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In the paper [BDSKL20], we initiated the study of the Marked Length
Spectral rigidity for open dispersing billiards of the form D = R2 \ ∪3

i=1Oi,
where each obstacle Oi is strongly convex and has C3 boundary. Such
billiards exhibit a non-trivial hyperbolic trapped set Λ, consisting of points
whose orbits under the billiard map F remain in a compact part of R2.
Moreover, assuming a non-eclipse condition is satisfied, it has been known
since the work of Morita [Mor91] that the trapped set admits a natural
symbolic coding. In other words, when restricted to Λ, the dynamics of F
is conjugated to the subshift of finite type given by:

Σ := {(σi)i∈Z ∈ {1, 2, 3}Z : σi+1 ̸= σi,∀ i ∈ Z}.

This allows us to define the Marked Length Spectrum of D as the map L
which assigns to each finite word σ, with σ∞ ∈ Σ, the length (or period)
L(σ) of the periodic orbit for F that it encodes.

Given a periodic orbit represented by such a word σ, we defined a se-
quence (hn)n∈N of periodic orbits with palindromic symmetry, shadowing
some orbit homoclinic to σ. We investigated the asymptotic expansions of
the lengths L(hn) as n → +∞ in order to extract local information about
the orbit represented by σ. In particular, we showed that the Lyapunov
exponents of periodic orbits are completely encoded by the length data
L (see [BDSKL20, Theorem D, Corollaries B and E]), which was one of
the key ingredients used in our subsequent work [DSKL23] on the Marked
Length Spectral determination of such open dispersing billiards with ana-
lytic boundaries and a partial Z2 × Z2-symmetry.

A mistake in one of the estimates leading to [BDSKL20, Theorem A]
was later pointed out to us by Otto Vaughn Osterman. In this note, we
provide the corrected statement of Theorem A, along with explanations
about its proof (which remains essentially unchanged, except for a com-
putational error). The main difference is that there is no asymmetry in
L(hn) depending on the parity of n, contrary to our initial claim. This
affects [BDSKL20, Corollary C], where we had claimed that curvatures
at two-periodic points could be recovered from the Marked Length Spec-
trum L, relying on this asymmetry. Indeed, to recover such curvatures,
we now need to impose a partial Z2-symmetry, namely, that the two end-
points of the periodic orbit have the same curvature; the question of whether
these curvatures can be recovered when they are distinct remains open.
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On the other hand, [BDSKL20, Theorem D and Corollary E], the state-
ments on the recovery of periodic Lyapunov exponents — important for
the subsequent work [DSKL23] — remain unaffected (and were reproven
in [DSKL23, Appendix A]). Below, we use the same notation as in the orig-
inal paper [BDSKL20].

1. Corrected statements

The corrected version of [BDSKL20, Theorem A] is as follows:

Theorem A. Let us consider a 2-periodic orbit for F , encoded by a word
σ; we denote by λ−1 < 1 < λ its multipliers. Let (hn)n be the sequence of
shadowing periodic orbits defined in [BDSKL20], where hn is encoded by a
finite word τσn. For n ≫ 1, the following asymptotic expansion holds:

(1.1) L(τσn)− (n+ 1)L(σ)− L∞ = −Cλn +O(λ
3
2
n),

for some real number L∞ = L∞(σ, τ) ∈ R, and some constant C = C(σ, τ) >
0. Moreover, if K1,K2 > 0 denote the curvatures at the bouncing points of
σ, then

(1.2) λ (L(σ)K1 + 2) (L(σ)K2 + 2) = (1 + λ)2.

In particular, [BDSKL20, Corollary B] regarding the recovery of the mul-
tiplier λ from the Marked Length Spectrum L still holds, by (1.1), and since
C > 0. The constant C(σ, τ) is also determined by the Marked Length
Spectrum. In contrast, [BDSKL20, Corollary C] must be replaced with the
following, weaker, result:

Corollary C. If K1 = K2, then their common value is determined by the
Marked Length Spectrum.

Indeed, it follows immediately from (1.2), since both L(σ) and λ are
determined by L.

2. About the proof of Theorem A

Given an open dispersing billiard D, and an arclength parametrization γ
of its boundary, we denote by h the distance function between two boundary
points, h : (s, s′) 7→ ∥γ(s)−γ(s′)∥. Recall that h is a generating function for
the billiard map F : M → M. Recall also that M ∋ (s, φ), where s denotes
the arc-length parameter and φ is the angle between the outgoing trajectory
and the normal to the boundary at the point parametrized by s.

Lemma 2.1. Given two consecutive iterates (s, φ) ∈ M and (s′, φ′) =
F(s, φ), we have

(2.1) ∂1h(s, s
′) = − sinφ, ∂2h(s, s

′) = sinφ′.
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Letting K,K′ > 0 be the respective curvatures at the points γ(s), γ(s′), and
τ = h(s, s′), we have
(2.2)

Hh(s, s
′) =

(
∂11h(s, s

′) ∂12h(s, s
′)

∂21h(s, s
′) ∂22h(s, s

′)

)
=

(
K cosφ+ (cosφ)2

τ
cosφ cosφ′

τ
cosφ cosφ′

τ K′ cosφ′ + (cosφ′)2

τ

)
.

Proof. First-order derivatives in (2.1) are computed by a direct Taylor ex-
pansion. For instance,

h(s+ ε, s′) =
√

∥γ(s+ ε)− γ(s′)∥2 = h(s, s′)

√
1 + 2εγ′(s) · γ(s)− γ(s′)

∥γ(s)− γ(s′)∥2
+O(ε2)

= h(s, s′) + εγ′(s) · γ(s)− γ(s′)

∥γ(s)− γ(s′)∥
+O(ε2) = h(s, s′)− ε sinφ+O(ε2).

Let us now turn to the second-order derivatives in (2.2); we only pro-
vide details for ∂11h, as the others are analogous. From (2.1), we have
∂11h(s, s

′) = − cosφ∂1φ(s, s
′), where φ is considered as a function of (s, s′).

Fix now (s, φ) ∈ M, let (s′, φ′) = F(s, φ), let K be the curvature at γ(s),
and τ = h(s, s′). Using the formula for the differential DF(s, φ) in [CM06,
(2.26), p.35], we have

ds′ = − 1

cosφ′ (τK + cosφ)ds− τ

cosφ′dφ.

Now, consider φ as a function of (s, s′). Setting ds′ = 0 above, we obtain
∂1φ(s, s

′) = −
(
K + cosφ

τ

)
, which, combined with the previous expression for

∂11h(s, s
′), yields the desired identity. □

As in [BDSKL20], let s(0), s(1) denote the s-coordinates of the collision
points of the two-periodic orbit σ; let (s∞(k))k∈Z denote the s-coordinates
of the collision points in the homoclinic orbit under consideration, and let
(sn(k))k=0,··· ,2n+1 denote the s-coordinates of the points in the shadow-
ing periodic orbits hn = τσn, n ≥ 0. To prove (1.1), we observe that
(see [BDSKL20, Section 5.3]) due to the palindromic symmetry of hn,

(2.3) L(hn) = (n+ 1)L(σ) + L∞ − Σ1
n − Σ2

n,

where

Σ1
n/2 =

n∑
k=0

h (s∞(k), s∞(k + 1))− h (sn(k), sn(k + 1)) ,

Σ2
n/2 =

+∞∑
k=n+1

h (s∞(k), s∞(k + 1))− h (s(k), s(k + 1)) .
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We consider Taylor expansions of the above sums. Using (2.1), the first-
order variation of Σ1

n/2 is

n∑
k=0

∂1h (sn(k), sn(k + 1)) (s∞(k)− sn(k))+

n∑
k=0

∂2h (sn(k), sn(k + 1)) (s∞(k + 1)− sn(k + 1)) =

= −
n∑

k=0

sinφn(k)(s∞(k)− sn(k)) +
n+1∑
ℓ=1

sinφn(ℓ)(s∞(ℓ)− sn(ℓ)) = 0,

after the change of variables ℓ = k + 1 in the second sum, and because
φn(0) = φn(n+ 1) = 0. Similarly, the first-order variation in Σ2

n/2 vanishes
because φ(0) = φ(1) = 0.

Let us now consider second-order terms of Σ1
n/2. Recall that for ℓ ≥ 0

(see [BDSKL20, Proposition 4.1, Corollary 4.5]),
(2.4)

s∞(2ℓ)−s(2ℓ) = Cs
1,sλ

ℓξ∞+O(λ
3ℓ
2 ), s∞(2ℓ+1)−s(2ℓ+1) = Cs

2,sλ
ℓξ∞+O(λ

3ℓ
2 ),

and for ℓ ∈ {0, · · · ,
[
n+1
2

]
},

(2.5)
sn(2ℓ)− s∞(2ℓ) = Cu

1,sλ
n+1−ℓξ∞ +O(λn− ℓ

2 ),

sn(2ℓ+ 1)− s∞(2ℓ+ 1) = Cu
2,sλ

n+1−ℓξ∞ +O(λn− ℓ
2 ).

For k ∈ {0, · · · , n}, and i, j ∈ {1, 2}, we abbreviate anij(k) := ∂ijh(sn(k), sn(k+

1)).
Let us first assume that n = 2m + 1 is odd. By (2.5), the second-order

variation of Σ1
n/2 is

ξ2∞
2

m∑
ℓ=0

[ ∑
ϵ=0,1

(
an11(2ℓ+ ϵ)(Cu

1+ϵ,s)
2 + 2an12(2ℓ+ ϵ)Cu

1,sC
u
2,sλ

−ϵ+

+ an22(2ℓ+ ϵ)(Cu
2−ϵ,sλ

−ϵ)2
)]

λ2(n+1−ℓ)

up to an error that is O(λ
3
2
n). The main variation in the above sum comes

from terms with ℓ ≃ m, for which the constants anij(2ℓ+ ϵ) can be replaced,

up to higher-order terms, by their counterparts aij(ϵ) := ∂ijh(s(ϵ), s(ϵ+1)).
Indeed, by (2.4)-(2.5), and since the boundary is of class C3,

|anij(2ℓ+ ϵ)− aij(ϵ)| = O(max(λℓ, λn+1−ℓ)) ≍ λm when ℓ ≃ m.
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Let then

C1 :=
∑
ϵ=0,1

a11(ϵ)(C
u
1+ϵ,s)

2 + 2a12(ϵ)C
u
1,sC

u
2,sλ

−ϵ + a22(ϵ)(C
u
2−ϵ,sλ

−ϵ)2

=
∑
ϵ=0,1

(V u
ϵ )⊤Hh(s(ϵ), s(ϵ+ 1))V u

ϵ ,

for the vectors (V u
ϵ )⊤ = (Cu

1+ϵ,s, C
u
2−ϵ,sλ

−ϵ), ϵ = 0, 1. Note that V u
ϵ ̸= 0 (see

e.g. [BDSKL20, Corollary 5.1]). By (2.2), and Sylvester’s criterion (recall
that the curvature K is positive), the Hessian Hh(s(ϵ), s(ϵ + 1)) is positive
definite. From the above expression, we deduce that C1 > 0. Since the error

term in the Taylor formula is also of order O(λ
3
2
n), we thus obtain

Σ1
n = C1λ2 ξ2∞

λ−1 − λ
λn +O(λ

3
2
n).

Now, we consider second-order terms of Σ2
n. By (2.4), the second-order

variation of Σ2
n is

C2ξ2∞

+∞∑
ℓ=m+1

λ2ℓ = C2 ξ2∞
λ−1 − λ

λn

up to an error of order O(λ
3
2
n), for the constant

C2 :=
∑
ϵ=0,1

a11(ϵ)(C
s
1+ϵ,s)

2 + 2a12(ϵ)C
s
1,sC

s
2,sλ

ϵ + a22(ϵ)(C
s
2−ϵ,sλ

ϵ)2.

By the same reasoning as before, we have C2 > 0. Similarly, the error

term in the Taylor formula is of order O(λ
3
2
n). By summing the expansions

of Σ1
n, Σ

2
n, we conclude the proof of (1.1) when n = 2m + 1 is odd, with

C := ξ2∞
λ−1−λ

(C1λ2 + C2) > 0.
Now, if n = 2m is even, we obtain

Σ1
n+Σ2

n = ξ2∞

(
m∑
ℓ=0

Ĉ1λ2(n+1−ℓ) +
+∞∑

ℓ=m+1

Ĉ2λ2ℓ

)
+O(λ

3
2
n) = Ĉλn+O(λ

3
2
n),

for the constant Ĉ := ξ2∞
λ−1−λ

λ(Ĉ1 + Ĉ2) > 0, where

Ĉ1 :=
∑
ϵ=0,1

a11(ϵ)(C
u
1+ϵ,sλ

ϵ)2 + 2a12(ϵ)C
u
1,sC

u
2,sλ

ϵ + a22(ϵ)(C
u
2−ϵ,s)

2 > 0,

Ĉ2 :=
∑
ϵ=0,1

a11(ϵ)(C
s
1+ϵ,sλ

−ϵ)2 + 2a12(ϵ)C
s
1,sC

s
2,sλ

−ϵ + a22(ϵ)(C
s
2−ϵ,s)

2 > 0.

Let ℓ := L(σ)/2, and let K1,K2 be the curvatures at the bouncing points of
σ. By (2.2), we have

a11(0) = a22(1) = K1+
1

ℓ
, a11(1) = a22(0) = K2+

1

ℓ
, a12(0) = a12(1) =

1

ℓ
.
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For i = 1, 2, define αi = ℓaii(0) = ℓKi + 1. Equation (1.2) is shown
in [BDSKL20]; indeed, from a direct computation that relates the coeffi-
cients of the differential DF2(s(0), 0) (using [CM06, (2.26), p.35]) to its
eigenvalues, we have (1 + λ)2 = 4λα1α2. From [BDSKL20, Corollaries 5.1,
5.2], we also have

Cu
1,s = Cs

1,s, Cs
2,s = −1 + λ

2α2
Cs
1,s, Cu

2,s = −1 + λ

2α2λ
Cs
1,s.

We can then verify that

Ĉ = C = 2λ
1− λ

1 + λ

(
K1 +

1

ℓ

)
(ξ∞Cs

1,s)
2.

In other words, (1.1) holds regardless of the parity of n, which concludes the
proof of Theorem A.
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