclic order v, n;",m5,7~,m; ,n; of the endpoints is
preserved by 0¢, so ¢ lies on the side S of hy whose ideal arc contains nf , n; , Or on
the opposite side.
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If ¢ € S, the forward rays of hn; from ¢ cannot recross hv, so p1, ps lie backward
from ¢ along both, and, since hny passes from the left of hny (at n3) to its right,
po lies forward of p; on hy. Writing u for the forward direction of hvy and v; for
those of hn;, the interior angles are Z,, (u,v1) = 9(61), Lp,(—u,v2) =1 — V¥(01 + 02)
(Lemma 3.48(i)), and Zq(—vl, —Ug) = Aq(vl, UQ) = 19(,]1’0)(92).

If ¢ ¢ S, then p1, ps lie forward from ¢ along both image geodesics, hn passes from
the right of hn; to its left, so po lies backward of p; on A7y, and the interior angles
are Zp, (—u, —v1) = 9(01), Lp,(u, —v2) =7 — 901 + 62) and Zy(v1,v2) = Iy, 0)(02):
the same three values. In both cases the claim is proved. Monotonicity follows since
angles are non-negative, and 9, 4 (7/2) = 7/2 from the flip symmetry. O

For p-a.e. (7,t), the function 6 — ¥, 4 (0) is defined for a.e. § € (0,7) (Defini-
tion 4.31), takes values in (0, ), is non-decreasing on its domain (Lemma 4.32), and
satisfies ¥(m — ) = m — (). A function which is non-decreasing on a conull subset
of (0,7) agrees a.e. with a non-decreasing function defined on all of (0,7) (take
0 — sup{9(0’) : 0/ < 0 in the domain}); since every quantity below is an integral in
0, we replace ¥, ;) by this extension, which is then non-decreasing everywhere. We
also set J(m/2) := m/2, which is compatible with monotonicity since the symmetry
gives ¥(0) < /2 < Y(F') for § < /2 < 0" in the domain. We have 0 < J(0T) and
Y(7~) <7 (a jump at the endpoints is not excluded, but is unimportant).

We define its generalised inverse as

1971

(%t)(b) = sup{f € (0,n) : (1) (0) < b} € [0, 7], be (0,7),

with sup @ = 0. On the conull set of clean configurations the crossing point hyNhny ¢ g
depends continuously on (v,t,60) (Lemma 4.29) and the Alexandrov angle is the
infimum of the comparison angles Z(v(s), z,7/(s")) over rational s, s’ > 0, these being
continuous in the configuration and non-decreasing in s, s’ [11, I11.3.1], so ¢ is Borel in
(7,t,0); hence ¥~1(b) = sup{f € QN (0,7) : ¥() < b} is Borel in (v,t); in particular,
Fubini can be applied to the integrals below.

Lemma 4.33. Let f: (0,7) — (0,7) be non-decreasing with f(w/2) = n/2, and let
=1 be its generalised inverse. Then:

(i) for every b € (0,7), {0 : £(9) < b} is an interval with endpoints 0 and f~1(b),

so that [(; 4 1sinfdd = (1 —cos f71(b));

(ii) f=' is non-decreasing, and f~1(b) < w/2 for b < w/2;

/2 /2
(iii) (Young’s identz’ty)/o ! f(6) d9—|—/0 / fH(b)db = (g)Q
Proof. (i) If f(#) < b and 0 < 0 then f(0') < f() < b, so {f < b} is an initial
interval, whose supremum is f~!(b) by definition; whether the endpoint belongs to it
is irrelevant for the integral.

(ii) Monotonicity of f~1 is clear from the definition; for b < 7/2 and § > 7/2 we
have f(0) > f(n/2) = w/2 > b, so such 6 do not enter the supremum.

(iii) For 0,b € (0,7/2) one has < f~1(b) = f(0) < b = 0 < f~1(b) (the
first once because some 6 > 6 has f(f') < b, the second one by definition), so
the sets {(0,b) : b < f(#)} and {(0,b) : & < f~1(b)} partition (0,7/2)% up to
the null set {§ = f~(b)}. Since f < 7/2 on (0,7/2] by (ii) applied to f itself
(f(0) < f(m/2) = w/2), the first set has area f(;r/Q f, the second fOW/2 71, and their
sum is the area of the square. ([l
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Lemma 4.34. For every b € (0,7), we have

/cos(ﬁ(;l’t)(b)) du(y,t) = cosb,

/cos (19’(;,1,5) (b)) dp/ (v, s) = cosb.

Proof. Consider the set of crossing pairs whose image angle is < b, modulo m;. By
Lemma 4.30 its mass can be computed in image coordinates: [ fob $sin@’' do’ dy/ =
(1 — cosb). In source coordinates the same set is {(v,t,0) : V(0 (0) < b} ={0 <
19(1/1’” (b)} up to an endpoint, by Lemma 4.33(i), with mass [ (1 — cos 19(_71775)(17)) dp.
This gives the first identity. The same argument for h~! gives the second one. [

Gathering, we can now conclude that h is angle preserving.

Theorem 4.35. For p-a.e. (7,t) and every 6 € (0,7), we have
V(,0)(0) = 0.

Therefore, by Lemma 4.29 and the continuity of adjacent angles (their sum being
at a transversal crossing), for every pair of admissible geodesics crossing at a point
x, the images cross at a point q with Zy(hy, hn) = Zz(v,7n).

Proof. Following Otal [39], let us define the averaged angle

0(0) = / 9y (6) dps.

By Lemma 4.32 each 9, ) is a monotone map of (0,7 /2] into itself fixing 7 /2. For
a.e. a € (0,7/2),% by integrating the superadditivity at a + (7/2 — a),” we have
O(a) +O(n/2 —a) < O(w/2) = /2 for a.e. a, hence

/(:/2(@(61) —a)da <0. (17)

On the other hand, for b < 7/2, the random variable Z, := 19(_7115)(6) takes values in

[0,7/2] (Lemma 4.33(ii)), where cos is strictly concave. Lemma 4.34 and Jensen’s
inequality give cosb = [ cos Z, dp < cos([ Zpdu), i.e.,

/ O p(0)du < b, with equality if and only if Z, = b p-a.s. (18)

For each monotone map ¥ of [0, 7/2] fixing the endpoints, Young’s identity holds
(Lemma 4.33(iii)); integrating it against p and using (18), we have

[y [ - fa,garo

With (17) both sides vanish, so the non-negative integrand is zero for a.e. b, and

the equality case of (18) gives ﬂ@lt)(b) = b for a.e. b € (0,7/2) and p-a.e. (v,t).

It remains to pass from ﬁ@%t)(b) = b for a.e. b € (0,7/2) to V¢, (0) = 0 for
every . Fix such a (v,t), write f = (), and let B C (0,7/2) be the conull
set on which f~1(b) = b. Let 0 € (0,7/2). For b € B with b > 6, the definition
f7Hb) = sup{0” : f(0") < b} = b > 0 provides some 6" > § with f(0") < b, hence
f(0) < f(0") < b by monotonicity; letting b | 6 within B gives f(f) < 6. For b € B

6By Fubini, the inequality of Lemma 4.32 at the pair (a,7/2 — a) holds for pu-a.e. (v,t) for a.e.
such a.

"The base point of the second term is Rq,(7,t) in the phase-space coordinates of Corollary 4.8,
and p is invariant by the rotation R,.
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with b < 0, we have f~1(b) = b < 0, so 6 does not belong to {f < b}, i.e., f(0) > b;
letting b 1 6 within B gives f(0) > 6. Thus f(0) = 0 for every 0 € (0,7/2), and also
at 7/2; the flip symmetry f(m —6) = 7 — f(6) then gives f =id on (0, 7).

For the extension, let (v,7n) be admissible geodesics crossing at x, possibly a
seam point; by Proposition 4.14 there are pairs (v, 7,) of the conull set, crossing
at flat points z,, — x, with v, — 7, n, — 1. The images h~v, hn are linked, hence
meet, and the crossing points ¢, = hy, N hny, stay in a bounded set (the crossing
point of two linked geodesics lies within a distance of a base point controlled by the
Gromov products of their endpoints, which converge). We first check that hy N hn is
a single point. Otherwise, by uniqueness of CAT(0) segments, hy and hn share a non-
degenerate segment and branch at its endpoints, where both are tangent to the seam:;
at every point of this segment, including its endpoints, the two geodesics have the
same or opposite directions (at a tangential contact, the two straight continuations
have the same tangent vector, Lemma 3.48(iv)), so that the angle between them
is 0 or 7 there. But any accumulation point ¢* of (g,) lies in hy N hn, and the
semicontinuity argument below, applied at ¢*, gives Zg(h7, hn) = Z;(v,n) € (0,7),
a contradiction. Hence hy N hn = {q}, and ¢, — ¢ by Lemma 4.29, applied to
pn = hy, and 7 a fixed admissible transversal through ¢, and then to hn,. At a
transversal crossing the two adjacent angles sum to 7 (by Lemma 3.48(i)), and the
Alexandrov angle is upper semicontinuous under such convergence; indeed, it is the
infimum of the comparison angles, which are continuous in the configuration and
non-decreasing in the parameters [11, I1.3.1]. If o, (3, are the two adjacent angles at
qn and «, 8 those at ¢, then limsup o, < @, limsup 8, < fand o, + 68, =7 = a+ 3,
so both sequences converge: a, — «, B, — (; the same holds at x,, — x. Hence
Zq(h’}/a h77) = lim an (h%la hnn) = lim lxn (’an nn) = 4:1:(77 77)' g

Below, we also verify that h preserves incidence angles.

Proposition 4.36. Let w be a lifted wall, the azis of a peripheral element p € w1 (K),
and let W' = ha be the corresponding wall of X', the axis of ¢(p). For a.e. r and
every ¢o € (0,7), the geodesic crossing W at w(r) with incidence angle ¢po has image
crossing W' with incidence angle ¢g; by continuity, the same holds for every transversal
crossing of W by an admissible geodesic.

Proof. Let ¥,,(r, ¢) be the incidence angle of hn with @’ at their unique crossing, for
7 crossing W at w(r) with incidence ¢. The geodesics crossing @ from a fixed side
modulo (p) carry the measure 1 sin¢de¢ dr on [0, £(p)) x (0,7) (wall chart), h maps
them to the geodesics crossing @' from a fixed side modulo (¢(p)), and £(p) = ¢'(p(p))
by EL = EL’ (note that this also follows from the correspondence of the two families
of crossing geodesics, by comparing total masses). Hence the identity of Lemma 4.34
holds for 9, with u replaced by dr/¢(p). The superadditivity argument of Lemma 4.32
applies verbatim with hy replaced by @' (a geodesic of X’), and its second term
is now the transfer of the pair (11,72) of admissible geodesics crossing at the wall
point, which equals ¢ by Theorem 4.35: 9, (7, ¢1 + ¢2) > Dy(r, ¢1) + ¢p2. Thus,
for a.e. r, the function ¢ — ¥, (r, ¢) — ¢ agrees a.e. with a non-decreasing function
(the inequality holds for a.e. pair (¢, ¢2)) which vanishes at 7/2, so ¥,(r,-) < id on
(0,7/2], i.e., ¥ (b) > b. Together with the Jensen inequality [, (b)dr/¢(p) < b
this forces equality, and the strict case gives ¥,,'(b) = b a.e., hence ¥, = id. O

4.4. From angle preservation to isometry. In this part, we conclude that once
h preserves angles, it is actually induced by an isometry, which completes the proof of
Theorem A. If Ky were negatively curved, we could use the fact that the sum of the
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angles on a geodesic triangle is always strictly smaller than 7, except if the triangle
degenerates into a single point. This is exactly how Otal originally argued in [39]. In
our case, however, the space is only CAT(0), so in principle there’s nothing to prevent
the existence of triangles with sum of intern angles exactly equal to 7. In fact, if h is
“close to the identity”, a triple of geodesics intersecting at an interior point x € K°
would be mapped into three geodesics of ffé whose intersection determines a geodesic
triangle A also inside (K’)°. Since the negative curvature of the limit space K is
concentrated at the boundary set B (/I? ), it would follow that A is a flat triangle,
and the sum of its intern angles would be equal to .

This indicates that, in order to use angle preservation to derive some sort of
isometry, we must look at triangles on a neighbourhood of the boundary set. This is
how we proceed to conclude the proof.

Theorem 4.37 (Enriched spectrum rigidity). Suppose EL = EL’ (with respect to
the marking ¢ fized in §/.3). Then there is an isometry p: T2 — T? such that
D' = poD. In particular, the induced map

o:Q—Q
(@, w) = (p(z), dp(w))

s a flow conjugacy between billiard flows.

Throughout this subsection we assume EL = EL’, and h: Gy — Qé denotes the
map of Definition 4.26. Let us recall what is known so far about h:

e / is a homeomorphism preserving linking and the currents;
e h maps admissible geodesics to admissible ones (Lemma 4.27);
e h maps the axis of every g € m1(K) to the axis of ¢(g), in particular each lifted
wall w to a lifted wall @' := hw of D’;
e h preserves the angles of admissible crossings (Theorem 4.35) and the incidence
angles of admissible geodesics with the walls (Proposition 4.36).
Everything below is m (K )-equivariant over ¢, and we will not repeat it.

The proof of Theorem 4.37 consists in constructing a point map h: X = X'
inducing h. We proceed in three steps: the images under h of the geodesics through
a wall point are concurrent (Lemma 4.40), which defines h on the seam, where it
is isometric (Lemma 4.41); the current then controls the crossing positions along
every regular geodesic, which gives concurrence at flat points (Lemma 4.42); finally
h is shown to be isometric on a dense set by a Crofton argument, and extended by
continuity.

Definition 4.38 (Generic wall points). A wall point = € B is generic if the set of
directions at z (in either adjacent sheet) whose geodesic is regular is conull in the
circle of directions at x.

Lemma 4.39. All but countably many points of each lifted wall are generic. In
particular, generic points are dense in B.

Proof. Let w be a lifted wall. By Lemma 4.5(a), the parameters (r, ¢) of a wall chart
of 1 whose geodesic has a tangential contact with B lie on countably many C! curves.
A C! curve meets all but countably many vertical lines {r = ro} in a Lebesgue-null
set (it can contain a vertical segment for at most countably many ry, and by Fubini a
null set of the plane meets a.e. vertical line in a null set); hence, for all but countably
many ro, the directions at w(rg) whose geodesic has a tangential contact form a
null set of incidence angles, for each of the two charts. Since a geodesic through a
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FicUurge 8. Three geodesics intersecting at a boundary point are
mapped into a triangle of geodesics whose interior angles sum to ,
which is impossible by the Flat Triangle Lemma since (p1,p2) is a
wall arc.

wall point which crosses the wall transversally there and has no tangential contact is
regular, w(rg) is generic. O

We start the proof by showing that the images under h of the regular geodesics
through a generic wall point are concurrent; in other words, i induces a map hg from
the generic points of B to B’'.

Lemma 4.40. Let x € B be generic and w the lifted wall through x. Then the images
under h of all reqular geodesics through x pass through a single point ho(z) € W' = ha.

Proof. Let ~1,72 be regular geodesics through x; they cross @ transversally at x,
with incidence angles ¢1, ¢2, and we label them so that v, lies between w and 72,
i.e., with ¢ :== Z,(y1,7%2), ¢1 + ¥ + (7 — ¢p2) = w. The images hvyy, hy, are admissible,
cross W' at points p1,ps and cross each other at a point ¢ (they are linked, and by
Theorem 4.35, applied to (71,72) crossing at z, they meet in a single point, at which
their angle is 1). Suppose that p1, p2, ¢ are not all equal (see Figure 8). Then pipaq is
a non-degenerate geodesic triangle of X’ whose side [p1, p2] is an arc of @’ (the unique
geodesic between two points of a wall), and, by the proof of Lemma 4.32, its interior
angles are ¢1 and m — ¢2 at p1,p2 (Proposition 4.36) and ¢ at g (Theorem 4.35); in
particular, the sum of these angles is equal to w. Since each interior angle is bounded
by the corresponding comparison angle and the comparison angles sum to 7, all three
are equal to their comparison angles, and by the Flat Triangle Lemma [11, I1.2.9] the
convex hull of p1paq is isometric to a Euclidean triangle, in which the side [p1, p2]
is straight. But [p1,p2] is a wall arc of positive length, whose geodesic curvature
with respect to the adjacent sheet is —IC # 0, whereas a side of a Euclidean triangle
has zero geodesic curvature with respect to the triangle, and the geodesic curvature
of a boundary arc of a flat region is intrinsic to the region (by Gauss-Bonnet), a
contradiction. Hence p; = ps = ¢: the images of all regular geodesics through = meet
@' at one and the same point, which we call hg (). O

Next, we show that the map ho induces an isometry between the boundaries:
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Lemma 4.41. The map Eo extends uniquely to an isometric bijection Eo: (B,dy) —
(B',dj)), which maps each lifted wall W onto W' = hiv and satisfies ho(x) € hy for
every wall point x and every regular geodesic v through x.

Proof. Let us first assume that the points x,y € B are generic. By the Crofton
formula (see Lemma 4.9), do(x,y) is the mo-mass of the geodesics n separating z
from y. We claim that n separates z from y if and only if hn separates Eo(x) from
Eo (y), for every n through neither z nor y. Given such an 7, let S be the side of n
containing x. The directions at x whose geodesic is unlinked with 7 form an arc of
length m — Z,(n~,n") > 0, and regular directions are conull at x; so there is a regular
geodesic v, through x, unlinked with 7, hence contained in S. Then A7y, is unlinked
with hn and contained in the closure of the side S’ of hn corresponding to S (the
sides correspond through 0¢), and ho (x) € hry, C S’ by Lemma 4.40. The same holds
for y, which proves the claim; since h, g = mj, we get dj(ho(z), ho(y)) = do(z, ).

Now, since generic points are dense in B (Lemma 4.39), and Eg is isometric on
them, it extends uniquely to an isometric map B — B’ which sends each lifted wall
W into w’. An isometric map from a geodesic line into a geodesic line is onto, so
ﬁo maps @ onto @'; since h maps the set of lifted walls (which are the axes of the
peripheral elements) bijectively onto the set of lifted walls of X’, EO: B — B is
bijective.

Let us now consider an arbitrary point z € B on the wall @, and let v be
regular through z. Choose generic points z, — x on @, and regular geodesics
~n through z, converging to v (since 7 is regular, its collisions are transversal,
so geodesics with nearby initial data converge to ~ uniformly on compact sets,
with converging endpoints, and the regular ones among them are dense). Then
?Lo(ﬁn) = hy, "W — hy N by Lemma 4.29 (with p, = hv, and 7 = @), while
ho(xn) — ho(z) by continuity; hence ho(z) = hy N @' € hy. O

Lemma 4.42. Let vy be a reqular geodesic, with wall points x; = y(t;), 1 € Z, t; < tiy1.
Parametrise hy by arc length so that (hy)(t1) = ho(x1) and (hy)(t2) = ho(x2). Then:

(i) (hy)(t;) = fNLo(xi) for every i;
(ii) for mo-a.e. geodesic n crossing vy, at y(t) say, the image hn crosses hy at
(hy)(t);

(iii) for everyt € R and every regular geodesic n through ~y(t), hn passes through

(hy)(#)-

Proof. (i) By Lemma 4.41, the points ?Lg(aci) lie on A7, and are at mutual distances
dy(ho (), ho(z;)) = do(xs,2;) = |t; — tj|. A point of the line hy is determined by its
distances to the two distinct points (hy)(t1), (hy)(t2); since (h7y)(t;) has the right
distances, ho(z;) = (hy)(;).

(ii) It suffices to prove the statement on each chord [z1, 3] of v, i.e., for crossings
at times t € (t1,t2), the crossers at the countably many wall points being null. For
t € (t1,t2) and 0 € (0,7) write 1 g = 1,40 for the geodesic crossing v at () from
the right with angle 6 (Lemma 4.30), and let o(6,t) be the position on hy of a
crossing point of hy and hn g, unique when hiny g is clean. By Lemma 4.5(a) and
Fubini in the flat chart along ~, there is a conull set ©¢ C (0, 7) such that, for 6 € Oy,
the set Ty of those t € (t1,t2) for which 7,9 and hny g are clean is conull in (1, t2).
We claim that o(6,t) =t for every 6 € O and ¢t € Ty; by Lemma 4.30(i) this is the
statement (ii) for the crossers from the right, and the crossers from the left are the
reverses of the crossers from the right of 7.
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Let us now fix # € ©p and t < ¢’ in Ty. The geodesics 79, n ¢ are unlinked;
indeed, if they were linked, they would cross at a point z, with a positive angle
since both are clean, and the geodesic triangle with vertices ~y(¢),v(t'), 2 would have
interior angles # and m — 6 at v(¢),y(¢') (in one order or the other, according to the
side of z) and a positive angle at z, contradicting the angle-sum inequality in the
CAT(0) space X. Now, for three embedded arcs of the closed disc X with pairwise
distinct endpoints, two of which cross the third exactly once and are unlinked with
each other, the order in which the third arc meets the other two is determined by
the cyclic order of the six endpoints on s X (the two unlinked arcs are nested, and
the one with the inner pair of endpoints is met first or last according to which end of
the third arc its endpoints surround). Since h preserves linking, and d¢ preserves or
reverses all cyclic orders, the order of the crossing points of hn g, hny g along hy is
that of v(t),~v(t') along ~, or globally the opposite; with the orientation of h~y fixed
by (i), t — o(6,t) is non-decreasing on Ty. Let Fy be its non-decreasing extension to
(t1,t2), i.e., Fp(t) = sup{o(0,t') : t' € Ty, t' < t}.

As t — to within Ty, the crossers 7,4 converge, with converging endpoints, to the
crosser of v at xo with angle 6§, which for a.e. 8 is admissible and crosses the wall at
o transversally; its image passes through ho(z2) = (hy)(t2) (Lemma 4.41 and (i)
and crosses hy only there, so Lemma 4.29 gives Fy(t; ) = to; likewise Fy(t]) = t1.
Shrinking ©g to a conull set, we assume this for all § € O.

For 1 <a <b <ty and 0 < 0; < 62 < 7, the geodesics crossing ’y\[a,b] from the

right with angle in (01, 62) have mass (b — a) fgef 1sin6do by (12); their images are,

by Theorem 4.35, geodesics crossing hy with angle in (61, 602), at the positions o (6,t).
The images of the non-clean crossers form an my-null set, since h,my = my and
non-clean geodesics are mg-null; hence, by (12) along h~y, the mass of the image set is
f(,el 2 1sin 6 Leb (o (6, [a,b] N Ty)) df. Comparing the two masses for all rational a < b
and 61 < 62, we get Leb(o (6, [a,b] N Ty)) = b — a for all rational a < b and all 6 in a
conull subset of O, which we still call ©.

Fix 8 € ©p. For a non-decreasing function F' on an interval and a < b in it,
F([a,b]) C [F(a), F(b)], so Leb(F([a,b])) < F(b) — F(a), with equality if and only
if F' is continuous on [a,b] (a jump at a point of [a,b] leaves a gap of positive
length in F([a,b])); moreover o(0, [a,b] N Ty) C Fp([a,b]). Summing over a partition
1 <ag<---<ayny <ty by points in Q and letting ag — t1, ay — t2, we get

to —t1 = limZLeb(U(H, [ai,aiﬂ] N Tg)) < hmZ(FG(ai—‘rl) — Fg(ai))

7

= Fy(ty) — Fy(t]) =t2 — t1.

Hence the inequality is an equality for every partition, so that Leb(Fy([a,b])) =
Fy(b) — Fy(a) = b — a for all rational t; < a < b < to: Fp is continuous, and
Fy(b) — Fp(a) = b — a for all rational a < b. Together with Fy(t]) = t; this gives
Fy(t) =t, ie., 0(0,t) =t for every t € Ty, which proves the claim and (ii).

(iii) Let to € (t1,t2) and let n be a regular geodesic through ~(tp), crossing
v there from the right (otherwise consider 77) with angle 6y. Choose 6,, € O
and t, € Ty, with (¢,,6,) — (to,0p). Since n is regular, every collision of 7
is transversal, so geodesics with nearby initial data converge to 1 uniformly on
compact sets, with converging endpoints: 7, 9, — 7. By Lemma 4.29 and (ii),
hy N hny = lim hy N hy, g, = im(hy)(t,) = (hy)(to). At a wall point (¢;), (iii) is
Lemma 4.41 together with (i). O

We are now ready to conclude the proof of Theorem 4.37.
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Proof of Theorem 4.37. We start by defining h on a dense set. Let P C X be the set
of points lying on at least one regular geodesic. For « € P, choose a regular v 3 x,
write © = y(t), and set h(x) := (hy)(t), with the parametrisation of Lemma 4.42.
By Lemma 4.42(iii), E(aﬁ) is the common point of the images of all regular geodesics
through z, a description independent of the choice of +; hence h is well defined on P,
satisfies ﬁ(’y) = h~ for every regular v (its restriction to v being the parametrisation
of Lemma 4.42), and agrees with ho on PN B by Lemma 4.42(i). The set P is dense
in X: non-regular geodesics are mo-null (Lemma 4.7), so the phase points lying on
them form a my ® dt-null, hence (Corollary 4.8) Lebesgue-null, subset of T' 1K°, and
P contains the projection of its complement, which has full measure in X.

Let us now show that % is isometric on P. Let ,y € P, on regular geodesics vz, vy.
By the Crofton formula, dy(x,y) is the mg-mass of the geodesics separating x from y,
and d(h(z), h(y)) that of the geodesics separating h(z) from h(y); since h, g = i),
it suffices to show that, for mg-a.e. 1, n separates x from y if and only if hn separates
h(z) from h(y). Let n be a geodesic through neither # nor y, not sharing a sub-arc
with 7, or 7, (which is a conull condition by Lemma 4.7(i)). If n is unlinked with ,,
then z lies on the side of 5 containing 7., and h(x) € hv, lies on the corresponding
side of hn, the sides corresponding through d¢. If 1 crosses ., say at 7, (¢), then for
g-a.e. such 7 the image hn crosses hy, = h(7z) at h(7(t)) (Lemma 4.42(ii)), and
the side of hn containing h(z) is determined by the position of h(z) on hv, relative
to this crossing point, which is that of x relative to 7, (t), the parametrisations of v,
and hvy, corresponding; so again x and E(x) lie on corresponding sides. The same
holds for ¥, and the claim follows.

Since h is isometric on the dense set P, it extends uniquely to an isometric map
h: (X, do) = (X', d}), which is 7 (K )-equivariant over ¢. It is also surjective, since it
is an injective continuous map between the topological planes X and X', hence open
by invariance of domain, so that its image is open and closed in X". ! By continuity,
h = hoon B (the two maps agree on the generic points, which lie on regular geodesics
and are dense in B), so h maps lifted walls onto lifted walls and B onto B’. Thus h
descends to an isometry Ky — K|, mapping B(K) onto B(K'), and Proposition 3.29
provides a Euclidean isometry ¢ of T? with ¢(D) = D’. The last assertion of the
theorem is immediate, the billiard flow being determined by the table. O

The proof of Theorem A is complete.

Remark 4.43. The proof above can be read in two more geometric ways, which also
explain where the difficulties lie.

Let us fix a wall point « and the sheet S on one side of it. For each direction at x
into S, the geodesic leaves along a straight chord until its next wall point y; let V, be
the union of these chords, the “visibility star” of x in .S, which is a simply connected
flat region. By Lemma 4.41 and Lemma 4.42(i), the image of such a chord is the
chord of h~y between hg () and ho (y), of the same length; by Proposition 4.36 and
Theorem 4.35, the image chords make the same incidence angle with the wall and the
same mutual angles. Consequently there is a Euclidean motion I, of the developed
sheet sending V,, onto the visibility star V%’O(x) and agreeing with hg on V; N B; in

particular, the wall arcs visible from z and from Eo(az) have the same shape.
Similarly, along one regular geodesic v with collision points x; = 7(¢;), the image

h~y meets the image walls at Eo(a:i), at the same mutual distances and with the same

incidence angles; since d¢ preserves or reverses all cyclic orders, the oriented reflection



62 DOUGLAS FINAMORE AND MARTIN LEGUIL

angles coincide as well. Hence the billiard trajectories of D and D’ corresponding
to v and h7vy have the same flight times and the same reflection angles, and their
unfoldings to the plane R? (the Z2-cover of the torus) are polygonal paths with the
same chord lengths and turning angles: they differ by a Euclidean motion M, (an
anti-motion if J¢ reverses the orientation), which maps the collision points of the
first onto those of the second, together with the tangent lines of the obstacles there.
Every regular trajectory of D thus “samples” the boundary of D', with the same
local geometry.

In both descriptions, the geometry between collisions is flat and plays no role;
what has to be shown is that the motions I, I, (or M, M,/) attached to different
stars (or trajectories) fit together. This is not automatic, and it is hard to derive
it from the data along a single trajectory, even a dense one. Indeed, the data of
(flight times, reflection angles) is invariant under the deck transformations g, € m(K)
lifting the lattice translations, and ¢ acts trivially on Z?: so the unfolding of g, is
the translate I' + n of the unfolding " of «, and that of h(g,7y) = ¢(gn)hy is TV + n,
whence My, =T, _ ()0 M, where L is the linear part of M, and T}, the translation
by v. The density of the projection of v in T'D only says that the collision points x;
are dense in D modulo Z?, i.e., that they sample all the lifted obstacles O +n for
infinitely many n; but the sample taken on O+nis transported by M, to a point of
M, (O) + L(n), and unless L(n) € Z? these samples land on different translates of
90’ and say nothing about the shape of a single obstacle. The missing information,
L(n) =n, ie., My, = M,, is exactly the statement that the motions attached to
and to g,y agree at a common point of these two geodesics: this is the concurrence
of Lemma 4.42(iii). Once concurrence is known, the Crofton argument of the proof
produces the isometry on a dense set at once; in particular, no dense orbit is used,
and ergodicity of the billiard flow plays no role.

APPENDIX A. GENERIC PROPERTIES OF PERIODIC ORBITS OF SINAI BILLIARDS

A.1. Length functionals and periodic orbits. We use the notation introduced
in Section 2. We let (g ) == 71 o, and for each integer vector (i,5) € Z?2, we let

V6,5 = Y(0,0) t (i,7). Denote by
i) To x Tp = Ry
(3; sl) — T(i,5) (S, S/) = ||’}’(070)(S) — Yi.j) (Sl)H

the Euclidean distance between the points of 9D with respective parameters s, s’, in
the respective cells (0,0) and (7, 7). Recall that for any (s,s’) € Tp x Tp, we have

617’(,-7]') (S, 8/) = —sin ¢(i,j)a 827_(1‘,]') (8, S/) = sin gb'(i’j), (19)

where ¢(; ;) and d)’(i, ;) are the respective angles that the line segment between v o) (s)
and '7(,~7j)(s’ ) makes with respect to the normal vector at these points. Moreover,

/ cos? D(i,5)
O j)(s,8") = K(s)cos g jy + T (5
cos (;, j) €Os d)/i,'
3127'(2',]‘)(& 5/) = ——T(i’;)(s,s/)( ”7 (20)
cos? d)’(

no_ ’ / i,9)
02273 5)(8,8") = K(s") cos g+ m,
where K(s), K(s") are the respective curvatures at the points with parameters s and

s'. Let 0 = (Sp,...,84—1) denote the collision points of a periodic orbit of (least)

period ¢ > 2, with 5, € T, , pr € {1,...,m}, for k € {0,...,¢ — 1}. We let p(0) :=
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(Pk)k=0,....q—1- Let us consider the lift to D of this orbit starting in the cell (0,0),
and denote by {(ir, ji) }r=o,. 4 the labels of the cells where the first (¢ + 1) bounces
happen, with (ig, jo) = (0,0). For k € {1,...,q}, set I, := (ir, jx) — (ir—1,jx—1). We
denote I(0) == (Ij)k=1,..4- As we assume that the table has finite horizon, there is a
constant M > 0 such that I € [-M, M]?, for any k € {1,...,q}.

The following result is essentially [20, Lemma A.2]; since the context is slightly
different, we reproduce its proof for the reader’s convenience.

Lemma A.1. Let 0 = (50,...,5¢—1) denote the collision points of a periodic orbit
of (least) period ¢ > 2. With the above notations, let p = p(0) = (pr)k=o0,.. q—1, and
I =1(0) = (Iy)k=1,.,q4- We define the length functional

e ']I‘,)O><---><1I‘pq_1 — R B
’ (50,---28g=1) = g1 1. (Sk—1, Sk) + 71,(Sq—1, 50)

Then o is a critical point of Lg, and it holds:

Lf)(so, e ,Sq_l) — L/I)(go, e, §q) = Qg(SO —80,---,8¢ — §q) + ng,

where QII) is a positive definite quadratic form and Ré is a remainder term that
satisfies the estimate:

R} = O(|[(s0 = 50,54 = 3q)II)-

Proof. Let us abbreviate L = Lf;. The fact that ¢ = (50,...,54—1) is a critical
point for L among configurations (so, ..., sq—1) follows from (19), as o is a closed
billiard orbit. Hence the lemma follows from Taylor’s formula, provided that we
show that the Hessian of L at (5o, ..., 5,) is positive definite. It is immediate from
the definition of L that 0;;L = 0 if |[i — j| > 1 (mod q); the Hessian is thus a cyclic
tridiagonal symmetric matrix, with corner entries 9y 4—1L = 04—1,0L # 0 coming
from the term 77,(s4—1,50). For notational convenience, let 7, = 77, (Sk, Sk41); let
dr € [-Z,T] denote the angle formed by the trajectory at the k-th collision point

202
and the unit normal at 5x; and let K > 0 denote the curvature at 5. Using (20), a
direct computation gives, for u = (uo, ..., us—1) (indices mod ¢),
=l _ _ ) g—1 _
D2L(§)(u, u) = Z - (cos ¢y u — oS Pt Upt1)” + 2 Z Kk, cos oy, uz
k=0 k=0

Since K, > 0 and cos ¢}, > 0 at a non-grazing orbit, both sums are non-negative and
the second is positive unless u = 0; hence D?L(3) is positive definite. ]

Definition A.2. The spectrum of the table D is the metric space (Spec(D),dr),
where Spec(D) is the set of all periodic orbits of the billiard flow of D, and dp is the
Hausdorff metric on the phase space 2.

It follows from Corollary 2.4 that Spec(D) is a discrete totally bounded space.

Remark that a critical point of some length functional L as in Lemma A.1 is not
necessarily a periodic orbit, as it may consist of a non-physical trajectory, that is,
one that passes through one of the obstacles.

Let us introduce the following sets of orbits.

Definition A.3. Given a word w = (wp, . . .,w,) € A""L the cylinder C(w;n) is the
set of points z € M whose lifted orbits have the first n + 1 bounces in the scatterers
B,y - .., By, , in this order.
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Definition A.4. A generalised periodic orbit of D is the projection onto M of a
critical point of one of the functionals L. A generalised orbit that is not a periodic
orbit of the billiard D is called a ghost or non-physical.

Theorem A.5 (Theorem 2.2 in [12]). Let w = (wo,...,wn) € A" be a word in
Ym such that

m(By,;) # 7(Bu,,)s fori=0,...,n—1;
T(Bu,) = 7(Bu)-
Then there is at most one generalised periodic orbit in the cylinder C(w;n).

On the other hand, one periodic orbit in Spec(D) is associated to several different
words w, corresponding to distinct liftings. Even when we restrict ourselves to liftings
starting at the (0,0) cell, distinct starting points in the same orbit may lead to
distinct words. We will therefore need a choice of point in each of the periodic orbits
of Spec(D).

Given O € Spec(D), we can see it as a union of line segments in the square [0, 1)2.
The finite set (U;B;) N O corresponds to all the collision points of the orbit O. It is
an ordered set, with the lexicographical ordering inherited from [0, 1)? x [—7/2,7/2].
Set

C(O) = min{O N (UzBZ)} e M.

Definition A.6. The type of the periodic orbit O € Spec(D) is the unique sequence
[0] == (¢(0)) € Xpm-

A.2. Good tables. Recall that we denote by ®"" the space of all Sinai billiard
tables in T? with finite horizon, with m scatterers and C” boundary, » > 3, identified
with an open subset of C7_, (Tp,T?) as in Section 2; recall also that a collision is
regular if it is not grazing, and that a periodic orbit is singular if it has a grazing
collision, and regular otherwise.

We want to show that for a generic choice of table in ®™, the set of periodic orbits

has simple length spectrum and contains no singular orbits.

A.2.1. Table perturbations and periodic orbits. We begin by analysing how perturba-
tions on the scatterers affect periodic orbits.

Definition A.7. Given p = v(sg) € 9D, we say a table D' € D™ is a localised
perturbation of D at p if there is a neighbourhood U of sy € Tp such that the
defining maps of D and D’ coincide outside U.

Intuitively, a small perturbation around a single collision point of a periodic orbit
should generate a new periodic orbit close to the original one. In order to see that
this is in fact what happens, we investigate how a localised perturbation at a point
p = v(so) alters the length functional of the table.

We begin by describing the perturbation in terms of a C" function A defined on
Tp. For € > 0, consider the e-perturbation

7 (8) = v(s) + eA(s)ns, (21)

where ng is the normal vector to v(s) at s. For sufficiently small €, the perturbation
4 remains strictly convex and the resulting billiard table is still a Sinai billiard. The
perturbation 7 is a localised perturbation at p = v(s0) exactly when A is supported
in a small neighbourhood around sg.
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As before, we look at liftings of such curves to the Euclidean plane and consider
mappings

A . A A
T(i,j)(s’sl) = [0,0(s) — ’Y(i,j)(SI)Ha
whose first order approximation is

T(’;»J-)(s, s') = 7'(7;7]')(8, s") 4+ e(\(s) cos ¢(i,j)(s, s") + \(s') cos (b’(i,j)(s, s")) + 0(52).
Now, we suppose o = (S, ..., Sq—1) corresponds to a sequence of bouncing points of
the table D. We want to study the relation between critical points for the length
functionals of the original and perturbed tables. For notational convenience, we
drop the indices (i, ). Then the length functional L* can be written in terms of the
original length functional L as
q—1
L/\(U) = ZTA(SuSiH)
i=0
q—1
Z h Sis Serl +e€ Z C05¢ Sis Sz+1) + )‘(51+1) COSd) (Sza 32+1) + O( )

or, more concisely, as
IMo) = L(0) + P o) + O(£%). (22)

If o is a periodic orbit of the unperturbed table D, then consecutive angles ¢ and ¢’
have the same cosine, and hence P* becomes

qg—1
P/\(U) = QZA(si)COS¢(3iaSi+l)a (23)
=0
with the usual convention that s, = so. Writing o = (s, .. ., s(’]\_l) to denote the

generalised periodic orbit of the perturbed table with same type as o, we have
57 = si + e + O(e?).
Thus, 0 = o + e satisfies
0= DL o)
= DL(c®) + eDP o) + O(£?)
= DL(0) + eD*L(0)i + eDP*o) + O(?)
= eD?L(0)y 4+ eDP o) + O(£?),

where the last equality comes from the fact that o is a critical point for L. Thus,
the first order change 1 we see in the collision points for a critical point ¢* is the
solution of the linear system

(24)

2L(o)y = —DP* (o). (25)

We already know that the Hessian of L is a non-degenerate positive definite matrix,
so for a non-positive solution v to (25) to exist it is sufficient that the term —DP* (o)
is non-zero. We conclude that, unless o is a critical point of P, the perturbed flow
will have a new generalised periodic orbit arbitrarily close to the original one. In
particular, for a generic choice of perturbations, such perturbed orbits always exist.
Naturally, if o is a critical point of P*, then 1 = 0 is the unique solution of (25) and
o remains a generalised periodic orbit after the perturbation.
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Definition A.8. Given a point p = 7(sg) in the obstacle I'; C 9D, we say a localised
perturbation is a retraction of O; at p if it is of the form

J(s) = y(s) — eV¥(s)ns,
where € > 0 and ¥ is a positive bump function supported at a small interval around
S0, with U(sg) = 1.

Remark A.9. If a periodic orbit ¢ has a grazing collision at p, then any retraction of
the obstacle tangent to the orbit at p, no matter how small, removes the tangency
without changing the original orbit, i.e. the perturbed orbit o* has the same trace,
but without the grazing collision at p.

On the other hand, a generic perturbation of ¢ at a regular collision point will
generate a non-singular generalised orbit. Indeed, the law of reflection means that a
change in the angle of one of the collisions will propagate through all the orbit, so
that, generically, a change of the angle and position of one the vertices will either
kill the periodic orbit o by pushing it into an obstacle (i.e., the perturbed orbit ¢ is
a ghost orbit) or it will move the orbit away from the obstacles it previously touched
tangentially (that is, o* is regular).

A.2.2. Killing off singular orbits. As suggested in Remark A.9, localised perturbations
can “destroy” singular periodic orbits by turning them into regular or ghost ones.
We claim this procedure can be applied, in a controlled way, to remove any finite
number of singular orbits without producing new ones.

Lemma A.10. If D has finite horizon, so does every sufficiently close localised
perturbation of D.

Proof. Let p be a collision point in 0D, and let L be the image of the orbit of p in
the torus. If p is regular, then, for sufficiently small perturbations localised at p,
the corresponding perturbed orbit L’ is still regular and bounces at the perturbed
obstacle 9Dj. Thus, if a perturbation around p were to create a periodic orbit with
no collisions at all, then the collision at p must be grazing. It must also be the only
collision on the orbit L; otherwise, a localised perturbation would not eliminate all
collisions. Hence, the line L is closed, tangent to the obstacle I'; at p, and a positive
distance away from all the other curves in 0D. In particular, this means the obstacle
I'; lies entirely on one side of L. Now, on the side of L opposite the obstacle, any line
parallel to L and sufficiently close to it would not meet any of the obstacles I';, which
contradicts our finite horizon hypothesis. It follows that localised perturbations of
finite horizon tables cannot create tables of unbounded horizon, as we wanted. [

Given n € N, there exists a positive constant M, depending on n and on the
table D (more specifically, on the maximum free-flight time 7,.x) with the following
property: for every periodic point p € M of order less or equal to n, the fundamental
trace of its lift to D is completely contained in [—M, M]2.

We consider the set of all possible symbolic sequences of period n orbits:

a; € ([-M,M>NZ* x {1,...,k} C A;
Yn = (ao,...,an-1) | 7(By,;) # 7(Ba;,,) fori=0,...,n —2;
7(Ba,—1) = m(Ba)-

Now, according to Theorem A.5, to each element of the finite set >, corresponds
at most one periodic orbit, which can be non-physical. Whether or not a sequence
has an associated periodic trajectory depends on the length functional of the table.
The important point here is that localised perturbations may change the length
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FIGURE 9. Physical and non-physical trajectories on the lifted table.

functional slightly, but they do not create or destroy scatterers, and hence do not
change the set %,,. Moreover, as a consequence of Equation (25), ghost and regular
trajectories are stable under perturbations, whereas singular orbits can become either
regular or non-physical. Either way, the sequence associated to a generalised orbit
will still be associated to the corresponding perturbed orbit.

Lemma A.11. Let p € 9D and n € N. Then, for any sufficiently small neighbour-
hood U C 0D of p, there exists localised perturbations of D at p with no singular
points of order n or less inside U.

Proof. As there are finitely many periodic orbits of order n, the result is straightfor-
ward for any point not lying on a periodic orbit. Assume p € I'y,a € A, is a vertex
of a periodic trajectory. Let

n
A C U >
i=2
be the set of all sequences of n or less elements containing a. We further partition
A into the sets Aemp, of sequences corresponding to no periodic trajectory; and its
complement Agt, = A\ Aemp, of sequences corresponding to periodic trajectories
(physical or not).

As there are finitely many closed orbits of order less than n, there exists a
neighbourhood U of p which does not contain the vertices of any periodic orbits
of order n or less other than ones reflecting exactly at p. Now, the generalised
orbits reflecting at p will all persist under perturbation localised at U, provided it is
sufficiently small. In other words, small localised perturbations do not decrease the
size of the set Agp,. They could however, create a new periodic orbit O associated
to one the sequences previously in Aepmp. Since, however, such set is finite, there are
only finitely many perturbations which could possibly create such new orbits.

Choose the perturbation to be a retraction ¥ of I'y at p with support J such
that (J) € U. If any of the orbits containing p were grazing at p, the grazing
collision does not happen any more after the perturbation. The regular and ghost
orbits reflecting at p will persist after the perturbation, provided it is small enough.
Moreover, we can choose our perturbation in such a way that any singular orbit
having a regular collision at p is either regular or non-physical after perturbation.
Finally, if the perturbation creates any new periodic orbits, that is, if it increases the
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size of Ao, then we repeat the procedure considering the new orbits and a suitable
new neighbourhood U C U. Since #Aemp < 00, the process terminates after finitely
many steps. ([l

Recall that R, is the subset of ®™ consisting of tables without any singular
periodic orbits of period less or equal to n.

Lemma A.12. For every n > 2, the set R, is open and dense in D™,

Proof. As there are only finitely many periodic orbits of order less than n, and
regular orbits are persistent under sufficiently small perturbations, it follows that
any table close enough to a table in R,, is also in R,,. We need only show that R, is
dense. Let D € ©™. Using induction on the order of periodic orbits, we construct
an element of R, arbitrarily close to D.

The base case n = 2. A singular periodic orbit of period 2 has two collision points
x,y (on possibly distinct scatterers), at least one of which, say p = x, is grazing.
Retract the obstacle at p by an arbitrarily small localised perturbation tangent to
the orbit: by Remark A.9 this removes the grazing collision at p without creating
a new period-2 singular orbit, since the other collision (if regular) persists and the
reflection law at y is unchanged. Iterating over the finitely many period-2 singular
orbits yields a table in Rg arbitrarily close to D.

The general case. Assume, by induction, that the result holds for R,_1. We lift our
initial table D and consider the set X, of all possible encodings of periodic orbits
of order n. Since there are only finitely many periodic orbits, the collection of all
reflection points of singular orbits is also finite, and we can choose a minimal finite
sub-collection {p1,...,pr} containing at least one reflection point of each singular
orbit.

Starting with p;, we can use Lemma A.11 to find an arbitrarily small perturbation
D’ of D around p; which removes all the singular orbits of order n reflecting at p;,
without creating any new ones. Moreover, since the perturbation is localised away
from singular orbits not reflecting at p;, such orbits comprise the full set of singular
orbits of order n of D'.

Now, according to Lemma A.10, D’ still has finite horizon, so that we can once
again repeat the construction done to D to encode its periodic orbits using the set
Y. Furthermore, the set {p2,...,pr} is a minimal sub-collection of reflection points
representing all the singular orbits of D', and we can repeat the procedure for ps.

After finitely many steps we obtain a perturbed table, which we still call D’, all of
whose periodic orbits of order n are regular. In particular, since regular orbits are
persistent under perturbation, any table sufficiently close to D’ also has this property.
It follows from the induction hypothesis that D’ can be approximated by a table
with no singular orbits of order less than or equal to n. As such approximations can
be made arbitrarily close, it follows that there are tables in R,, arbitrarily close to
D, as we wanted. ]

Recall that &,, is the subset of ®™ consisting of tables such that no distinct
periodic orbits of period less or equal to n have the same length.

Lemma A.13. For everyn > 2, the set &, is open and dense in D™ .
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Proof. From the equality in (24) we can see that the first order variation of perimeter
from a perturbation of the form *(s) = y(s) 4+ eA(s)ns is

Ay () = PXo) + DPo)(v), (26)

where 0 = (s1,..., sy) are the reflection points of the original periodic orbit and the
corresponding periodic orbit for the perturbation reflects at points sf‘ =s; +ey;. In
particular, arbitrarily small perturbations induce arbitrarily small changes in length.

Given a table D in G,,, since there are only finitely many periodic orbits of order
n or less, we have |L(0) — L(c”)| > n > 0 for any two distinct periodic orbits o, ¢’ of
period at most n. Any perturbation of D small enough not to alter the length of
such orbits by more than 1/2 would still be an element of &,,, so &,, is open.

As for density, let U be an open set in ©™, and D a table in U. Due to the
existence of the minimum free-flight time for any table in ®™, it is sufficient to show
that arbitrarily close to D there is a table where no two periodic orbits of the same
order have the same length. If D itself has such a property there is nothing to show,
so assume O, O’ are two distinct closed trajectories in D with same length. Suppose
first that O has a reflection point p which is not a collision point of O’. We choose
the perturbation A localised around p so that it changes the tangent vector of the
obstacle at p, but does not move p itself. More explicitly, A satisfies

)\(80) = 0,
)\,(So) 7& 0.
With (27), every collision parameter of o lying in the support of A satisfies \(s;) =0,

so P*(o) = 0 by (23) and the first-order variation of length vanishes. Expanding to
second order and using (25),

(27)

LMoY) = L(o) = 2 (3D*L(0) (¥, 1) + DP)(0)(4)) + O(E®)
= —5 D*L(o)(4, %) + O(®),

which is strictly negative for € small: indeed 1 # 0, because the component of
DP?*(0) at sq contains the non-vanishing term 2)(sq) cos ¢g (recall that the collision
at p is regular, so cos ¢y > 0). Thus the length of the perturbed orbit O differs from
that of O'; and the two orbits now have distinct lengths. Thus, the increase in length
of the perturbed orbit O is non-zero, and now the two orbits have distinct lengths.
As this process is localised at p, it does not change the perimeter of any other orbit
not reflecting at p. Thus, the only situation where such a procedure could fail is
when p is a collision point of more than one orbit (in particular, if the orbits O, O’
share all their reflection points). If this happens, the orbits cannot have the same
reflection angles, so the corresponding vectors DP*(o) and DP*(¢’) are distinct.
In particular, after a preliminary perturbation of the type (27), the corresponding
orbits now have different reflection points, and the procedure above can be applied.

Finally, as all the perturbations involved can be made arbitrarily small, it follows
that D can be approximated arbitrarily well by a table in &,,, and this set is dense. [

APPENDIX B. BILLIARD CYCLES AND THE ENRICHED LENGTH FUNCTIONAL

As seen in Section 3, every Kourganoff surface K, when compressed on its third
coordinate, converges to a metric space Ky, whose geometry is determined by the
table D. This suggests that the enriched marked length spectrum, while defined
through the limiting surface Ky, is in fact an object intrinsic to the table D.
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In what follows, we describe ELp.x in terms of lengths on the table only. Recall
that a geodesic of the length space (D, d) is a locally shortest path; by Theorem 3.12
and the structure of the geodesics of Ky, these are the concatenations of straight
chords of D and of arcs of 9D, the junctions between a chord and an arc being
tangential. We begin with the following definition.

Definition B.1 (Billiard cycle). A closed curve o: I — D is a billiard cycle if there
is a finite (possibly empty) set tg < t; < --+ < tx_1 in I such that
(i) o(t;)) €D for 0 <i <k —1;
(ii) the segment o, ¢, ] is a geodesic of d. for every i = 0,...,k—1, where ¢}, = to
(for k =0, o itself is a closed geodesic of d);
(iii) at each point o(t;) the curve undergoes a specular reflection, that is:

(5’+(ti) = (j'_(tz‘) — 2<é'_(ti), n>n,
where 5(t;) = limg_ t_—lti(a(t) —o(t;)), for s € {+, —}, are the side limits of
o at t;, n is the normal to 9D at o(t;) and (-, ) is the usual Euclidean inner
product.
The points o(t;) at which the reflection is not tangential ((¢_(¢;),n) # 0) are the
regular collision points of the cycle; since (iii) is automatic at a tangential contact,

where the two adjacent d,-geodesics concatenate into a single one, we may and shall
always assume that the t; are exactly the regular collision points.

It is clear that every closed orbit of the billiard flow is also a billiard cycle, as well
as every closed geodesic of the length metric d.

Theorem B.2. The map a — po~§ is a surjection from C(K) onto the set of
billiard cycles of D, up to parametrisation. More precisely, p o y§ is a billiard cycle
for every o, and every billiard cycle o is of the form p oy, traversed once if o has
an even number of reqular collision points and twice otherwise.

Proof. We begin by showing that, for any a € C(K), the geodesic 7§ projects to a
billiard cycle. We consider an arc-length parametrisation 7§ : [0,1,] — Ko. We need
to construct a partition {tp < --- < tx_1} of [0,l,] satisfying properties (i), (ii) and
(iii).

First, suppose 7§ (R) C B(K). In this case, the curve 4§ coincides with one of the
walls, hence projects to one of the I'; (possibly traversed several times), which is a
closed geodesic of dp; we take k = 0.

Otherwise, the set 7§ \ B(K) is a non-empty open subset of 7§, each of whose
connected components is a chord of a flat sheet joining two points of B(K'). A chord
leaving an obstacle tangentially does not meet that obstacle again (the obstacle
is convex), so every chord has Euclidean length at least the distance between two
distinct obstacles; hence there are finitely many of them, and

16\ BE) = [ (1))
j=0

for finitely many open subintervals I; C [0, [,], labelled so that sup I; < inf I;y;. Let
tj = sup I; and s; = inf ;1 (indices modulo ¢ + 1). Each 7|, lies in a single
sheet, hence projects to a straight segment of D (Lemma 3.8). At the contact v (t;)
with the seam, three cases may occur (Lemma 3.48):
e the contact is transversal: then s; = t;, the geodesic changes sheet, and by
Lemma 3.48(iii) the projections of 4§|;; and 7¢s,,, form a billiard path, i.e.,
obey the specular reflection law at p(v§ (¢;));
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e the contact is tangential and isolated (a grazing contact): then s; = ¢; and
(1§ 1,uit;3u1,,,) Is a single straight segment, tangent to 0D at p(§'(¢;));

e the geodesic glides: then s; > ti’ 76 1t;,5;) is & wall arc, and p(78|7ju[tj,sj}u1ji)

is a chord—arc—chord path of D with tangential junctions, i.e., a geodesic of

dr (the two chords may lie in different sheets of Ky, which is invisible on the

table).

So we proceed as follows: we let the partition consist of the parameters ¢; at which
the contact is transversal. Between two consecutive such parameters, the projection
of 7§ is a concatenation of straight segments and boundary arcs with tangential
junctions, which is a geodesic of dz by the above; at the parameters of the partition
the projection obeys the specular reflection law. Hence p o 7§ is a billiard cycle,
whose regular collision points are the transversal contacts of v§ with the seam. This
finishes the first part of the proof.

Conversely, we show that every billiard cycle of D is the image under p of a geodesic
7§ Let o be a billiard cycle, and z; = o(t;), i =0,1,...,k — 1, its regular collision
points, with ¢, = to. Denote by D, and Dgown the two closed sheets of Ky; by
Lemma 3.11, p restricts to isometries (Dup,do) — (D, dz) and (Daown, do) — (D, dr),
and each x; € 0D has a single preimage 7; € B(K). We lift o to a curve oy, in Ky in
the following way. We lift the first geodesic segment 0’|[t07t1] to the sheet D, which
can be done in a unique way, and obtain a dg-geodesic segment from Zg to 1. Then
we lift the second geodesic segment O’|[t1’t2] to the sheet Dyown, and so on, alternating
sheets at each regular collision point. By Lemma 3.48(iii), the concatenation at Z;
of two geodesic segments lying in different sheets is a local geodesic of K exactly
when the collision is specular; hence the lift of 0|, ,,) thus defined is a dp-geodesic,
and so on.

If we proceed this way, we get a curve oy, in Ky from zy to Tj = Zp, which is
locally minimising everywhere except maybe at its endpoints. If k is even, the last
segment oy, | 41 is lifted to Dyown, so that oyp closes up with a sheet change at
Zo, and the reflection being specular there, oy, is a closed local geodesic of Ky. If
k is odd, the lifts of o|, 4, and oy, | 4,1 lie in the same sheet Dy, and oy, is not
locally minimising at Zp: the convexity of the scatterers means that for any two
points o(tg —€) and o(tp + €) the straight segment

r(t) =o(to —e) + t(o(to +¢) — a(to — €)), t €[0,1],

is entirely contained in D, lifts to D,p, and has Euclidean length smaller than
lo(oitg—e,to]) + l0(|jtg,40+¢))- To deal with this, we consider the curve oqown, the lift
of o constructed in the same way but starting in the sheet Dyown; it goes from Iy
to Ty, starting in Dyown and ending in Dy,. The concatenation oyp * Odown (Which
traverses o twice) changes sheet at every passage through zy and at every other
regular collision point, with the specular law, and is therefore a closed local geodesic
of Ko.

Finally, we let « be the free homotopy class of the closed local geodesic just
constructed (o, Or oyup * Odown according to the parity of k). A closed local geodesic
of the locally CAT(0) space Ky lifts to an axis of the corresponding element of 7 (K),
hence is the unique closed geodesic in its class (Lemma 3.38(iii), Lemma 3.39); thus it
equals 7. In the even-parity case p(7§) = o; in the odd-parity case p o 4§ traverses
o once in each sheet, so it coincides with o as a subset of D and lo(7§) = 21(0). In
either case p maps 7§ onto the billiard cycle o, which shows the surjectivity. O
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B.1. The enriched length functional. In this section we think of D as a periodic
billiard table on R?, and consequently of K as a periodic surface in R3. Our goal is to
describe billiard cycles as minima of a length functional, in the spirit of Appendix A.
To that end, we keep the same notation: a cycle o visits a periodic sequence of
scatterers Iy, ..., Tp 1, pr € {1,...,m}, and we let p = p(0) = (p&)r=o0,....g—1-
Lifting o to D starting in the cell (0,0), we denote by {(gkvjk)}k:(),...,q the labels
of the cells of the first (¢ + 1) scatterers visited, with (ig,jo) = (0,0), and we set
Ik = (Zk,jk) — (Z'kfl,jkfl) for k € {1, co ,q} and I = I(O’) = (Ik)kzl,...,q- Finally,
on each scatterer I',, the cycle follows a boundary arc (possibly reduced to a point)
from an entry point to an exit point, in one of the two orientations of I, ; we let
er € {+,—} be that orientation and € = €(0) = (€x)k=0,... q—1 (When the arc is a
point, either sign may be chosen).

For i € {1,...,m} and € € {4+, -}, let D5: T; x T; — [0,1;), (e,s) — Di(e, s),
be the length of the arc of T'; from ~;(e) to 7;(s) traversed in the direction e, i.e.,
Dj (e,s) = (s —e) mod l; and D; (e,s) = (e — s) mod [;; it is smooth away from
the diagonal {e = s}, where it jumps (the length of the shortest arc, min(D;", D;),
would not suffice: a gliding arc of a closed geodesic of Ky may well be longer than
half the perimeter of the scatterer).

Definition B.3 (Link sets and visibility domain). Given a pair of indices (7, j) €
{1,...,m}? and a cell offset J € Z2, the link set L;-]j C T; x T, is the set of pairs
(s,€) such that the open segment joining v;(s) to v;(e) + J in R? is contained in the
interior of the lifted table D. It is a closed subset of T; x T, possibly disconnected
(a third scatterer may hide part of I'; + J from I';). Given data (p,I) as above, the
visibility domain is

Lfl) = {S :(60,50,61,51, S ,6q71,8q71) S (Tpo X Tpo) X - X (qu71 X quil) :

(Sk—1,€x) € L;IJIZ_lpk for k=1,...,q},

with the convention that (eq, sq) = (e, so) and I, is the offset returning to the initial
cell.

To a point S € IL,/I) and orientations € we associate the closed curve cg of D obtained
by concatenating, for each k, the chord from ~,, ,(sx—1) to 7,,(ex) (unobstructed,
by definition of the link sets) with the arc of I, from v, (ex) to v,, (sx) traversed
in the direction €.

Definition B.4 (Enriched length functional). The enriched length functional asso-
ciated to the data (p, I, ¢€) is

I
ILP—>R

q
ELLe: S ];le (Skflu exr) + DZQ (ek, Sk)
p - —

q
= L£(807 €l,--+, Sq—l; eq) + ZD;]Z (ek, Sk)7
k=1

where 77, and LII) are the chord lengths and the length functional of Appendix A
(there denoted L), evaluated on the 2¢-tuple of chord endpoints. By construction,
ELé’e(S) is the d,-length of the closed curve cg.

Remark that if s = (s, ..., s,—1) is a periodic orbit of the billiard, that is, a critical
point of L;ﬁ (a non-degenerate local minimum, by Lemma A.1), then Lé(s) = EL{,’E(S)
for S = (s0, 50, 51,51, - -, S¢—1, Sq—1) and any e. More generally, we have the following.
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Proposition B.5. Let o be a billiard cycle with data (p,1,€), let S, € ]LFI) be the
point formed by its entry and exit points, and let L, be the connected component
of IL£ containing S,. Then S, is a global minimum of ELFI,’6 on Ly, and it is the
only one: EL;‘(S) > ELg’e(SJ) = l(o) for every S € L, \ {S5}. In particular, the
lengths of the billiard cycles of D, hence the enriched marked length spectrum, are

determined by the functionals ELLS, which are defined in terms of the table only.

P 2
Proof. Let ¢ be the closed local geodesic of K constructed in the proof of The-
orem B.2, and « its free homotopy class; recall that o = 7§ and that p o o traverses
o once or twice according to the parity of the number of regular collision points of o;
we treat the even case, the odd one being identical after doubling. For S € Lf,, lift
the curve cg to a closed curve ¢g of Ky by lifting its chords to the sheets prescribed
by the sheet pattern of & (the k-th chord of cg is lifted to the sheet containing the
k-th chord of &) and its arcs to the seam; the pattern closes up, so ¢g is a closed
curve, which depends continuously on S, and ¢g, = ¢. Since the lifts of the chords
are chords of flat sheets and the lifts of the arcs are wall arcs, the dg-length of cg is
the dg-length of cg, namely EL;‘(S ) (Theorem 3.6). By continuity, all the curves
¢s, S € L, are freely homotopic to o, i.e., lie in the class «; therefore

EL,“(S) = lo(s) = (@) = lo(7§) = EL;“(S,),

with equality only if ¢g is a closed curve of minimal length in its class: its lift to Ko
then joins a point x to gz, with g € «, and has length ¢(g) = mindy(-, g ), so that it
is an axis segment of g, and cg is the closed geodesic 7§ = & (Lemma 3.38(iii)). As
the entry and exit points of ¢g are those of S, this forces S = S,. O
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